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0.1. WHAT I AM 5

0.1 What I am

During the firsts days of my thesis, I decided to write down everything I was learning. Some parts of this text
were written in 2003 wile others were written yesterday; don’t expect a high quality everywhere. This document
thus takes the point of view of the learner with some consequences. As far as I can judge my own work:

(i) There are much more details in the proofs in this texts that what you can find in other textbooks.

(ii) This is not a text in which you can get a deep understanding of what you are reading.

There are still open questions in the sense that there are points I didn’t understand when I wrote. I think
that these points are clearly indicated with footnotes or special environment “Problem and misunderstanding”.
Let me know if you know some answers.

The content of my talks in Besançon 2011 are essentially the sections 1.7 and 1.8.
For ethical reasons, I prefer not to advertise scientific literacy published under restrictive copyright condi-

tions. Thus I recommend to read [1], [2] and [3]. The first one gives no proofs and is therefore easy and fluid
to read. The other two provide all the proofs and very good explanations about everything.



6 CONTENTS



Chapter 1

Lie algebras

Sources [2–7].

Definition 1.1.

A Lie algebra is a vector space g on Kp� R,Cq endowed with a bilinear operation px, yq ÞÑ rx, ys from g� g

with the properties

(i) rx, ys � �ry, xs
(ii)

�
x, ry, zs�� �y, rz, xs�� �z, rx, ys� � 0.

The second condition is the Jacobi identity.

1.1 Adjoint group

Let a be a real Lie algebra. We denote by GLpaq the group of all the nonsingular endomorphism of a : the
linear and nondegenerate operators on a as vector space. An element σ P GLpaq does not specially fulfils
somethings like σrX,Y s � rσX, σY s. The Lie algebra glpaq is the vector space of the endomorphism (without
non degeneracy condition) endowed with the usual bracket padAqB � rA,Bs � A � B � B � A. The map
X Ñ adX is a homomorphism from a to the subalgebra adpaq of glpaq.

The group Intpaq is the analytic Lie subgroup of GLpaq whose Lie algebra is adpaq by theorem ??. This is
the adjoint group of a.

Proposition 1.2.

The group Autpaq of all the automorphism of a is a closed subgroup of GLpaq.
Proof. The property which distinguish the elements in Autpaq from the “commons” elements of GLpaq is the
preserving of structure: ϕrA,Bs � rϕA,ϕBs. These are equalities, and we know that a subset of a manifold
which is given by some equalities is closed.

Now, theorem ?? provides us an unique analytic structure on Autpaq in which it is a topological Lie subgroup
of GLpaq. From now we only consider this structure. We denote by Bpaq the Lie algebra of Autpaq : this is the
set of the endomorphism D of a such that �t P R, etD P Autpaq. By differencing the equality

etDrX,Y s � retDX, etDY s (1.1)

with respect to t, we see1 that D is a derivation of a :

DrX,Y s � rDX,Y s � rX,DY s (1.2)

for any X , Y P a. Conversely, consider D, any derivation of a; by induction,

DkrX,Y s � ¸
i�j�k k!

i!j!
rDiX,DjY s (1.3)

1As usual, if we consider a basis of a as vector space, the expression in the right hand side ofretDX, etDY s � adpetDXqetDX

can be seen as a product matrix times vector, so that Leibnitz works.

7



8 CHAPTER 1. LIE ALGEBRAS

where by convention, D0 is the identity in a. This relation shows that D fulfils condition (1.1), so that any
derivation of a lies in Bpaq. Then Bpaq � tderivations of au.
The Jacobi identities show that

adpaq � Bpaq.
From this, we deduce :

Intpaq � Autpaq. (1.4)

(cf. error ??) Indeed the group Intpaq being connected, it is generated2 by any neighbourhood of e; note that
Autpaq has not specially this property. We take a neighbourhood of e in Intpaq under the form expV where
V is a sufficiently small neighbourhood of 0 in adpaq to be a neighbourhood of 0 in Bpaq on which exp is a
diffeomorphism. In this case, expV � Autpaq and then Intpaq � Autpaq.

Elements of adpaq are the inner derivations while the ones of Intpaq are the inner automorphism.

Let O be an open subset of Autpaq; for a certain open subset U of GLpaq, O � U XAutpaq. Then

ι�1pOq � O X Intpaq � U XAutpaq X Intpaq � U X Intpaq. (1.5)

The subset U X Intpaq is open in Intpaq for the topology because Intpaq is a Lie3 subgroup of GLpaq and thus
has at least the induced topology. This proves that the inclusion map ι : Intpaq Ñ Autpaq is continuous.

The lemma ?? and the consequence below makes Intpaq a Lie subgroup of Autpaq. Indeed Intpaq and Autpaq
are both submanifolds of GLpaq which satisfy (1.4). By definition, Autpaq has the induced topology from
GLpaq. Then Intpaq is a submanifold of Autpaq. This is also a subgroup and a topological group (Intpaq is not
a topological subgroup of Autpaq, cf remark ??). Then Intpaq is a Lie subgroup of Autpaq.

Schematically, links between Int g, ad g, Aut g and Bg are

Int g�Ý ad g (1.6a)

Aut g ÝÑ Bg. (1.6b)

Remark that the sense of the arrows is important. By definition Bg is the Lie algebra of Aut g, then there exist
some algebras g and g1 with Aut g � Aut g1 but with Bg � Bg1, because the equality of two Lie algebras doesn’t
implies the equality of the groups. The case of Int g and ad g is very different: the group is defined from the
algebra, so that ad g � ad g1 implies Int g � Int g1 and Int g � Int g1 if and only if ad g � ad g1.
Proposition 1.3.

The group Intpaq is a normal subgroup of Autpaq.
Proof. Let us consider a s P Autpaq. The map σs : Autpaq Ñ Autpaq, σspgq � sgs�1 is an automorphism of
Autpaq. Indeed, consider g, h P Autpaq; direct computations show that σspghq � σspgqσsphq and rσspgq, σsphqs �
σsprg, hsq. From this, pdσsqe is an automorphism of Bpaq, the Lie algebra of Autpaq. For any D P Bpaq we havepdσsqeD � d

dt

�
sDptqs�1

�
t�0

� sDs�1. (1.7)

Since s is an automorphism of a and adpaq, a subalgebra of glpaq,
s adXs�1 � adpsXq (1.8)

for any X P a, s P Autpaq. Since adpaq � Bpaq, we can write (1.7) with D � adX and put it in (1.8) :pdσqe adX � s adXs�1 � adps �Xq.
We know from general theory of linear operators on vector spaces that if A,B are endomorphism of a vector
space and if A�1 exists, then AeBA�1 � eABA

�1

. We write it with A � s and B � adX :

σs � eadX � seadXs�1 � es adXs�1 � eadps�Xq,
sot that

σs � eadX � eadpsXq. (1.9)

Ont the other hand, we know that Intpaq is connected, so it is generated by elements of the form eadX

for X P a. Then Intpaq is a normal subgroup of Autpaq; the automorphism s of a induces the isomorphism
g Ñ sgs�1 in Intpaq because of equation (1.9).

2See proposition ??
3Is it true ??
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More generally, if s is an isomorphism from a Lie algebra a to a Lie algebra b, then the map g Ñ sgs�1

is an isomorphism between Autpaq and Autpbq which sends Intpaq to Intpbq. Indeed, consider an isomorphism
s : aÑ b and g P Autpaq. If g P Intpaq, we have to see that sgs�1 P Intpbq. By definition, Intpaq is the analytic
subgroup of GLpaq which has adpaq as Lie algebra. We have g � eadA, then sgs�1 � eadpsAq which lies well in
Intpbq.
Lemma 1.4.

The adjoint map is an homomorphism ad: gÑ GLpgq. In other terms for every X,Y P g we have�
adpXq, adpY q� � ad

�rX,Y s� (1.10)

as operators on g. In particular the algebra acts on itself and g carries a representation of each of its subalgebra.

Proof. Using the fact that adpXq is a derivation and Jacobi, for Z P g we have�
adpXq, adpY q�Z � adpXq adpY qZ � adpY q adpXqZ (1.11a)� �rX,Y s, Z�� �Y, rX,Zs�� �rY,Xs, Z�� �X, rY, Zs� (1.11b)� ad

�rX,Y s�Z. (1.11c)

1.2 Adjoint representation

Let G be a Lie group and g P G; one can consider the map I : G � G Ñ G given by Ipgqh � ghg�1. Seen as
Ipgq : GÑ G, this is an analytic automorphism of G. We define :

Adpgq � dIpgqe.
Using equation ϕpexpXq � exp dϕepXq with ϕ � Ipgq,

geXg�1 � exprAdpgqXs (1.12)

for every g P G and X P g. The map g Ñ Adpgq is a homomorphism from G to GLpgq. This homomorphism is
called the adjoint representation of G.

Proposition 1.5.

The adjoint representation is analytic.

Proof. We have to prove that for any X P g and for any linear map ω : g Ñ R, the function ωpAdpgqXq is
analytic at g � e. Indeed if we take as ω , the projection to the ith component and X as the jth basis vector
(g seen as a vector space), and if we see the product AdpgqX as a product matrix times vector, pAdpgqXqi is
just Adpgqij . Then our supposition is the analyticity of g Ñ Adpgqij at g � e. 4

Now we prove it. Consider f P C8pGq, analytic at g � e and such that Y f � ωpY q for any Y P g. Using
equation (1.12),

ωpAdpgqXq � pAdpgqXqf � d

dt

�
fpetAdpgqXq�

t�0

� d

dt

�
fpgetXg�1q�

t�0

, (1.13)

which is well analytic at g � e.

Proposition 1.6.

Let G be a connected Lie group and H, an analytic subgroup of G. Then H is a normal subgroup of G if and
only if h is an ideal in g.

Proof. We consider X , Y P g. Formula exp tX exp tY exp�tY � expptY � t2rX,Y s�opt3qq and equation (1.12)
give

exp
�

AdpetXqtY 	 � exp
�
tY � t2rX,Y s � opt3q	.

Since it is true for any X , Y P g, AdpetXqtY � tY � t2rX,Y s; thus

AdpetXq � 1� trX,Y s � opt2q. (1.14)

4L’analicité de Ad, elle vient par prolongement analytique depuis juste un point ?
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Since we know that dAde : g Ñ glpgq is a homomorphism (Ad is seen as a map Ad: G Ñ GLpgq), taking the
derivative of the last equation with respect to t gives

dAdepXq � adX. (1.15)

Then AdpeXq � eadX . Since is connected, an element of G can be written as expX for a certain X P g5. The
purpose is to prove that g expXg�1 � exppAdpgqXq remains in H for any g P G if and only if h is an ideal in g.
In other words, we want AdpgqX P h if and only if h is an ideal. We can write g � eY for a certain Y P g. Thus

AdpgqX � AdpeY qX � eadYX.

Using the expansion

eadY �
ķ

1
k!
padY qk, (1.16)

we have the thesis.

Lemma 1.7.

Let G be a connected Lie group with Lie algebra g. If ϕ : G Ñ X is an analytic homomorphism (X is a Lie
group with Lie algebra x), then

(i) The kernel ϕ�1peq is a topological Lie subgroup of G; his algebra is the kernel of dϕe.

(ii) The image ϕpGq is a Lie subgroup of X whose Lie algebra is dϕpgq � x.

(iii) The quotient group G{ϕ�1peq with his canonical analytic structure is a Lie group. The map gϕ�1peq ÞÑ
ϕpgq is an analytic isomorphism G{ϕ�1peq Ñ ϕpGq. In particular the map ϕ : GÑ ϕpGq is analytic.

Proof. First item. We know that a subgroup H closed in G admits an unique analytic structure such that H
becomes a topological Lie subgroup of G. This is the case of ϕ�1peq. We know that Z P g belongs to the Lie
algebra of ϕ�1peq if and only if ϕpexp tZq � e for any t P R. But ϕpexp tZq � expptdϕpZqq � e if and only if
dϕpZq � 0.
Second item. Consider X1, the analytic subgroup of X whose Lie algebra is dϕpgq. The group ϕpGq is generated
by the elements of the form ϕpexpZq for Z P g. The group X1 is generated by the exppdϕZq. Because of lemma
??, these two are the same. Then ϕpGq � X1 and their Lie algebras are the same.
Third item. We consider H , a closed normal subgroup of G; this is a topological subgroup and the quotient
G{H has an unique analytic structure such that the map G � G{H Ñ G{H , pg, rxsq Ñ rgxs is analytic. We
consider a decomposition g � h `m and we looks at the restriction ψ : m Ñ G of the exponential. Then there
exists a neighbourhood U of 0 in m which is homomorphically send by ψ into an open neighbourhood of e in G
and such that π : GÑ G{H sends homomorphically ψpUq to a neighbourhood of p0 P G{H (cf. lemma ??).

We consider Ů , the interior of U and B � ψpŮq. The following diagram is commutative :

G�G{H Φ //

π � I ''OOOOOOOOOOO
G{H

G{H �G{H α

88rrrrrrrrrr

(1.17)

with Φpg, rxsq � rg�1xs, pπ � Iqpg, rxsq � prgs, rxsq and αprgs, rxsq � rg�1xs. Indeed,

α � pπ � Iqpg, rxsq � αprgs, rxsq � rg�1xs.
In order to see that α is well defined, remark that if rhs � rgs and rys � rxs rg�1xs � rh�1ys because H is a
normal subgroup of G.

Now, we consider g0, x0 P G and the restriction of pπ � Iq to pg0Bq � pG{Hq. Since π is homeomorphic on
ψpUq and B � ψpŮq, on g0B, π is a diffeomorphism (because the multiplication is diffeomorphic as well)

Problem and misunderstanding 1.

Why is the π a diffeomorphism ? I understand why it is qn homeomorphism, but no more. This is related to
problem ??.

5Because G is generated by any neighbourhood of e and there exists such a neighbourhood of e which is diffeomorphic to a
subset of g by exp.
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This diffeomorphism maps to a neighbourhood N of prg0s, rx0sq in G{H � G{H . From the commutativity,
we know that α � Φ � pπ � Iq�1, so that α is analytic. Consequently, G{H is a Lie group. On N , α is analytic,
then αpNq is analytic.

All this is for a closed normal subgroup H of G. Now we consider H � ϕ�1peq and h, the Lie algebra of H .
From the first item, we know that the Lie algebra of H is the kernel of dϕ : h � dϕ�1p0q which is an ideal in g.

From the second point, the Lie algebra of G{H is dπpgq which is isomorphic to g{h; the bijection is
γpdπpXqq � rXs P g{h. In order to prove the injectivity, let us consider γpAq � γpBq; A � dπpXq, B � dπpY q.
The condition is rXs � rY s; thus it is clear that dπpXq � dπpY q

Let us consider on the other hand the map Z � h Ñ dϕpZq for Z P g6. In other words, the map isrZs Ñ dϕpZq. This is an isomorphism g{hÑ dϕpgq, which gives a local isomorphism between G{H and ϕpGq.
This local isomorphism is rgs Ñ ϕpgq for g in a certain neighbourhood of e in G.

Since rgs Ñ ϕpgq has a differential which is an isomorphism, this is analytic at e. Then it is analytic
everywhere.

Corollary 1.8.

If G is a connected Lie group and if Z is the center of G, then

(i) AdG is an analytic homomorphism from G to IntpGq, with kernel Z,

(ii) the map rgs Ñ AdGpgq is an analytic isomorphism from G{Z to Intpgq (the class rgs is taken with respect
to Z).

Proof. First item. A connected Lie group is generated by a neighbourhood of identity, and any element of a
suitable such neighbourhood can be written as the exponential of an element in the Lie algebra. So Intpgq is
generated by elements of the form exppadXq � AdpexpXq; this shows that Intpgq � AdpGq. In order to find
the kernel, we have to see Ad�1

G peq by the formula

eAdpgqX � geXg�1.

We have to find the g P G such that �X P g, AdGpgqX � X . We taking the exponential of the two sides and
using (1.12),

geXg�1 � eX . (1.18)

Then g must commute with any eX P G : in other words, g is in the kernel of G.
Second item. This is contained in lemma 1.7. Indeed G is connected and we had just proved that AdG : GÑ
Intpgq with kernel Z; the third item of lemma 1.7 makes G{Z a Lie group and the map rgs Ñ AdGpgq an analytic
isomorphism from G{Z to AdGpGq � Intpgq.
Lemma 1.9.

Let G1 and G2 be two locally isomorphic connected Lie groups with trivial center (i.e. g1 � g2 � g and
ZpGiq � teu). In this case, we have G1 � G2 � Intpgq where Int g stands for the group of internal automorphism
of g.

Proof. We denote by G0 the group Int g. The adjoint actions Adi : Gi Ñ G0 are both surjective because of
corollary 1.8. Let us give an alternative proof for injectivity. Let Zi � kerpAdiq � tg P Gi st AdpgqX �
X, �X P gu. Since Gi is connected, it is generated by any neighbourhood of the identity in the sense of
proposition ??; let V0 be such a neighbourhood. Taking eventually a subset we can suppose that V0 is a normal
coordinate system. So we have

g expGi
pXqg�1 � expgi

pXq
for every X P V0. Using proposition ?? we deduce that gxg�1 � x for every x P Gi, thus g P ZpGiq. That
proves that kerpAdiq � ZpGiq. The assumption of triviality of ZpGiq concludes injectivity of Adi.

Corollary 1.10.

Let g be a real Lie algebra with center t0u. Then the center of Intpgq is only composed of the identity.

Proof. We note G1 � Intpgq and Z his center; ad is the adjoint representation of g and Ad1, ad1, the ones of G1
and adpgq respectively. We consider the map θ : G1{Z Ñ Intpadpgqq, θprgsq � Ad1pgq. By the second item of the
corollary 1.8, rgs Ñ AdG1pgq is an analytic homomorphism from G1 to Intpg1q where g1 is the Lie algebra of G1;
this is adpgq. So θ : G1{Z Ñ Intpg1q is isomorphic.

Now we consider the map s : g Ñ adpgq, spXq � adpXq; this is an isomorphism. We also consider S : G1 Ñ
GLpadpgqq, Spgq � s � g � s�1. The Lie algebra of SpG1q is adpg1q � ad

�
adpgq�. Then SpG1q is the subset

6Note that g and h are not groups; by rXs, we mean rXs � tX � h st h P hu.
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of GLpad gq whose Lie algebra is ad
�

ad g
�
, i.e. exactly Intpad gq. So S is an isomorphism S : G1 Ñ Intpad gq.

From all this,
SpeadXq � s � eadX � s�1 � ead

1padXq � Ad1peadXq. (1.19)

With this equality, S�1 � θ : G1{Z Ñ G1 is an isomorphism which sends rgs on g for any g P Z. Then Z can’t
contains anything else than the identity.

If we relax the assumptions of the trivial center, we have a counter-example with g � R3 and the commu-
tations relation rX1, X2s � X3, rX1, X3s � rX2, X3s � 0.

The group Intpgq is abelian; then his center is the whole group, although g is not abelian.
Note that two groups which have the same Lie algebra are not necessarily isomorphic. For example the

sphere S2 and R2 both have R2 as Lie algebra. But two groups with same Lie algebra are locally the same.
More precisely, we have the following lemma.

Lemma 1.11.

If G is a Lie group and H, a topological subgroup of G with the same Lie algebra (h � g), then there exists a
common neighbourhood A of e of G and G on which the products in G and H are the same.

Proof. The exponential is a diffeomorphism between U � g and V � G and between U 1 � h and W � H

(obvious notations). We consider an open O � h such that O � U � U 1. The exponential is diffeomorphic from
O to a certain open A in G and H . Since H is a subgroup of G, the product eXeY of elements in A is the same
for H and G. (cf error ??)

Under the same assumptions, we can say that H contains at least the whole G0 because it is generated by
any neighbourhood of the identity. Since H is a subgroup, the products keep in H .

For a semisimple Lie group, the Lie algebras Bpgq and adpgq are the same. Then Intpgq contains at least the
identity component of Autpgq. Since Intpgq is connected, for a semisimple group, it is the identity component
of Autpgq.
1.3 Killing form

The Killing form of G is the symmetric bilinear form :

BpX,Y q � TrpadX � adY q. (1.20)

It is invariant in the sense of
B
�padSqX,Y � � �B�X, padSqY �, (1.21)�X , Y , S P G.

Proposition 1.12.

If ϕ : G Ñ G is an automorphism of G, then

BpϕpXq, ϕpY qq � BpX,Y q.
Proof. The fact that ϕ is an automorphism of G is written as ϕ � adX � adpϕpXqq � ϕ, or

adpϕpXqq � ϕ � adX � ϕ�1.

Then

TrpadpϕpXqq � adpϕpY qqq � Trpϕ � adX � ϕ�1 � ϕ adY � ϕ�1q� TrpadX � adY q. (1.22)

Remark 1.13.

The Killing 2-form is a map B : G � G Ñ R. When we say that it is preserved by a map f : G Ñ G, we mean
that it is preserved by df : Bpdf �, df �q � Bp�, �q.

An other important property of the Killing form is its bi-invariance.
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Theorem 1.14.

The Killing form is bi-invariant on G.

Remark 1.15.

The Killing form is a priori only defined on G � TeG. For A, B P TgG, one naturally defines

BgpA,Bq � BpdLg�1A, dLg�1Bq. (1.23)

This assures the left invariance of B. Now we prove the right invariance.

Proof of theorem 1.14. Because of the left invariance,

BpdRgX, dRgY q � BpdLg�1dRgX, dLg�1dRgY q � BpAdg�1 X,Adg�1 Y q.
But Adg�1 � dpAdg�1q and Adg�1 is an automorphism of G. Thus by lemma ?? and proposition 1.12,

B
�

Adpg�1qX,Adpg�1qY � � BpX,Y q. (1.24)

Lemma 1.16.

Let g be a Lie algebra and i an ideal in g. Let B : g� g Ñ R be the Killing form on g and B1 : i � i Ñ R, the
one of i. Then B1 � B|i�i, i.e. the Killing form on g descent to the ideal i.

Proof. If W is a subspace of a (finite dimensional) vector space V and φ : V Ñ W and endomorphism, then
Trφ � Trpφ|W ). Indeed, if tX1, . . . , Xnu is a basis of V such that tX1, . . . , Xru is a basis of W , the matrix
element φkk is zero for k ¡ r. Then

Trφ � ņ

i�1

φii � ŗ

i�1

φii � Trpφ|W q.
Now consider X , Y P i; padX � adY q is an endomorphism of g which sends g to i (because i is an ideal).

Then
B1pX,Y q � Tr

�padX � adY q|i� � TrpadX � adY q � BpX,Y q.
We are not going to (not completely) prove an useful formula for some matrix algebras: BpX,Y q �

2nTrpXY q (proposition 1.17). We follow [8]. We consider a simple subalgebra g of glpV q for a certain vector
space V and a nondegenerate ad-invariant symmetric 2-form f . Then there exists a S P GLpgq such that

fpX,Y q � BpSX, Y q (1.25a)

BpSX, Y q � BpX,SY q. (1.25b)

If we consider a basis of g, we can write fpX,Y q (and the Killing) in a matricial form7 as

fpX,Y q � fijX
iY j , BpX,Y q � BijX

iY j .

Since B is nondegenerate, we can define the matrix pBijq by BijBjk � δik. It is easy to see that the searched
endomorphism of g is given by Skl � fkjB

jl.
Using the invariance (1.21) of the Killing form and (1.25b), we find

B
�padX � SqY, Z� � �B�pS � adXqZ, Y �

for any X , Y , Z P g. Now using (1.25a),

f
�pS�1 � adX � SqY, Z� � �f�padXqZ, Y � � f

�padZqX,Y � � f
�
Z, padXqY �. (1.26)

Since f is nondegenerate, we find adX � S � S � adX . It follows from Schurs’lemma that S � λI. Note that
fpX,Y q � λBpX,Y q; this proves a certain unicity of the Killing form relatively to his invariance properties.

Now we consider fpX,Y q � TrpXY q. This is symmetric because of the cyclic invariance of the trace and
this is ad-invariant because of the formula Trpra, bscq � Trparb, csq which holds for any matrices a, b, c.

The newt step is to show that f is nondegenerate; we define

gK � tX P g st fpX,Y q � 0 �Y P gu.
7We systematically use the sum convention on the repeated subscript.
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The simplicity of g (g has no proper ideals) makes g equal to 0 or g. Indeed consider Z P gK. For any X , Y P g,
we have

0 � fpZ, rX,Y sq � fprZ,Xs, Y q.
Then rZ,Xs P gK and gK is an ideal. We will see that the reality is gK � 0 (cf. error ??). Let us suppose
gK � g and consider the lemma 1.52 with A � B � g. We define

M � tX P g st rX, gs � gu � g.

If X PM satisfies TrpXY q � 0 for any Y PM , then X is nilpotent. Here, X PM is not a true condition because
M � g. Since gK � g, the trace condition is also trivial. Then g is made up with nilpotent endomorphisms of
V . Then lemma 1.30 makes all the X P g ad-nilpotent, so that g is nilpotent. (cf. remark 1.33)

By the third item of proposition 1.29, Zpgq � 0 which contradicts the simplicity of g. Then gK � 0 and f

is nondegenerate. Finally,
BpX,Y q � λTrpX,Y q (1.27)

for a certain real number λ. With a certain amount of work (in [2, 8] for example), one can determine the exact
value of λ when g is the Lie algebra of n� n matrices with vanishing trace.

Proposition 1.17.

If g is the Lie algebra of n� n matrices with vanishing trace, then

BpX,Y q � 2nTrpXY q.
1.4 Solvable and nilpotent algebras

If g is a Lie algebra, the derived Lie algebra is

Dg � SpantrX,Y s st X,Y P gu.
We naturally define D0g � g and Dng � DpDn�1gq this is the derived series. Each Dng is an ideal in g. We
also define the central decreasing sequence by a0 � a, ap�1 � ra, aps.
Definition 1.18.

The Lie algebra g is solvable if there exists a n ¥ 0 such that Dng � t0u. A Lie group is solvable when its Lie
algebra is.

The Lie algebra g is nilpotent if gn � 0 for some n. We say that g is ad-nilpotent if adpXq is a nilpotent
endomorphism of g for each X P g.

Do not confuse nilpotent and solvable algebras. A nilpotent algebra is always solvable, while the algebra
spanned by tA,Bu with the relation rA,Bs � B is solvable but not nilpotent.

If g � t0u is a solvable Lie algebra and if n is the smallest natural such that Dng � t0u, then Dn�1g is a
non zero abelian ideal in g. We conclude that a solvable Lie algebra is never semisimple (because the center of
a semisimple Lie algebra is zero).

A Lie algebra is said to fulfil the chain condition if for every ideal h � t0u in g, there exists an ideal h1 in
h with codimension 1.

Lemma 1.19.

A Lie algebra is solvable if and only if it fulfils the chain condition.

Proof. Necessary condition. The Lie algebra g is solvable (then Dg � g) and h is an ideal in g. We consider h1, a
subspace of codimension 1 in h which contains Dh. It is clear that h1 is an ideal in h because rH1, Hs P Dh � h1.
Sufficient condition. We have a sequencet0u � gn � gn�1 � . . . � g0 � g (1.28)

where gr is an ideal of codimension 1 in gr�1. Let A be the unique vector in gr�1 which don’t belong to gr.
When we write rX,Y s with X , Y P gr�1, at least one of X or Y is not A (else, it is zero) then at least one of
the two is in gr. But gr is an ideal; then rX,Y s P gr. Thus Dpgr�1q � gr and

D
ng � D

n�1
Dg � D

n�1g1 � . . . � gn � 0.
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Theorem 1.20 (Lie theorem).
Consider g, a real (resp. complex) solvable Lie algebra and a real (resp. complex) vector space V � t0u. If
π : g Ñ glpV q is a homomorphism, then there exists a non zero vector in V which is eigenvector of all the
elements of πpgq.
Problem and misunderstanding 2.

It is strange to be stated for real and complex Lie algebras. Following [2], this is only true for complex Lie
algebras while there exists other versions for reals ones.

Proof. Let us do it by induction on the dimension of g. We begin with dim g � 1. In this case, π is just a map
π : gÑ glpV q such that πpaXq � aπpXq. We have to find an eigenvector for the homomorphism πpXq : V Ñ V .
Such a vector exists from the Jordan decomposition 1.48. Indeed, if there are no eigenvectors, there are no
spaces Vi and the decomposition V � °Vi can’t be true.

Now we consider a general solvable Lie algebra g and we suppose that the theorem is true for any solvable
Lie algebra with dimension less that dim g. Since g is solvable, there exists an ideal h of codimension 1 in g;
then there exists a e0 � 0 P V which is eigenvector of all the πpHq with H P h. So we have λ : hÑ R naturally
defined by

πpHqe0 � λpHqe0.

Now we consider X P gzh and e�1 � 0, ep � πpXqpe0 for p � 1, 2, . . . We will show that πpHqep � λpHqep
mod pe0, . . . , ep�1q for all H P h and p ¥ 0. It is clear for p � 0. Let us suppose that it is true for p. Then

πpHqep�1 � πpHqπpXqep� πprH,Xsqep � πpXqπpHqep� λprH,Xsqep � πpXqλpHqep
mod pe0, . . . , ep�1, πpXqe0, . . . , πpXqep�1q. (1.29)

But we can put πprH,Xsq and πpXqei into the modulus. Thus we have

πpHqep�1 � λpHqep�1 mod pe0, . . . , epq.
Now we consider the subspace of V given by W � Spantepup�1,.... The algebra πphq leaves W invariant and

our induction hypothesis works on pπphq,W q; then one can find in W a common eigenvector for all the πpHq.
This vector is the one we were looking for.

Corollary 1.21.

Let g be a solvable Lie group and π a representation of g on a finite dimensional vector space V . Then there
exists a basis te1, . . . , enu of V in which all the endomorphism πpXq, X P g are upper triangular matrices.

Proof. Consider e1 � 0 P V , a common eigenvector of all the πpXq, X P g. We consider E1 � Spante1u. The
representation π induces a representation π1 of g on the space V {E1. If V {E1 � t0u, we have a e2 P V such
that pe2 �E1q P V {E1 is an eigenvector of all the πpXq.

In this manner, we build a basis te1, . . . , enu of V such that πpXqei � 0 mod pe1, . . . , eiq for all X P g. In
this basis, πpXq has zeros under the diagonal.

Theorem 1.22.

Let V be a real or complex vector space and g, a subalgebra of glpV q made up with nilpotent elements. Then

(i) g is nilpotent;

(ii) Dv � 0 in V such that �Z P g, Zv � 0;

(iii) There exists a basis of V in which the elements of g are matrices with only zeros under the diagonal.

Proof. First item. We consider a Z P g and we have to see that adg Z is a nilpotent endomorphism of g. Be
careful on a point: an element X of g is nilpotent as endomorphism of V while we want to prove that adX is
nilpotent as endomorphism of g. We denote by LZ and RZ , the left and right multiplication; since we are in a
matrix algebra, the bracket is given by the commutator: adZ � LZ �RZ . We havepadZqppXq � p̧

i�0

p�1qp�p
i



Zp�iXZi (1.30)
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There exists a k P N such that Zk � 0. For this k, padZq2k�1 is a sum of terms of the form Zp�iXZi : either
p� i either i is always bigger than k. But adg Z is the restriction of adZ (which is defined on glpV q) to g. Then
g is nilpotent.
Second item. Let r � dim g. If r � 1, we have only one Z P g and Zk � 0 for a certain (minimal) k P N. We
take v such that w � Zk�1v � 0 (this exists because k is the minimal natural with Zk � 0). Then Zw � 0.

Now we suppose that the claim is valid for any algebra with dimension less than r. Let h be a strict
subalgebra of g with maximal dimension. If H P h, adgH is a nilpotent endomorphism of g which sends h

onto itself. Thus adgH induces a nilpotent endomorphism H� on the vector space g{h. We consider the set
A � tH� st H P hu; this is a subalgebra of glpg{hq made up with nilpotent elements which has dimension
strictly less than r.

The induction assumption gives us a non zero u P g{h which is sent to 0 by all A, i.e. padgHqu � 0 in g{h.
In other words, u P gzh is such that padgHqu P h.

The space h�KX (here, K denotes R or C) of g is a subalgebra of g. Indeed, with obvious notations,rH � kX,H 1 � k1Xs � rH,H 1s � adHpk1Xq � adH 1pkXq � kk1rX,Xs. (1.31)

The first term lies in h because it is a subalgebra; the second and third therms belongs to h by definition of X .
The last term is zero. Since h is maximal, h �KX � g. Then (1.31) shows that h is also an ideal. Now we
consider

W � te P V st �H P h, He � 0u.
Since dim h   r, W � t0u from our induction assumption. Furthermore, for e PW , HXe � rH,Xse�XHe� 0.
Then X �W � W . The restriction of X to W is nilpotent. Then there exists a v P W such that Xv � 0. For
him Hv � 0 because v PW and Xv � 0 by definition of X . Then Gv � 0 for any G P h�KX � g.
Third item. Let e1 be a non zero vector in V such that Ze1 � 0 for any Z P g (the existence comes from the
second item). We consider E1 � Span e1. Any Z P g induces a nilpotent endomorphism Z� on the vector space
V {E1. If V {E1 � t0u, we take a e2 P V zE1 such that e2 � E1 P V {E1 fulfils Z�pe2 � E1q � 0 for all Z P g.
By going on so, we have Ze1 � 0, Zei � 0 mod pe1, . . . , ei�1q. In this basis, the matrix of Z has zeros on and
under the diagonal.

Corollary 1.23.

Let us consider V , a finite dimensional vector space on K and g, a subalgebra of glpV q made up with nilpotent
elements. Then if s ¥ dimV and Xi P g, we have X1X2 . . . Xs � 0.

Proof. We write the Xi’s in a basis where they have zeros on and under the diagonal. It is rather easy to see
that each product push the non zero elements into the upper right corner.

Corollary 1.24.

A nilpotent algebra is solvable.

Proof. The algebra adgpgq is a subalgebra of glpgq made up with nilpotent endomorphisms of g. The product
of s (see notations of previous corollary) such endomorphism is zero. In particular g is solvable.

We recall the definition of the central decreasing sequence: a0 � a, ap�1 � ra, aps.
Corollary 1.25.

A Lie algebra a is nilpotent if and only if am � t0u for m ¥ dim a.

Proof. The direct sense is easy: we use corollary 1.23 with g � adpaq (dim g � dim a). Since g is nilpotent, for
any Xi P g we have X1 . . .Xs, so that am � 0. The inverse sense is trivial.

Corollary 1.26.

A nilpotent Lie algebra a � t0u has a non zero center

Proof. If m is the smallest natural such that am � 0, am�1 is in the center.

Lemma 1.27.

If i and j are ideals in g, then we have a canonical isomorphism ψ : pi� jq{jÑ i{piX jq given by

ψprxsq � i

if x � i � j with i P i and j P j. Here classes with respect to j are denoted by r.s and the one with respect topiX jq by a bar.
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Proof. We first have to see that ψ is well defined. If x1 � i� j � j1, ψprxsq � i because j � j1 P j. If x � i1 � j1
(an other decomposition for x � i� j), i � j, j1 � j � i� i1 P jX i. Then i � i1 � j1 � j � i1.

Now it is easy to see that ψ is a homomorphism.

Proposition 1.28.

Let g and g1 be Lie algebras.

(i) If g is solvable then any subalgebra is solvable and if φ : gÑ g1 is a Lie algebra homomorphism, then φpgq
is solvable in g1.

(ii) If i is a solvable ideal in g such that g{i is solvable, then g is solvable.

(iii) If i and j are solvable ideals in g, then i� j is also a solvable ideal in g.

Proof. First item. If h is a subalgebra of g, then Dkh � Dkg, so that h is solvable. Now consider h � φpgq � g1.
This is a subalgebra of g1 because rh, h1s � rφpgq, φpg1qs � φprg, g1sq P h. It is clear that Dpφpgqq � φpDpgqq and

D
2pφpgqq � D

�
Dφpgq� � DpφDpgqq � φDDpgq � φpD2pgqq. (1.32)

Repeating this argument, Dkphq � φpDkgq. So h is also solvable. Note that φprg, g1sq � rφpgq, φpg1qs � Dpπpgqq.
Then

D
kπpgq � πpDkgq. (1.33)

Second item. Let n be the smallest integer such that Dnpg{iq � 0; we look at the canonical homomorphism
π : gÑ g{i. This satisfies Dnpπpgqq � πpDngq � 0. Then Dnpgq � i. If Dmi � 0, then Dm�ng � 0.
Third item. The space i{pi X jq is the image of i by a homomorphism, then it is solvable and pi � jq{j is also
solvable. The second item makes i� j solvable.

Now we consider g, any Lie algebra and s a maximum solvable ideal i.e. it is included in none other solvable
ideal. Let us consider i, an other solvable ideal in g. Then i� s is a solvable ideal; since s is maximal, i� s � s.
Thus there exists an unique maximal solvable ideal which we call the radical of g. It will be often denoted by
Rad g. If β is a symmetric bilinear form, his radical is the set

S � tx P g st βpx, yq � 0 �y P gu. (1.34)

The form β is nondegenerate if and only if S � t0u.
Proposition 1.29.

Let g and g1 be Lie algebras.

(i) If g is nilpotent, then his subalgebras are nilpotent and if φ : gÑ g1 is a Lie algebra homomorphism, then
φpgq is nilpotent.

(ii) If g{Zpgq is nilpotent, then g is nilpotent. For recall,

Zpgq � tz P g st rx, zs � 0 �x P gu.
(iii) If g is nilpotent, then Zpgq � 0.

Proof. The proof of the first item is the same as the one of 1.28. Now if pg{Zpgqqn � 0, then gn{Zpgq � 0;
thus gn � Zpgq, so that gn�1 � rg,Zpgqs � 0. Finally, if n is the smallest natural such that gn � 0, thenrgn�1, gs � 0 and gn�1 � Zpgq.

The condition to be nilpotent can be reformulated by Dn P N such that �Xi, Y P g,padX1 � . . . � adXnqY � 0,

in particular for any X P g, there exists a n P N such that padXqn � 0. An element for which such a n exists
is ad-nilpotent. If g is nilpotent, then all his elements are ad-nilpotent.

Some results without proof :

Lemma 1.30.

If X P glpV q is a nilpotent endomorphism, then adX is nilpotent.
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Remark 1.31.

The inverse implication is not true, as the unit matrix shows.

Theorem 1.32 (Engel).
A Lie algebra is nilpotent if and only if all his elements are ad-nilpotent.

For a proof see [2].

Remark 1.33.

The combination of these two last results makes that if g � glpV q is made up with nilpotent endomorphisms of
V , then g is nilpotent as Lie algebra.

1.5 Flags and nilpotent Lie algebras

Here we give a “flag description” of some previous results. In particular the chain (1.28). If V is a vector space
of dimension n   8, a flag in V is a chain of subspaces 0 � V0 � V1 � . . . � Vn�1 � Vn � g with dimVk � k.
If x P EndV fulfils xpViq � Vi, then we say that x stabilise the flag.

Theorem 1.34.

If g is a subalgebra of glpV q in which the elements are nilpotent endomorphisms and if V � 0, then there exists
a v P V , v � 0 such that gv � 0.

Proof. This is the second item of theorem 1.22.

Corollary 1.35.

Under the same assumptions, there exists a flag pViq stable under g such that gVi � Vi�1. In other words, there
exists a basis of V in which the matrices of g are nilpotent; this basis is the one given by the flag.

Proof. Let v � 0 such that gv � 0 which exists by the theorem and V1 � Span v. We consider W � V {V1; the
action of g on W is also made up with nilpotent endomorphisms. Then we go on with V1 and W1 �W {V2,. . .

Lemma 1.36.

If g is nilpotent and if i is an non trivial ideal in g, then iXZpgq � 0.

Proof. Since i is an ideal, g acts on i with the adjoint representation. The restriction of an element adX for
X P g to i is in fact a nilpotent element in glpiq. Then we have a I P i such that gI � 0. Thus I P iXZpgq.
Theorem 1.37.

Let g be a solvable Lie subalgebra of glpV q. If V � 0, then V posses a common eigenvector for all the endomor-
phisms of g.

Proof. This is exactly the Lie theorem 1.20

Corollary 1.38 (Lie theorem).
Let g be a solvable subalgebra of glpV q. Then g stabilize a flag of V .

Proof. This corollary is the corollary given in 1.21.
We consider v1 the vector given by theorem 1.37. Since it is eigenvector of all g, Span v1 is stabilised by g.

Next we consider v2 in the complementary which is also a common eigenvector,. . .

Corollary 1.39.

If g is a solvable Lie algebra, then there exists a chain of ideals in g

0 � g0 � g1 � . . . � gn � g

with dim gk � k.

Proof. If φ : g Ñ glpV q is a finite-dimensional representation of g, then φpgq is solvable by proposition 1.29.
Then φpgq stabilises a flag of V . Now we take as φ the adjoint representation of g. A stable flag is the chain of
ideals; indeed if gi is a part of the flag, then �H P g adHgi � gi because the flag is invariant.

Corollary 1.40.

If g is solvable then X P Dg implies that adgX is nilpotent. In particular Dg is nilpotent.
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Proof. We consider the ideals chain of previous corollary and an adapted basis: tX1, . . . , Xnu is such thattX1, . . . , Xiu spans gi. In such a basis the matrices of adpgq are upper triangular and it is easy to see that
in this case, the matrices of rad g, ad gs are strictly upper triangular: they have zeros on the diagonal. Butrad g, ad gs � adgrg, gs. Then for X P adg Dg, adgX is nilpotent. A fortiori, adDgX is nilpotent and by the
Engels’theorem 1.32, Dg is nilpotent.

The following lemma is computationally useful because it says that if X is a nilpotent element of a Lie
algebra, then g �X is also nilpotent with (at most) the same order.

Lemma 1.41.

The following formula
adpg �XqnY � g � adpXqnpg�1 � Y q (1.35)

holds for all g P G and X,Y P g,

The proof is a simple induction on n.

1.6 Semisimple Lie algebras

A useful reference to go trough semisimple Lie algebras is [1]. Very few proofs, but the statements of all the
useful results with explanations.

Definition 1.42.

A Lie algebra is semisimple if it has no proper abelian invariant Lie subalgebra. A Lie algebra is simple if it
is not abelian and has no proper Lie subalgebra.

In that definition, we say that a Lie subalgebra h is invariant if adpgqh � h.
There are a lot of equivalent characterisations. Here are some that are going to be proved (or not) in the

next few pages. A Lie algebra is semisimple if an only if one of the following conditions is respected.

(i) The Killing form is nondegenerate.

(ii) The radical of g is zero (theorem 1.56).

(iii) There are no abelian proper invariant subalgebra.

Problem and misunderstanding 3.

I think that in the following I took the degenerateness of Killing as definition.

The Killing form is a convenient way to define a Riemannian metric on a semisimple8 Lie group.

Corollary 1.43.

An automorphism of a semisimple Lie group is an isometry for the Killing metric. Stated in other words,

AutpGq � IsoG. (1.36)

Proof. By lemma ??, if f is an automorphism of G, df is an automorphism of G. Now, by proposition 1.12, f
is an isometry of G.

Proposition 1.44.

Let g be a semisimple Lie algebra, a an ideal in g, and aK � tX P g st BpX,Aq � 0�A P au. Then

(i) aK is an ideal,

(ii) g � a` aK,

(iii) a is semisimple,

Proof. First item. We have to show that for any X P g and P P aK, rX,P s P aK, or �Y P a, BpY, rX,P sq � 0.
From invariance of B,

BpY, rX,P sq � BpP, rY,Xsq � 0.

Second item. Since B is nondegenerate, dim a � dim aK � dim g. Let us consider Z P g and X , Y P a X aK.
We have BpZ, rX,Y sq � BprZ,Xs, Y q � 0. Then rX,Y s � 0 because BpZ, rX,Y sq � 0 for any Z and B is
nondegenerate. Thus aX aK is abelian. It is also an ideal because a and aK are.

8In this case, B is nondegenerate.
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Now we consider b, a complementary of aXaK in g, Z P g and T P aXaK. The endomorphism E � adT �adZ
sends aXaK to t0u. Indeed considerA P aXaK; padZqA P aXaK because it is an ideal, and then padT�adZqA � 0
because it is abelian.

The endomorphism E also sends b to a X aK (it may not be surjective); then TrpadT � adZq � 0 and
aX aK � t0u. Since B is nondegenerate, dim a� dim aK � dim g. Then a` aK � g is well a direct sum.
Third item. From lemma 1.16, the Killing form of g descent to the ideal a; then it is also nondegenerate and
a is also semisimple.

Corollary 1.45.

A semisimple Lie algebra has center t0u.
Proof. If Z P ker g, adZ � 0. So BpZ,Xq � 0 for any X P g. Since B is nondegenerate, it implies Z � 0.

Corollary 1.46.

If g is a semisimple Lie algebra, it can be written as a direct sum

g � g1 ` . . .` gr

where the gi are simples ideals in g. Moreover each simple ideal in g is a direct sum of some of them.

Proof. If g is simple, the statement is trivial. If it is not, we consider a, an ideal in g. Proposition 1.44 makes
g � a` aK. Since a and aK are semisimple, we can once again brake them in the same way. We do it until we
are left with simple algebras.

For the second part, consider b a simple ideal in g which is not a sum of gi. Then rgi, bs � gi X b � t0u.
Then b is in the center of g. This contradict corollary 1.45.

Proposition 1.47.

If g is semisimple then

adpgq � Bpgq,
i.e. any derivation is an inner automorphism :

Proof. We saw at page 8 that adpgq � Bpgq holds without assumptions of (semi)simplicity. Now we consider D,
a derivation: �X P g,

adpDXq � rD, adXs.
Then adpgq is an ideal in Bpgq because the commutator of adX with any element of Bpgq still belongs to adpgq.
Let us denote by a the orthogonal complement of adpgq in Bpgq (for the Killing metric). The algebra adpgq is
semisimple because of it isomorphic to g. Since the Killing form on adpgq is nondegenerate, a X adpgq � t0u.
Finally D P a implies rD, adXs P aX adpgq � t0u. Then adpDXq � 0 for any X P g, so that D � 0. This shows
that a � t0u, so that adpgq � Bpgq.

If V is a finite dimensional space, a subspace W in V is invariant under a subset G � HompV, V q if sW �W

for any s P G. The space V is irreducible when V and t0u are the only two invariant subspaces. The set G
is semisimple if any invariant subspace has an invariant complement. In this case, the vector space split into
V � °i Vi with Vi invariant and irreducible.

Theorem 1.48 (Jordan decomposition).
Any element A P HompV, V q is decomposable in one and only one way as A � S �N with S semisimple and N
nilpotent and NS � SN . Furthermore, S and N are polynomials in A. More precisely :

If V is a complex vector space and A P HompV, V q with λ1, . . . , λr his eigenvalues, we pose

Vi � tv P V st pA� λi1qkv � 0 for large enough ku.
Then

(i) V � °r
i�1

Vi,

(ii) each Vi is invariant under A,

(iii) the semisimple part of A is given by

Sp ŗ

i�1

viq � ŗ

i�1

λivi,

for vi P Vi,
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(iv) the characteristic polynomial of A is

detpλ1�Aq � pλ� λ1qd1 . . . pλ � λrqdr

where di � dim Vi (1 ¤ i ¤ r).

1.6.1 Jordan decomposition

If V is a finite dimensional vector space, we say that an element of EndV is semisimple when it is diagonalisable.
We know that two commuting semisimple endomorphism are simultaneously diagonalisable. So the sums and
differences of semisimple elements still are semisimple.

Let Ekl be the pn� 2q � pn� 2q matrix with a 1 at position pk, lq and 0 anywhere else: pEklqij � δkiδlj . An
easy computation show that

EklEab � δlaEkb, (1.37)

and rEkl, Erss � δlrEks � δskErl. (1.38)

Now we give a great theorem without proof.

Theorem 1.49 (Jordan decomposition).
Let V be a finite dimensional vector space and x P EndV .

(i) There exists one and only one choice of xs, xn P EndpV q such that x � xs � xn, xs is semisimple, nn is
nilpotent and rxs, xns � 0.

(ii) There exists polynomials p and q without independent term such that xs � ppxq, xn � qpxq; in particular
if y P EndV commutes with x, then it commutes with xs and xn.

(iii) If A � B � V are subspaces of V and if xpBq � A, then xspBq � A and xnpBq � A.

As an example consider the adjoint representation of glpV q. As seen in lemma 1.30, if x P glpV q is nilpotent,
then adx is also nilpotent.

Lemma 1.50.

If x P glpV q is semisimple, then adx is also semisimple.

Proof. We choose a basis tv1, � � � , vnu of V in which x is diagonal with eigenvalues a1, . . . , an. For glpV q, we
consider the basis tEiju in which Eij is the matrix with a 1 at position pi, jq and zero anywhere else. This
satisfies rEkl, Erss � δlrEks � δskErl. We easily check that Eklpviq � δlivk. Since we are in a matrix algebra,
the adjoint action is the commutator: padxqEij � rx,Eijs; as we know that x � akEkk,padxqEij � akrEkk, Eijs � pai � ajqEij (1.39)

which proves that adx has a diagonal matrix in the basis tEiju of glpV q. Furthermore, we have an explicit
expression for his matrix: the eigenvalues are pai � ajq.
Lemma 1.51.

Let x P EndV with his Jordan decomposition x � xs � xn. Then the Jordan decomposition of adx is

adx � adxs � adxn. (1.40)

Proof. We already know that adxs is semisimple and adxn is nilpotent. They commute because radxs, adxns �
adrxs, xns � 0. Then the unicity part of Jordan theorem 1.49 makes (1.40) the Jordan decomposition of adx.

1.6.2 Cartan criterion

Let us recall a result: Dg � g1, rDg,Dgs � g2; then Dkg � gk. Thus if g is nilpotent, it is solvable. On the
other hand, by the Engel theorem 1.32, Dg is nilpotent if and only if all the adDg x are nilpotent for x P Dg.
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Lemma 1.52.

Let A � B be two subspace of glpV q with dim V   8. We pose

M � tx P glpV q st rx,Bs � Au,
and we suppose that x PM verify Trpx � yq � 0 for all y PM . Then x is nilpotent.

Proof. We use the Jordan decomposition x � xs � xn and a basis in which xs takes the form diagpa1, . . . , amq;
let tv1, . . . , vmu be this basis. We denotes by E the vector space on Q spanned by ta1, . . . , amu. We want to
prove that xs � 0, i.e. E � 0. Since E has finite dimension, it is equivalent to prove that its dual is zero. In
other words, we have to see that any linear map f : E Ñ Q is zero.

We consider y P glpV q, an element whose matrix is diagpfpa1q, . . . , fpamqq and pEijq, the usual basis of
glpV q. We know that padxsqEij � pai � ajqEij , (1.41a)pad yqEij � pfpaiq � fpajqqEij . (1.41b)

It is always possible to find a polynomial r on R without constant term such that rpai � ajq � fpaiq � fpajq.
Note that this is well defined because of the linearity of f : if ai�aj � ak�al, then fpaiq�fpajq � fpakq�fpalq.
Since adxs is diagonal, rpadxsq is the matrix with rpadxsqii on the diagonal and zero anywhere else. Then
rpad xsq � ad y. By lemma 1.51, adxs is the semisimple part of adx, then ad y is a polynomial without constant
term with respect to adx (second point of theorem 1.49).

Since pad yqB � A, y P M and Trpxyq � 0. It is easy to convince ourself that the sn part of x will not
contribute to the trace because xn is strictly upper triangular and y is diagonal. From the explicit forms of xs
and y,

Trpxyq �
i̧

aifpaiq � 0.

This is a Q-linear combination of element of E : we have to see it as ai being a basis vector and fpaiq a
coefficient, so that we can apply f on both sides to find 0 � °i fpaiq2. Then for all i, fpaiq � 0, so that f � 0
because the ai spans E.

Theorem 1.53 (Cartan criterion).
Let g be a subalgebra of glpV q. We suppose that Trpxyq � 0 �x P Dg, y P g. Then g is solvable.

Proof. It is sufficient to prove that Dg is nilpotent indeed if we write Dkg � gk with Dg instead of g, Dk�1g �pDgqk. If Dg is nilpotent, pDgqn � 0 and Dn�1g � 0 so that g is solvable.
Let us consider x P Dg. We have to prove that it is ad-nilpotent (see the Engel theorem 1.32). Let A � Dg,

B � g and M � tx P glpV q st rxgs � Dgu. By definition of Dg, g � M . The lemma 1.52 will conclude that
x P Dg is nilpotent if Trpxyq � 0 for any y PM . Here we just have this equality for y P g.

A typical generator of Dg is rx, ys with x, y P g. Take a z PM ; by the formula Trprx, yszq � Trpxry, zsq, the
trace that we have to check is

Trprx, yszq � Trpxry, zsq � Trpry, zsxq. (1.42)

But with z PM , ry, zs P Dg, then Trprx, yszq � Trpry, zsxq � 0. Thus we are in the situation of the lemma.

Corollary 1.54.

A Lie algebra g for which Trpadx � ad yq � 0 for all x P Dg, y P g is solvable.

Proof. We consider h � ad g; this is a subalgebra of glpV q such that a P Dh and b P h imply Trpabq � 0. In
order to see it, remark that a P Dh can be written as a � radx, ad ys � adrx, ys for certain x, y P g. Then
Trpabq � Trpadrx, ys ad zq with x, y, z P g; this is zero from the hypothesis. Then h � ad g is solvable.

It is also known that kerpadq � Zpgq is also solvable. Now we consider m a complementary of Zpgq in g :
g � Z `m. The Lie algebra adpmq is solvable and the homomorphism φ : adm Ñ m defined by φpadxq � x is
well defined. From the first item of the proposition 1.28, m is solvable. With obvious notations, an element of
Dm can be written as rm,m1s (because Zpgq don’t contribute to Dg). Then Dg � Dm, so that g is as much
solvable than m.

Lemma 1.55.

The radical of a Lie algebra is non zero if and only if it has at least non zero abelian ideal.

Proof. The radical of g is its unique maximal solvable ideal. An eventually non empty abelian ideal should be
in the radical.

Let us now consider that the radical is non zero, and consider the derived series of Rad g. Since Rad g is
solvable, we can consider n, the minimal integer such that Dn Rad g � 0. Then Dn�1 Rad g is a non zero abelian
ideal.
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Theorem 1.56.

A Lie algebra is semisimple if and only if its radical is zero.

Proof. Direct sense. We suppose Rad g � 0 and we consider S, the radical of the Killing form :

S � tX P g st BpX,Y q � 0 �Y P gu.
By definition, for any X P S and Y P g, TrpadX � adY q � 0. The Cartan criterion makes adS solvable and the
corollary 1.54 makes S solvable.

Now, the ad-invariance of the Killing form turns S into an ideal, so that S � Radpgq because any solvable
ideal is contained in Rad g. From the assumptions, RadS � 0, then S � Rad g � 0. This shows that the Killing
form is nondegenerate.
Inverse sense. We suppose S � 0 and we will show that any abelian ideal of g is in S. In this case, if A is a
solvable ideal with DnA � 0, then Dn�1A is an abelian ideal, so that Dn�1A � 0. By induction, A � 0.

Let I be an abelian ideal of g, X P I and Y P g. Then adX � adY is nilpotent because for Z P g,padX adY adX adY qZ � padX adY q prX, rY, Zssqloooooomoooooon�X1PI � padXq rY,X1sloomoon�X2PI � padXqX2 � 0. (1.43)

Then 0 � TrpadX adY q � BpX,Y q and X P S, so that I � S � 0.

1.6.3 More about radical

If g is a Lie algebra whose radical is r, we say that a subalgebra s of g is a Levi subalgebra if g � r` s.
Any Lie algebra posses a Levi subalgebra9.

Lemma 1.57.

If a is an ideal in a Lie algebra g, then
Rad a � pRad rq X a.

Before to begin the proof, let us recall that lemma 1.27 gives us an isomorphism ψ : pa � bq{a Ñ b{paX bq
when a and b are ideals in g.

Proof of the lemma. If r is the radical of g, then the radical of g{r is zero, so that r{r is semisimple. Let a be
an ideal in g, then pa� rq{r is an ideal in the semisimple Lie algebra gr, so that it is also semisimple. From the
isomorphism, a{paX rq is also semisimple and aX r must contains the radical of a. Indeed if a solvable ideal of
a where not in aX r, then this should give rise to a non zero solvable ideal in a{pa X rq although the latter is
semisimple. Then aX r � Rad a.

Proposition 1.58.

If A is a compact group of automorphisms of the Lie algebra g, then there exists a Levi subalgebra of g which is
invariant under A.

Proof. Let r be the radical of g; we will split our proof into two cases following rr, rs � 0 or not.
The radical is abelian. In this first case we consider an induction with respect to the dimension of g. We
consider g � g{rr, rs and r � r{rr, rs : these are algebras with one less dimension that g and r. We denote by
π : gÑ g the natural projection.

We begin to prove that r is the radical of g. It is clear from the Lie algebra structure on a quotient that r

is an ideal because r is. It is also clear that r is solvable. We just have to see that r is maximal in g. For this,
suppose that rYX is a solvable ideal in g. Then it is easy to see that rYX is an ideal in g. Taking commutators
in rYX, we always finish in 0 P g, i.e. in rr, rs. Taking again some commutators, we finish on 0 P g because r

is solvable. This contradict the maximality of r.
Since A is made up of automorphisms, it leaves r invariant, so that it also acts on g as an automorphism

group: aX � aX for a P A and X P g. From the induction assumption, we can find a Levi subalgebra s in g :
s` r � g. In this case, the radical of π�1psq is rr, rs. Indeed in the one hand, rXs � 0, so that π�1prXsq � rr, rs.
In the other hand π�1prXsq � π�1prqXπ�1psq � rXπ�1psq. The lemma 1.57 conclude that Radπ�1psq � rr, rs.

Now A is a compact group of automorphism which leaves invariant π�1psq, so we have a Levi subalgebra s

of π�1psq invariant under A. We will see that this is in fact a Levi subalgebra of the whole g, i.e. we have to
prove that s` r � g. From the definition of s,

s` rr, rs � π�1psq,
9Reference needed.
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and by definition of s,

s` rrr, rs � g.

Then
g � π�1psq ` r� rr, rs � s` rr, rs ` r� rr, rs � s` r. (1.44)

We can now pass to the second case: rr, rs � 0.
The radical is not abelian. Let s0 and s be Levi subalgebras of g. For X P s0, we write

X � fpXq �Xs

with respect to the decomposition g � s ` r. This defines a linear map f : s0 Ñ r. For any X , Y P s0,rXs, Xss � rX,Y s � rX, fpyqs � rfpXq, Y s because r is abelian. Since10, rXs, Xss � rX,Y ss,
fprX,Y sq � rX, fpY qs � rfpXq, Y s. (1.45)

Now let us consider a map f : s0 Ñ r which satisfy this equation. Then the map X Ñ X � fpXq is an
isomorphism between s0 and his image which is a Levi subalgebra of g. IndeedrX,Y s Ñ rX,Y s � fprX,Y sq� rX,Y s � rX, fpY qs � rfpXq, Y s� rX � fpXq, Y � fpY qs. (1.46)

Now we consider V , the space of all the linear maps s0 Ñ r which fulfil the condition (1.45). We have a
bijection between V and the Levi subalgebras of g : for any Levi subalgebra we associate the map f P V given
by X � fpXq �Xs.

So our proof can be reduced to find a fixed point of V under the action of A. In order to do that, we will
see that A is a group of affine transformations on V . Consider a α P A and f0, fα0 , fα be the elements of V
corresponding to s0, s and αpsq. We take a X P s0 and we denote by αpXq the s0-component of αpXq with
respect to the decomposition g � r` s0 :

αpXq � αpXq � βpXq.
This also defines β : gÑ r and �βpXq is the r-component of αpXq with respect to g � r` αps0q. Since fα0 just
correspond to this decomposition, fα0 pαpXqq � �βpXq, so that

αpXq � fα0 pαpXqq � αpXq� fα0 pαpXqq � αpfpXqq � αpfpXqq � αpXq. (1.47)

Since X � fpXq P s, αpXq � αpfpXqq P αpsq, then fα0 pαpXqq � αpXq is the r-component of αpXq with respect
to g � r` αpsq. Then

fα0 pαpXqq � αpfpXqq � fαpαpXqq � fαpαpXqq.
Since X was taken arbitrary, fα � fα0 �α � f �α�1. Then the map V Ñ V , f Ñ fα is an affine transformation
with translation equals to fα0 and linear part being f Ñ α � f � α.

A general result shows that a compact group of affine transformations on a vector space has a fixed point.

1.6.4 Compact Lie algebra

We consider g, a real Lie algebra and h, a subalgebra of g. Let K� be the analytic subgroup of Intpgq which
corresponds to the subalgebra adgphq of adgpgq.
Definition 1.59.

We say that h is compactly embedded in g if K� is compact. A Lie algebra is compact when it is compactly
embedded in itself.

The analytic subgroup of Intpgq which corresponds to adgpgq, by definition, is Intpgq. Then the compactness
of g is the one of Intpgq.
Remark 1.60.

The compactness notion on a Lie group is defined from the topological structure of the Lie group seen as a
manifold. It is all but trivial that the compactness on a Lie group is related to the compactness on its Lie
algebra; the proposition 1.65 will however make the two notions related in the natural way.

10C’est pas clair pourquoi on a a̧.
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Remark 1.61.

The topology on K� is not necessary the same as the induced one from Intpgq and Intpgq has also not necessary
the induced topology from GLpgq. However the next proposition will show that the compactness notion is well
the one induced from GLpgq.
Proposition 1.62.

We consider rK, the same set and group as K�, but with the induced topology from GLpgq. Then rK is compact
if and only if K� is compact.

Note however that K� and rK are not automatically the same as manifold.

Proof. K� compact implies rK compact. The identity map ι : K� Ñ GLpgq is analytic, and then is continuous
because Intpgq is by definition an analytic subgroup of GLpgq and K� an analytic subgroup of Intpgq. If we
have a covering of rK with open set Oi X rK of rK (Oi is open in GLpgq), the continuity of ι make the finite
subcovering of K� good for rK.rK compact implies K� compact. If rK is compact, then it is closed in GLpgq. As set, K� is closed in GLpgq and
by definition it is connected. Then by the theorem ??, K� is a topological subgroup of GLpgq. Consequently,
K� and rK are homeomorphic and they have same topology.

A lemma without proof11.

Lemma 1.63.

If G is a compact group in GLpn,Rq, then there exists a G-invariant quadratic form on Rn.

Proposition 1.64.

Let g be a real Lie algebra.

(i) If g is semisimple, then g is compact if and only if the Killing form is strictly negative definite.

(ii) If it is compact then it is a direct sum

g � Z ` rg, gs (1.48)

where Z is the center of g and the ideal rg, gs is compact and semisimple.

Proof. If the Killing form is nondegenerate. We consider g, a Lie algebra whose Killing form is strictly
negative definite. Up to some dilatations (and a sign), this is the euclidian metric. Then OpBq, the group
of linear transformations which leave B unchanged is compact in the topology of GLpgq : this is almost the
rotations. From equation (1.36), Autpgq � OpBq. With this, Autpgq is closed in a compact, then it is compact.
Then Intpgq is closed in Autpgq –here is the assumption of semi-simplicity– and Intpgq is compact.
If g is compact. Since g is compact, Intpgq is compact in the topology of Autpgq; then there exists an
Intpgq-invariant quadratic form Q. In a suitable basis tX1, . . . , Xnu of g, we can write this form as

QpXq �¸x2

i

for X � °
xiXi. In this basis the elements of Intpgq are orthogonal matrices and the matrices of adpgq are

skew-symmetric matrices (the Lie algebra of orthogonal matrices). Let us consider a X P g and denote by
aijpXq the matrix of adpXq. We have

BpX,Xq � TrpadX � adXq �
i̧ j̧

aijpXqajipXq � �
i̧j

aijpXq2 ¤ 0. (1.49)

Then the Killing form is negative definite12. On the other hand, BpX,Xq � 0 implies adpXq � 0 and X P Zpgq.
Thus gK � Z. If g is semisimple, this center is zero; this conclude the first item of the proposition.

Now Z is an ideal and corollary 1.46 decomposes g as

g � Z ` g1. (1.50)

Let us suppose that the restriction of B to g1 � g1 is actually the Killing form on g1 (we will prove it below).
Then the Killing form on g1 is strictly negative definite; then g1 is compact.

11J’ai même pas trouvé d’énoncé de ce théorème.
12Here we use “negative definite” and “strictly negative definite”; in some literature, the terminology is slightly different and one

says “semi negative definite” and “negative definite”.
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Now we prove that the Killing form on g descent to the Killing form on g1. Remark that Z is invariant
under all the automorphism. Indeed consider Z P Z, i.e. rX,Zs � 0. If σ is an automorphism,rX,σZs � σrσ�1X,Zs � 0.

Here the difference between Intpgq and Autpgq is the fact that Intpgq is compact; then we can construct a
Intpgq-invariant quadratic form Q, but not a Autpgq-invariant one. We consider an orthogonal complement
(with respect to Q) g1 of Z:

g � g1 `K Z. (1.51)

The algebra g1 is also invariant because for any Z P Z,

QpZ, σXq � Qpσ�1pZq, Xq � 0.

It is also clear that Z is invariant under ad g because padXqZ � 0. Finally g1 is invariant as well under adpgq.
Indeed a P adpgq can be written as a � a1p0q for a path aptq P Intpgq. We identify g and his tangent space (as
vector spaces),

aX � d

dt

�
aptqX�

t�0

.

If X P g1, aptqX P g1 for any t because g1 is invariant under Intpgq13. Thus aptqX is a path in g1 and his
derivative is a vector in g1.

All this make g1 an ideal in g; then the Killing form descent by lemma 1.16. Now if X P g, we have

BpX,Xq � TrpadX � adXq �
i̧j

aijpXqajipXq � �
i̧j

aijpXq2; (1.52)

then BpX,Xq ¤ 0 and the equality holds if and only if adX � 0 i.e. if and only if X P Z. Thus B is strictly
negative definite on g1.

Up to now we have proved that g1 is semisimple (because B is nondegenerate) and compact (because B is
strictly negative definite).

It remains to be proved that g1 � rg, gs � Dpgq. From corollary 1.46, Dg has a complementary a which is
also an ideal: g � Dg� a. Then rg, as � Dg and rg, as � aXDg : t0u. Then a � Z, so that

g � Z �Dg (non direct sum). (1.53)

Now we have to prove that the sum is actually direct. The ideal Z has a complementary ideal b : g � Z ` b

and
Dg � rg, gs � rg,Zsloomoon�0

�rg, bs � b.

Then Dg � b which implies that Dg X Z � t0u because the sum g � Z ` b is direct. Then the sum (1.53) is
direct.

Proposition 1.65.

A real Lie algebra g is compact if and only if one can find a compact Lie group G which Lie algebra is isomorphic
to g.

Proof. Direct sense. Since g is compact, g � Z ` Dg with Dg � g1 compact and semisimple; in particular,
the center of g1 is t0u. Since Z is compact and abelian, it is isomorphic to the torus S1 � . . .� S1. Since g1 is
compact, Intpg1q is compact, but the Lie algebra if Intpg1q is –by definition– adpg1q. The center of a semisimple
Lie algebra is zero; then adX 1 � 0 implies X � 0 (for X P g1). Then ad is an isomorphism between g1 and ad g1.

All this shows that –up to isomorphism– Z and rg, gs are Lie algebras of compact groups. We know from
lemma ?? that the Lie algebra of G � H is g ` h. Thus, here, g is the Lie algebra of the compact group
S1 � . . .� S1 � Intpgq.
Reverse sense. We consider a compact group G and we have to see the its Lie algebra g is compact. If G is
connected, AdG is an analytic homomorphism from G to Intpgq. If G is not connected, the Lie algebra of G is
TeG0 (G0 is the identity component of G) where G0 is connected and compact because closed in a compact.

Proposition 1.66.

Let g be a real Lie algebra and Z, the center of g. We consider k, a compactly embedded in g. If k X Z � t0u
then the Killing form of g is strictly negative definite on k.

13As physical interpretation, if something is invariant under a group of transformations, it is invariant under the infinitesimal
transformations as well.
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Proof. Let B be the Killing form on g and K the analytic subgroup of Intpgq whose Lie algebra is adgpkq. By
assumption, K is a compact Lie subgroup of GLpgq. Then there exists a quadratic form on g invariant under
K, and a basis in which the endomorphisms adgpT q for T P k are skew-symmetric because the matrices of K
are orthogonal. If the matrix of adT is paijq, then

BpT, T q �
i̧j

aijpT qajipT q � �
i̧j

a2

ijpT q ¤ 0, (1.54)

and the equality hold only if adT � 0 i.e. if T P Z. From the assumptions, k X Z � t0u; then BpT, T q � 0 if
and only if T � 0.

1.7 Cartan subalgebras in complex Lie algebras

About Cartan algebra, one can read [2, 4, 5, 9].
In this section g will always denotes a complex finite dimensional Lie algebra.

Definition 1.67.

When h is a subalgebra of g, the centralizer of h is the set

Zphq � tx P g st rx, hs � hu. (1.55)

More generally if g is a Lie algebra and if a, b are two subset of g, the centraliser of a in b is

Zbpaq � tX P b st rX, as � 0u. (1.56)

If a is a subalgebra of g, its normalizer is

na � tX P g st rX, as � au. (1.57)

One can check that a is an ideal in na.

Definition 1.68.

A subalgebra h of a Lie algebra g is a Cartan subalgebra if it is nilpotent and if it is its own centralizer:rx, hs � h implies x P h.

Our first task is to show that every Lie algebra has a Cartan algebra.

Lemma 1.69 (Primary decomposition theorem).
Let V be a complex vector space and A : V Ñ V be linear map. Then we have the direct sum decomposition

V � à
λPCVλpAq (1.58)

where VλpAq � tv st pA� λ1qnv � 0 for some n P Nu
This is the result that restricts ourself to complex Lie algebras when proving that Cartan subalgebras exist.

Notice that the sum in (1.58) is reduced to the eigenvalues of A since gλpAq � 0 when λ is not an eigenvalue.
Indeed if

�
A� λ1�nY � 0 then pA� λ1qn�1Y is an eigenvector for A with eigenvalue λ.

For any λ P C and X P g we consider the space

gλpXq � tY P g st
�

adpXq � λ1�nY � 0 for some nu. (1.59)

The primary decomposition theorem implies the decomposition

g �à
λ

gλpXq (1.60)

for each X P g.

Lemma 1.70.

For each X P g and λ, µ P C we have �
gλpXq, gµpXq� � gλ�µpXq. (1.61)
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Proof. Let Xλ P gλpXq and Xµ P gµpXq. Using the fact that adpXq is a derivation we have

adpXqrXλ, Xµs � pλ� µqrXλ, Xµs � �� adpXq � µ1�Xλ, Xµ

�� �Xλ,
�

adpXq � µ1�Xµ

�
(1.62)

and by induction14 we find�
adZ � pλ � µq1�nrXλ, Xµs � 8̧

i�0

�
n

i


rpadZ � λIqiXλ, padZ � µIqn�iXµs (1.63)

which vanishes when n is large enough.

We say that X is regular if dim g0pXq is the smallest with respect to the others dim g0pY q.
The following proposition shows that every complex Lie algebra has a Cartan Lie subalgebra.

Proposition 1.71.

If X is regular in g then the subalgebra g0pXq is Cartan.

Proof. Since X P g0pXq we have adpXqgλpXq � gλpXq. Thus we see adpXq as a linear operator on gλpXq. The
operator adpXq|gλpXq is nonsingular15 when λ � 0. Indeed all the eigenvalues of adpXq on gλpXq are equal to
λ because �

adpXq � µ1�Y � 0 (1.64)

implies Y P gµpXq. If Y P gλpXq it only occurs when µ � λ since the sum (1.58) is direct.
For each eigenvalue λ we have a neighborhood Uλ of X in g0pXq such that for all Y P Uλ, adpY q is

nonsingular on gλpXq. We consider U � �λ Uλ which is a non empty open set since the intersection is taken
over the eigenvalues of adpXq that are in finite numbers.

Let us prove that the restriction to g0pXq of the linear operator adpY q is nilpotent for each Y P U . First we
have

g0pY q � g0pXq (1.65)

because by construction adpY q cannot be nilpotent on the other spaces gλpXq. But by hypothesis the element X
is regular, thus the inclusion (1.65) cannot be strict. Thus g0pXq � g0pY q which means that adpY q is nilpotent
on g0pXq.

Now the fact for adpY q to be nilpotent means the vanishing of a polynomial determined by the coefficients
of the matrix of adpY q. Since this polynomial vanishes on the open set U , it vanishes identically, so that adpY q
is nilpotent on g0pXq. It results that g0pXq is a ad-nilpotent algebra and the Engel’s theorem 1.32 concludes
that g0pXq is nilpotent.

We still have to prove that g0pXq is its own centralizer. Since g0pXq is a subalgebra we have the inclusion

g0pXq � Z
�
g0pXq�. (1.66)

Let Z P Z
�
g0pXq�. For each Y P g0pXq we have rZ, Y s P g0pXq. In particular with Y � X we have

adpXqZ P g0pXq. Thus
adpXqnZ � adpXqn�1 adpXqZlooomooonPg0pXq (1.67)

and there exists a n such that adpXqn�1 adpXqZ � 0.

If g is a Lie algebra, the group of inner automorphism is the subgroup of Autpgq generated by the elements
of the form eadpXq with X P g. This definition is motivated in the context of matrix groups by the fact that
when g � eY P G and X P g we have

gXg�1 � eadpY qX. (1.68)

Example 1.72.

If

g � �� cosptq sinptq 0� sinptq cosptq 0
0 0 1

�
, X � �� 0 a b�a 0 0�b 0 0

�
, (1.69)

then one checks that g � eY with

Y � �� 0 t 0�t 0 0
0 0 0

�
 (1.70)

14this is made more explicitly in the proof of theorem 1.78.
15it means that adpY q is invertible.
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and

gXg�1 � eadpY qX � �� 0 a b cosptq�a 0 �b sinptq�b cosptq b sinptq 0

�
. (1.71)

♦

Theorem 1.73.

The group of inner automorphisms of g acts transitively on the set of Cartan subalgebras.

For a proof, see [10]. In particular they have all the same dimension and the definition of the rank as the
dimension of its Cartan algebra make sense. In [10] we have a more abstract definition of the rank, see page
III-2.

Proposition 1.74.

If h is a Cartan subalgebra of the complex Lie algebra g, there exists a regular element X P g such that h � g0pXq.
For a proof, see [10].

Proposition 1.75.

A Cartan subalgebra is a maximal nilpotent subalgebra.

Proof. Let h be a Cartan subalgebra of g and n, a nilpotent algebra which contains h. Let tX1, . . . , Xnu be a
basis of g chosen in such a way that the p first vectors form a basis of h while the r first, a basis of n (r ¡ p of
course). As notational convention, the subscript i, j are related to h and u, t to na h.

Let us first suppose dim n � dim h � 1 and let Xu be the basis vector of n which is not in h. Since h is
Cartan, we can find Xi P h such that Y � rXu, Xis R h. Then Y has a Xu-component and this contradict the
fact that adXi is nilpotent.

The next case is n � h`Xu `Xt. In this case we can find a Xi P h such that Y � rXu, Xis R h. The fact
to be nilpotent makes that Y has no Xu-component, so that it has a Xt-component. Now it is clear that for
any Xj P h, rY,Xjs still has no Xu-component (because padXi � adXjq has to be nilpotent), but has also no
Xt-component. Then for any X P h, rY,Xs P h with Y R h. There is a contradiction.

Now the step to the general case is easy: if dim n � dim h � m, we consider X1, . . . , Xm P h and A �padX1 � adXmqXu. This is not in h although rA,Xs P h for any X P h.

Proposition 1.76.

If g is a semisimple Lie algebra, a subalgebra h is Cartan if and only if the two following conditions are satisfied:

(i) h is a maximal abelian subalgebra

(ii) the endomorphism adpHq is diagonalizable for every H P h.

1.8 Root spaces in semisimple complex Lie algebras

In this section we particularize ourself to complex semisimple Lie algebras. A very good reference about complex
semisimple algebras including the reconstruction via the Cartan matrix and Chevalley-Weyl basis is [10].

1.8.1 Introduction and notations

Real and complex Lia algebras deserve quite different treatment with root space. We review here the main steps
in both cases, emphasising the differences. We restrict ourself to semisimple Lie algebras. See [1].

1.8.1.1 Complex Lie algebras

If g is a complex semisimple Lie algebra, we choose a Cartan subalgebra h and the root spaces are given by

gα � tX P g st rH,Xs � αpHqX�H P hu. (1.72)

The dimension of h is the rank of g. Then the root space decomposition reads

g � h`à
αPΦ

gα (1.73)

where Φ is the set of roots.
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1.8.1.2 Real Lie algebras

If g is a real semisimple Lie algebra we consider a Cartan involution and the Cartan decomposition g � k ` p.
Then we choose a maximally abelian subalgebra a in p and we define

gλ � tX P g st rJ,Xs � αpJqX�J P au. (1.74)

The rank of g is the dimension of a. The root space decomposition then reads

g � g0 `à
λPΣ

gλ (1.75)

where Σ is the set of λ P a� such that λ � 0 and gλ � 0.

1.8.1.3 Notations

We summarize the notations that will be used later. Let h be a Cartan algebra in the complex semisimple Lie
algebra g. An element α P h� is a root if the space

gα � tX P g st adpHqX � αpHqx,�H P hu (1.76)

is non empty.

(i) Φ is the set of all the roots. We consider an ordering notion on Φ and Φ� � Π is the set of positive roots.

(ii) An element in Φ� is simple if it cannot be written as the sum of two positive roots.

(iii) ∆ is the set of simple roots16. The simple roots are denoted by tα1, . . . , αlu.
1.8.2 Root spaces

We are considering a complex semisimple Lie algebra g with a Cartan subalgebra h.

Definition 1.77.

For each α P h� we define

gα � tx P g st �h P h,
�

adh� αphq�nx � 0 for some n P Nu. (1.77)

If gα is not reduced to 0, we say that α is a root and gα is a root space.

Corollary 1.85 will provide an easier formula for the root spaces when the algebra g is complex and semisimple.

Theorem 1.78.

Let g be a complex Lie algebra with Cartan subalgebra h. If α, β P g� then

(i) rgα, gβs � gα�β,

(ii) g0 � h.

Proof. For z P h and x, y P g we have�
ad z � pα� βqpzq�rx, ys � rpad z � αpzqqx, ys � rx, pad z � βpzqqys. (1.78)

Now suppose that for some n,�
ad z � pα� βqpzq�nrx, ys �

ķ

�
k

n


�
k

n


�pad z � αpzqqkpxq, pad z � βpzqqn�kpyq� . (1.79)

If we apply pad z � pβ � αqpzqqn to this equality, we findpad z � pβ � αqpzqqn�1rx, ys� ņ

k�1

�
k

n


��pad z � αpzqqpad z � αpzqqkpxq, pad z � βpzqqn�kpyq�� �pad z � αpzqqpad z � αpzqqkpxq, pad z � βpzqqn�k�1pyq�	� n�1̧

k�1

�
k

n� 1


�pad z � αpzqqkpxq, pad z � βpzqqn�1�kpyq�. (1.80)

16The symbol ∆ has not a fixed signification in the literature. As example, in [11] the symbol ∆ is the set of roots while in [3] it
denotes the set of simple roots.
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This formula shows that rgα, gβs � gα�β . Indeed let x P gα, y P gβ and n be large enough,pad z � pα� βqpzqqn rx, ys � 0. (1.81)

Now we turn our attention to the second part. Let us apply the Lie theorem 1.20 to the action of g on
the quotient g0{h. There exists rX0s P g0{h such that hrX0s � λphqrX0s where the bracket stand for the class.
Since h is nilpotent on g0 we have λ � 0 identically. Looking outside the class, the existence of a non vanishingrX0s P g{h such that hrX0s � 0 means that there exists X0 P g0zh such that rh,X0s P h for every h P h. This
contradicts the fact that h is its own centralizer.

Proposition 1.79.

The complex Lie algebra decomposes into the root spaces as

g � à
αPh� gα. (1.82)

Proof. Let H P h. We consider the primary decomposition (1.60) with respect to the operator adpHq:
g �à

λ

gλpHq. (1.83)

If H 1 P h the operator adpH 1q acts the space gλpHq because H 1 P g0pHq so thatrH 1, gλpHqs � gλpHq. (1.84)

Thus we can write the primary decomposition of gλpHq with respect to the operator adpH 1q knowing that�
gλpHq�µpH 1q � tX P gλpHq st

�
adpH 1q � µ

�n
X � 0u � gλpHq X gµpH 1q. (1.85)

What we get is the decomposition
g �à

λ

à
µ

gλpHq X gµpH 1q. (1.86)

We continue the decomposition with H2, H3, . . . until each adpHq with H P h has only one eigenvalue on each
of the summand of the decomposition

g � à
λ1,...,λl

gλ1
pH1q X . . .X gλl

pHlq. (1.87)

For each l-uple pλ1, . . . , λlq, the eigenvalue of Hi on gλ1
X . . . X gλl

is λi. Thus we can see λ as a 1-form on h

and write
g �à

λ

gλ (1.88)

with
gλ � tX P g st

�
adpHq � λpHq�nX � 0u. (1.89)

Corollary 1.80.

If Xα P gα and Xβ P gβ with α� β � 0, then BpXα, Xβq � 0.

Proof. From the second point of proposition 1.78, we have adXα � adXβ : gµ Ñ gµ�α�β . If α� β � 0, the fact
that the sum (1.88) is direct makes the trace of adXα � adXβ zero.

Since g is semisimple, the restriction of the Killing form on h is nondegenerate17. Thus we can introduce,
for each linear function φ : hÑ C, the unique element tφ P h such that

φphq � Bptφ, hq (1.90)

for every h P h. This element is nothing else that the dual φ� with respect to the Killing form. Indeed

t�φphq � Bptφ, hq � φphq, (1.91)

so that t�φ � φ. Incidentally, this proves that when φ runs over a basis of h�, the vector tφ runs over a basis of
h. The space h� is endowed with an inner product defined bypα, βq � Bptα, tβq � βptαq � αptβq. (1.92)

17Because the Killing form is zero on each space gα with α � 0.
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Lemma 1.81.

If X P gα and Y P g�α, then rX,Y s � BpX,Y qtα. (1.93)

Proof. By theorem 1.78(i), rX,Y s P g0 � h. Now we consider h P h and the invariance formula (1.21). We find:

B
�
h, rX,Y s� � �B�rX,hs, Y � � αphqBpX,Y q � Bph, tαqBpX,Y q � B

�
h,BpX,Y qtα�. (1.94)

The lemma is proven since it is true for any h P h and B is nondegenerate on h.

The elements tα allow to introduce an inner product on h� and hence on the roots by definingpα, βq � Bptα, tβq. (1.95)

Lemma 1.82.

If α and β are roots we have the formulapα, βq �
γ̧PΦ

pdim gγqpα, γqpβ, γq. (1.96)

Proof. We consider for g a basis in which all the elements are part of one of the root spaces and we look at the
endomorphism adptαq of g. This is diagonal and has zeros on the entries corresponding to h. The other entries
on the diagonal are of the form γptαq. Thus

Bptα, tβq �
γ̧PΦ

pdim gγqγptαqγptβq. (1.97)

Thus we have pα, βq � Bptα, tβq � °γPΦ
pdim gγqpα, γqpβ, γq.

Proposition 1.83.

Let α and β be roots. We have

(i) pα, βq P Q,

(ii) pα, αq ¥ 0.

The proof comes from [11] page 826.

Proof. Let α, β P Φ and consider the space

V � à
mPZ gβ�mα. (1.98)

If Xα P gα and X�α P g�α with rXα, X�αs � tα we have, for all v P V ,rXα, vs P V (1.99a)rX�α, vs P V (1.99b)rtα, vs P V. (1.99c)

Thus we can consider the restrictions to V of the operators adpXαq, adpX�αq and adptαq. Since ad is an
homomorphism we have, as operator on V ,

adptαq � � adpXαq, adpX�αq�, (1.100)

and then Tr
�

adptαq|V � � 0.

Let us compute that trace on the basis tvpiqk u where vpiqk P gβ�kα. Since

adptαqvpiqk � pβ � kαqptαqvpiqk (1.101)

we have

0 � Tr
�

adptαq|V � (1.102a)�
ķPZ dim gβ�kαpβ � kαqptαq (1.102b)�
ķPZ dimβ�kα �pα, βq � pα, αq� (1.102c)
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and �
ķPZ dim gβ�kα�loooooooooomoooooooooon

APN pα, βq � �pα, αq�
ķPZ k dim gβ�kα�looooooooooomooooooooooon

BPZ . (1.103)

If pα, αq � 0 then we have pβ, αq � 0 for every β P Φ, hence Bptα, tβq � 0 which contradicts non degeneracy of
the Killing form. We conclude that pα, αq � 0. By the formula of lemma 1.82 we getpα, αq �

β̧PΦ

dim gβpα, βq2. (1.104)

Replacing in that formula the value of pα, βq taken from formula (1.103) we foundpα, αq �
β̧PΦ

dim gβ
B2

A2
pα, αq2 (1.105)

and then pα, αq P Q�. The fact that pα, βq is rational follows.
Notice that the sign of B is not guaranteed because it’s not sure because we do not know whether there are

more positive or negative terms in the sum of the right hand side of (1.103).

Proposition 1.84.

Let α be a root of the complex semisimple Lie algebra g. Then

(i) dim gα � 1,

(ii) the only integer multiple of α to be roots are �α.

Proof. Let Xα P gα and consider the vector space

V � Ctα `CXα ` à
m 0

gmα. (1.106)

Let y P g�α be chosen in such a way that rXα, ys � tα; by lemma 1.81 this is only a matter of normalization.
The space V is invariant under adpXαq and adpyq. Indeed

(i) adpXαqtα � �αptαqXα P CXα;

(ii) adpXαqXα � 0;

(iii) adpXαqgmα � gpm�1qα; if m   �1, pm� 1q   0, while if m � �1 we know that the commutator rXα, g�αs
is included in Ctα P V ;

(iv) adpyqtα P g�α
(v) adpyqXα � �tα by definition;

(vi) adpyqgmα � gpm�1qα.

Since ad: gÑ GLpgq is an homomorphism (lemma 1.4) we have�
adpXαq, adpyq� � adptαq (1.107)

and then Tr
�

adptαq� � 0 because the trace of a commutator is zero18. Since V is an invariant subspace, the
trace of adptαq restricted to V is also vanishing. Let us compute that trace on the basis tXα, tα, X

i
mαum 0

where i takes as many values as the dimension of gmα.
We have adptαqX�α � �αptαqX�α, adptαqtα � 0 and adptαqX i

mα � mαptαqXmα, thus the trace is

0 � αptαq�� 1� 8̧
m�1

m dim gmα

	
. (1.108)

Notice that the sum is in fact finite since the dimension of g is finite. We know that αptαq � Bptα, tαq � 0, so
that equation (1.108) is only possible with dim gα � 1 and dim gmα � 0 for m � 1.

A very similar proof can be found in [11], page 827.

18From the cyclic invariance of the trace.
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Corollary 1.85.

In the case of semisimple complex Lie algebra,

(i) the root spaces are given by

gα � tX P g st �h P h, rh,Xs � αphqXu; (1.109)

(ii) for every xα P gα, and for every h P h, we haverh, xαs � αphqxα. (1.110)

Proof. Let X P gα, we have �
adphq � αphq�nX � 0, (1.111)

so �
adphq � αphq� � adphq � αphq�n�1

Xloooooooooooomoooooooooooon
v

� 0. (1.112)

In particular the vector v � � adphq � αphq�n�1
X belongs to gα. Since the latter space has dimension one, the

vector v is a multiple of X and consequently equation (1.112) shows that�
adphq � αphq�v � � adphq � αphq�X � 0. (1.113)

The second point is only an other way to write the same.

Lemma 1.86.

If H is an element of h with αpHq � 0 for every root, then H � 0

Proof. Consider the decompositions (not unique) H �°αPΦ
aαtα and H 1 � °βPφ a1βtβ . Then

BpH,H 1q �
α̧,β

aαa
1
βBptα, tβq (1.114a)�

α̧,β

a1ββpaα, tαq (1.114b)�
β̧

a1ββpHq (1.114c)� 0. (1.114d)

Such an element is thus Killing-orthogonal to the whole space h but we already know the h is orthogonal to
each space gα (α � 0). By non degeneracy of the Killing form we must have H � 0.

Proposition 1.87.

The set of roots of a complex semisimple Lie algebra spans the dual space h�.

Proof. Consider a basis tHiu of h with tH0, . . . , Hmu � SpanpΦq and tHm�1, . . . , Hru be outside of Span Φ. A
root reads α � °m

k�0
akH

�
k . Thus αpHm�1q � 0, which implies that Hm�1 � 0 by lemma 1.86.

Corollary 1.88.

A Cartan algebra h of a complex semisimple Lie algebra is abelian.

Proof. Let H 1, H2 P h and consider H � rH 1, H2s, a root α and Xα P gα. On the one hand we have�rH 1, H2s, Xα

� � �αpH 1qrXα, H
1s � αpH 1qrXα, H

2s � 0 (1.115)

and on the other hand we have
�rH 1, H2s, Xα

� � rH,Xαs � αpHqXα. We deduce that αpHq � 0 for every root
and then that H � 0 by lemma 1.86.

We denote by Φ the set of roots. These are the elements λ P h� such that gλ is non trivial. We suppose to
have chosen a positivity notion on h�, so that we can speak of Φ�, the set of positive roots.

A positive root is simple is it cannot be written as the sum of two positive roots.
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1.8.3 Generators

We are going to build the Chevalley basis of the complex semisimple Lie algebra g. That will essentially be a
choice of a basis vector in each of the root spaces. We are following the notations summarized in point 1.8.1.3.

Now, for each root α, we pick eα P gα. We will see that, up to renormalization, we can set the in nice
commutation relations.

Lemma 1.89.

If α and β are roots such that α� β � 0, then

Bpeα, eβq � 0. (1.116)

If fα P g�α we also have Bpeα, fαq � 0.

Proof. By definition Bpeα, eβq � Tr
�

adpeαq�adpeβq�. If we apply adpeαq�adpeβq to an element of eγ (including
g0 � h), we get an element of gα�β�γ . Thus the trace defining the Killing form is zero and Bpeα, eβq � 0 when
α� β � 0.

Since the Killing form is nondegenerate, we conclude that Bpeα, e�αq � 0.

Corollary 1.90.

Let g be a semisimple complex Lie algebra and h be a Cartan subalgebra of g. Let α be a root of g and
hα � rgα, g�αs. There exist an unique Hα P hα such that αpHαq � 2.

Proof. We have reα, fαs � Bpeα, fαqtα and the lemma 1.89 shows that the Killing form is non zero. Multiplying
by a suitable number provides the result.

The element Hα P h defined in this lemma is the inverse root of α.

Lemma 1.91.

Let tβ1, . . . , βlu be a choice of elements in h� such that the set ttβ1
, . . . , tβl

u is a basis of h. Thus the roots can
be decomposed as

α � ļ

k�1

akβk (1.117)

with ak P Q.

Proof. Let α � °l
k�1

akβk. We know that the vectors tβi
form a basis of h, so we have the decomposition

tα �°k aktβk
. Indeed

B
�
h,

ķ

aktβk

� �
ķ

akBph, tβk
q �

ķ

akβkphq � αphq. (1.118)

For each k � 1, 2, . . . , l we have pαk, αq � ļ

j�1

akpαk, αjq. (1.119)

This is a system of linear equations for the l variables ak. Since the coefficients pαk, αq and pαk, αjq are rational
by proposition 1.83, the solutions are rational too.

Remark 1.92.

The lemma 1.91 deals with a quite general basis of h. We will see in the proposition 1.102 that in the case of
the basis of simple roots, the coefficients ak are integers, either all positive or all negative.

1.8.4 Subalgebra slp2qi

For each nonzero root α P h�, we choose eα P gα and fα P g�α in such a way to have

Bpeα, fαq � 2
Bptα, tαq , (1.120)

and then we pose

hα � 2
Bptα, tαq tα. (1.121)

Notice that these choices are possible because the Killing form is non degenerated on h.
The following comes from page 82 of [3]
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Proposition 1.93.

For each root, the set teα, fα, hαu generates an algebra isomorphic to slp2,Rq, i.e. they satisfyrhα, eαs � 2eα (1.122a)rhα, fαs � �2fα (1.122b)reα, fαs � hα (1.122c)

(1.122d)

Proof. Since αptαq � Bptα, tαq we have αphαq � 2. Now the computations are quite direct. The first isrhα, eαs � αphαqeα � 2eα. (1.123)

For the second, rhα, fαs � �αphαqfα � �2fα. (1.124)

For the third, we know that reα, fαs P h; thus B
�
X, reα, fαs� � 0 whenever X P gλ with λ � 0. Let h P h. Using

the invariance of the Killing form,

B
�
h, reα, fαs� � B

�rh, eαs, fα� � αphqBpeα, fαq � Bptα, tαqBpeα, fαq � B
�
Bpeα, fαqtα, h�. (1.125)

Thus reα, fαs � Bpeα, fαqfα � hα. (1.126)

Remark that we used the non degeneracy of the Killing form in a crucial way. The copy of slp2,Rq formed
by teα, fα, hαu is denoted by slp2,Rqα.

Proposition 1.94.

In the universal enveloping algebra, rhj, fk�1

i s � �pk � 1qαiphjqfk�1

i (1.127)

as generalisation of the previous one.

Proof. We use an induction over k. Since adphjq is a derivation in Upgq, the induction hypothesis and the
definition relation rh, fis � �αiphqfi with h � hi, we have

adphjqfk�1

i � � adphjqfki �fi � fki adphjqfi.� �kα� iphjqfki fi � αiphjqfk�1

i� �pk � 1qαiphjqfk�1

i .

(1.128)

Now the Lie algebra g can be seen as a slp2,Rq-module. As an example, for each choice of β P Φ, the algebra
slp2qα acts on the vector space

V �à
kPZ gβ�kα. (1.129)

The vector space g carries thus several representations of slp2q; this fact will be used in a crucial way during
the proof of proposition 1.100.

1.8.5 Chevalley basis

The Chevalley basis corresponds to an other choice of normalization of the element eα, hα. If we set"
Hα � Kαtα (1.130a)

Eα � Nαeα (1.130b)

with

Kα � 2pα, αq
Nα �d 2

Bpeα, e�αqpα, αq , (1.131)
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then we have the Chevalley relations: rEα, E�αs � Hα (1.132a)rHα, Eβs � 2pα, βqpα, αq Eβ (1.132b)rHα, Hβs � 0. (1.132c)

The last relation is nothing else than the fact that the Cartan subalgebra h is abelian. Notice that we don’t give
relations between Eα and Eβ . Of course rEα, Eβs � Eα�β but the spaces gα and gβ being Killing orthogonal,
the Killing does not provides a natural relative normalisation between Eα and Eβ .

If tαiui�1,...,l is the set of simple roots, we consider the notation X�
i � Eαi

, X�
i � E�αi

, Hi � Hαi
and we

introduce the Cartan matrix

Aij � 2pαi, αjqpαi, αiq . (1.133)

Reduced to the simple roots the relations (1.132) becomerX�
i , X

�
j s � δijHirHi, X
�
j s � �AijX�

jrHi, Hjs � 0.

(1.134)

The first relation comes from the fact that αi � αj is not a root when αi and αj are simple roots.

Remark 1.95.

The idea behind the Chevalley relations is that the algebra g is generated by the elements X�
i , Hi and the

commutation relations (1.134). Even if these elements do not form a basis (while the elements Eα, Hα do), one
can define a function on g by giving its values on X�

i and Hi providing one has a canonical way to extend it
on commutators.

The definition ?? of standard cobracket works in this way.

Remark 1.96.

Notice that these relations do not give the value ofrEα, Eβs � Nα,βEα�β (1.135)

when α� β is a root.

Problem and misunderstanding 4.

It has to be possible to compute Nα,β, but I do not know how. The answer is given in equation (1.365) but I
don’t know where I got them. Maybe there are some hints in [11] (Il faut ajouter Cornwell à la bibliographie et
enlever le problème ??).

Problem and misunderstanding 5.

It seems that Aij is the larger integer k such that αi�kαj is a root. This is the justification of the other Serre’s
relations that read

ad1�Aij pX�
i qX�

j � 0. (1.136)

That relation has to be written with the Chevalley’s ones.

One can choose the coefficients in a more scientific way[10]. Let α be a positive root, let Hα be the inverse
root of α and eα P gα. We have reα, eβs � #Nα,βeα�β if α� β is a root

0 if α� β is not a root.
(1.137)

We are going to find a multiple Eα of eα in such a way to have in the same time" rEα, E�αs � Hα (1.138a)

Nα,β � �N�α,�β. (1.138b)

Let σ be an involutive automorphism of g such that σ|h : � id. First we have σpgαq � g�α becauserh, σpeαqs � σrσphq, eαs � �σαphqeα � �αphqσpeαq (1.139)
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for every h P h and eα P gα. From corollary 1.90 there exist a number aα such thatreα, σpeαqs � aαHα. (1.140)

We pose $&% Eα � 1?�aα eα (1.141a)

E�α � �σpEαq. (1.141b)

With that choice we immediately have rEα, E�αs � Hα. We also have Nα,β � �N�α,�β; in order to see it,
consider rσEα, σEβs � σrEα, Eβs � Nα,βσpEα�βq � �Nα,βE�α�β . (1.142)

But the same is also equal to r�E�α,�E�βs � rE�α, E�βs � N�α,�βE�α,�β . (1.143)

Proposition 1.97.

With these choices we have

Nα,β � �pp� 1q (1.144)

where p is the largest integer j such that β � jα is a root.

Problem and misunderstanding 6.

I don’t know a proof of that, but [10] gives a reference.

From proposition 1.81 we know that tα P hα, so that Hα is a multiple of Hα. The proportionality factor is
easy to fix since

αpHαq � 2 definition of Hα

αptαq � pα, αq definition (1.92).
(1.145)

Thus Hα � 2pα,αq tα and rHα, Eβs � βpHαqEβ � 2pα, αqβptαq � 2pα, βqpα, βq (1.146)

again by the definition (1.92).

1.8.6 Coefficients in the Cartan matrix

In this section we search to give the form of the coefficients in the Cartan matrix. We will show that the values
of pα, βq are quite restricted.

Remark 1.98.

The notations are not standard. Here the symbol ∆ denotes the set of simple roots while the set of all roots is
denoted by Φ. In the book [11], the symbol ∆ is the set of all roots. This makes quite a difference !

Definition 1.99.

If α and β are roots of the complex semisimple Lie algebra g, then the α-string containing β is the set of roots
of the form α� kβ with k P Z.

Among other things, the following proposition shows that a string has no gap.

Proposition 1.100.

Let α, β P Φ. Then there exits integers p, q such that tβ�kαu�p¤k¤q is the α-string containing β. The numbers
p and q satisfy

p� q � 2pα, βqpα, αq (1.147)

and the form

β � 2pβ, αqpα, αq α (1.148)

is a nonzero root.
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Proof. We consider the vector space
V �à

kPZ gβ�kα (1.149)

and the Lie algebra slp2qα � xeα, fα, hαy defined in subsection 1.8.4. The latter acts on V . Simple computation
using the fact that βphαq � 2pα, βq{pα, αq shows thatr1

2
hα, eβ�kαs � � pα, βqpα, αq � k



eβ�kα. (1.150)

Thus the matrix of adp 1

2
hαq is diagonal and has no multiplicity in its eigenvalues. We deduce that the repre-

sentation if irreducible. From general theory of irreducible representations of slp2q we know that there exists
an half-integer number j such that the diagonal entries of adp 1

2
hαq take all the values from �j to j by integer

steps. Thus the α-string containing β has the form tβ � kαu�p¤k¤q where p and q satisfy$''&''% pα, βqpα, αq � p � �j (1.151a)pα, βqpα, αq � q � j. (1.151b)

Summing we get

p� q � 2pα, βqpα, αq . (1.152)

If λ is an eigenvalue of adp 1

2
hαq, then �λ is also an eigenvalue (this is still from the irreducible representation

theory of slp2q). The number pα, βq{pα, βq is obviously an eigenvalue (with k � 0), thus the string contains a k
such that pα, βqpα, αq � k � �pα, βqpα, αq . (1.153)

The solution is k � �2pα, βq{pα, αq and we deduce that

β � 2
pα, βqpα, αqα (1.154)

is a root of g.

Proposition 1.101.

Let α, β be two roots. Then we have
2pα, βqpα, αq � 0,�1,�2,�3. (1.155)

Proof. First, equation (1.147) shows that 2pα,βqpα,αq is integer. If α � �β, the result is 2. If α � �β, the vectors tα
and tβ are linearly independent and the Schwarz inequality showspα, βq2 � |Bptα, tβq|   Bptα, tαqBptβ , tβq � pα, αqpβ, βq. (1.156)

Thus ����2pα, βqpα, αq ���� ����2pα, βqpβ, βq ����   4|pα, βqpα, βq|pα, βq2 � 4. (1.157)

Consequently the number |2pα, βq{pα, αq| being integer can only take the values 0, 1, 2 and 3. Notice that the
inequality in (1.156) and (1.157) are strict since αi is not collinear to αj .

1.8.7 Simple roots

As seen before, Φ admits an order inherited from h�R. A root α ¡ 0 is simple if it cannot be written as a sum
of two positive roots.

Theorem 1.102.

Let tα1, . . . , αlu be the set of simple roots. Then every root β P Φ can be decomposed into

β � ļ

i�1

niαi (1.158)

where non vanishing the numbers ni P Z are either all positive or all negative.
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Proof. Let β be positive. If it is not simple, the one can decompose it into two positive roots:

β � γ � δ (1.159)

with γ, δ ¡ 0. If γ and/or δ are not simple, they can be decomposed further. This process has to be finite,
indeed if the process is not finite, the decomposition of at least one positive root has to contains itself (because
there are finitely many of them) while it is impossible to have γ � γ � α with α ¡ 0.

Two corollaries: a root is either positive or negative (this is part of the definition of positivity) and when a
root is positive, its decomposition into simple roots has only positive coefficients.

Lemma 1.103.

If α� β are simple roots with α � β, then β � α is not a root and Bphα, hβq ¤ 0.

Proof. Define γ � β � α P ∆ (and not Φ because α � β). If γ ¡ 0, the fact that β � γ � α contradict the
simplicity of β while if γ   0, in the same way α � β � α contradict the simplicity of α.

Since β � α is not a root, βα � 0 and βα ¥ 0 thus formula 2βphαq � pβα � βαqαphαq gives

2Bphα, hβq � pβα � βαqloooomoooon¤0

Bphα, hαq. (1.160)

Now proposition 1.146 gives the result.

Lemma 1.104.

The simple roots are linearly independent.

Proof. In the definition of a simple root, we need an order notion on ∆ which is then seen as a subset of hR.
But the roots are real thereon. Then the right notion of “independence” for the simple root is the independence
with respect to real combinations.

If one has a combination ciαi � 0 (sum over i) with at least one non zero among the ci’s by putting the
negative ci’s at right, one can write

aiαi � bjαj

with ai, bj ¥ 0. Let us consider γ � aiαi and hγ . For every h P h, we have

Bph, hγq � γphq � aiαiphγq.
but hγ � ajhα, then

Bphγ , hγq � aiajαiphαj
q � aiajBphαi

, hαi
q. (1.161)

Since the αi are all simple roots, the right hand side is negative, but proposition 1.146 makes the left hand side
positive. Thus γ � 0.

Theorem 1.105.

If tα1, . . . , αru is the set of all the simple roots, then dim hR � r and every β P Φ can be decomposed as

β � ŗ

i�1

niαi

where the ni are integers either all positive either all negative.

Proof. Let β be a non simple positive root. Then it can be decomposed as β � γ � δ with γ, δ ¡ 0.We can
also separately decompose γ and δ and continue so until we are left with simple roots. We have to see why
the process stops. Since there are only a finite number of positive root, if the process does not stop, then the
decomposition of (at least) one of the positive roots γ contains γ itself. So we have a situation γ � γ � α for a
certain positive α. This contradict the notion of order.

In particular SpanNtαiu � tpositive rootsu. Thus it is clear that

SpanRtαiu � Φ.
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1.8.8 Weyl group

References about Weyl group: [12]. See also [11], page 530.
If α is a root of g we define the symmetry of α as

sα : h� Ñ h�
β ÞÑ β � βpHαqα (1.162)

where Hα P h is the inverse root of α. Since αpHαq � 2 we have sαpαq � �α. The group generated by the
symmetries and the identity is the Weyl group.

From what is said around equation (1.145) and the definition pα, βq � αptβq, we have

sαpβq � β � 2pα, βqpα, αq α. (1.163)

We know from proposition 1.100 that sαpβq is a root while there are only finitely many roots; thus the Weyl
group is finite since there are only a finite number of maps from a finite set to itself.

The symmetries associated to roots are involutive:

s2

α � id . (1.164)

Indeed
s2

αpβq � sα
�
β � βpHαqα�� β � βpHαq � �β � βpHαqα�pHαqα� β

(1.165)

if we take into account αpHαq � 2.
Relative to the symmetry sαi

we have the symmetry si on h defined by

siphq � h� αiphqHi (1.166)

where h P h and Hi is the inverse root of αi.

Remark 1.106.

The simple roots αi are not orthogonal.

Let ∆ be a reduced abstract root system on a real finite dimensional vector space V . The group W generated
by the sα : α P ∆ is the Weyl group.

Proposition 1.107.

The elements sαi
are isometries of h�, i.e.�

sαi
pαq, sαi

pβq� � pα, βq. (1.167)

Proof. For the sake of shortness, let us write

ni,α � 2pαi, αqpαi, αiq . (1.168)

We have tsαi
pαq � tα � ni,αtαi

. Thus

B
�
tsαi

pαq, tsαi
pβq� � Bptα � ni,αtαi

, tβ � ni,βtαi
q (1.169)

distributing and taking into account the fact all the relations like Bptα, tαi
q � pα, αiq, the right hand side

reduces to Bptα, tβq � pα, βq.
When Φ is the root system, one can chose many different notions of positivity; each of them bring to different

simple systems. It turns out that the action of the Weyl group on a simple system produces the simple system
of an other choice of positivity on Φ.

Lemma 1.108.

If sαi
α � sαi

β, then α � β.
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Proof. The hypothesis sαj
pα� βq � 0 provides

0 � α� β � 2pα� β, αjqpαj , αjq αj (1.170)

so that α � β � zαj for some z P C. Thus we have

sαj
pαq � sαj

pβq � zsαj
pαjq � sαj

pαq � zαj. (1.171)

Thus z � 0 and α � β.

Proposition 1.109.

Let αi a simple root. The set Φ�ztαiu is stable under sαi
, i.e.

sαi

�
Φ�ztαiu� � Φ�ztαiu. (1.172)

Proof. Let λ P Φ� be a positive root. By theorem 1.102 we have

λ �
j̧

ajαj (1.173)

with aj ¥ 0. Since λ � αi we have aj ¡ 0 for some j � i. Indeed the only multiple of αi to be a root are 0 and�αi. Since λ P Φ� and λ � αi, none of these three solutions are taken into consideration.
Let’s apply sαi

on both sides of (1.173):

sαi
pλq � sαi

�
j̧

ajαj
��

j̧�i ajsαi
pαjq � ai sαi

pαiqloomoon�αi�
j̧�i ajαj � j̧�i aj 2pαi, αjqpαi, αiq αi � aiαi

(1.174)

Since a root is either positive or negative, the coefficients are either all positive or all negative. Since all the
coefficients (apart for the one of αi) are the same as the ones of λ, the root (1.174) is positive.

We still have to prove that sαi
pλq � αi. Indeed if sαi

pλq � αi we have

λ � sαi
sαi

pλq � sαi
pαiq � �αi, (1.175)

which contradicts the positivity of λ.
Up to now we proved that sαi

�
Φ�ztαiu� � Φ�ztαiu. If λ P Φ�ztαiu, then

σ � sαi
pλq P sαi

�
Φ�ztαiu� � Φ�ztαiu (1.176)

and sαi
pσq � λ, so that λ is the image by sαi

of σ P Φ�ztαiu.
Theorem 1.110.

The map sαj
: Φ�ztαju Ñ Φ�ztαju is bijective.

Proof. Surjectivity is proposition 1.109 while injectivity is lemma 1.108.

Lemma 1.111 ([11], page 533).
We consider the half sum of the positive roots:

δ � 1
2

¸
αPΦ� α. (1.177)

We have

(i) If αj is a simple root, sαj
δ � δ � αj.

(ii) If αj is a simple root, pδ, αjq � 1

2
pαj , αjq.
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Proof. We compute sαj
δ dividing the sum into two parts:

sαj
δ � 1

2

¸
αPΦ

�
α�αj

sαj
pαq � 1

2
sαj

pαjq (1.178a)� 1
2

¸
αPΦ

�
α�αj

α� 1
2
αj . (1.178b)

The second inequality is from the fact that sαj
is bijective on Φ�ztαju by theorem 1.110. Adding a subtracting

αj

2
we get

sαj
δ � 1

2

¸
αPΦ� α� αj

2
� αj

2
� δ � αj (1.179)

Using the proposition 1.107, we havepδ, αjq � psαj
δ, sαj

αjq � pδ � αj ,�αjq � �pδ, αjq � pαj , αjq, (1.180)

consequently, 2pδ, αjq � pαj , αjq and the result follows.

1.8.9 Abstract root system

The material about abstract root system mainly comes from [12].

Definition 1.112.

An abstract root system in a finite dimensional vector space V endowed with an is a subset Φ of V such that

• Φ is finite and Span Φ � V ,

• For every α P Φ, there is a symmetry sα of vector α leaving Φ stable.

• For every α, β P Φ, the vector sαpβq � β is an integer multiple of α.

The abstract system is reduced when α P Φ implies 2α R Φ. It is irreducible is Φ doesn’t admits non trivial
decomposition as Φ � Φ1 Y Φ2 with pα, βq � 0 for any α P Φ1 and β P Φ2. We use the notation Φ :� ΦY t0u.

The following is a consequence of all we did up to now.

Theorem 1.113.

The root system of a complex semisimple Lie algebra is a reduced abstract root system.

The Weyl group of Φ is the subgroup of GLpV q generated by the transformations sα with α P Φ.

1.8.9.1 Link with other definitions

The definition 1.112 is not the “usual” one (in [1], page 14 for example). We show now that we retrieve the
usual features of an abstract.

Lemma 1.114.

An abstract root system admits a bilinear positive symmetric non degenerate form which is invariant under its
Weyl group.

Proof. If p., .q1 is a bilinear positive non degenerate symmetric form on the vector space V , the formpα, βq �
w̧PWpwα,wβq1 (1.181)

is invariant under the Weyl group. This construction is possible since the Weyl group is finite.

Definition 1.115.

Let V be a vector space and v P V a non vanishing vector. A symmetry of vector v is an automorphism
s : V Ñ V such that

(i) spvq � �v;

(ii) the set H � tw P V st αpwq � wu is an hyperplane in V .

A symmetry of vector v induces the decomposition V � H `Rv. The symmetries are of order 2: s2 � id.
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Lemma 1.116.

let v be a nonzero vector of V and A be a finite part of V such that SpanpAq � V . Then there exists at most
one symmetry of vector v leaving A invariant.

Proof. Let s and s1 be two such symmetries and consider u � ss1. We immediately have upAq � A and upvq � v.
Let us prove that u induce the identity on the quotient V {Rv. A general vector in V can be written (in a non
unique way) under the form

h� h1 � v (1.182)

with h P H and h1 P H 1. Let h � h11 � βv be the decomposition of h in H 1 ` Rv and h1 � h1 � γv be the
decomposition of h1 with respect to the direct sum V � H `Rv. Then we have

ss1ph� h1 � αvq � ss1�ph11 � βvq � h1 � αv
�

(1.183a)� s
�ph11 � βvq � h1 � αv

�
(1.183b)� sph� 2βv � h1 � γv � αvq (1.183c)� h� 2βv � h1 � γv � αv (1.183d)� h� h1 � pα� 2γ � 2βqv. (1.183e)

Thus at the level of the quotient, u leaves invariant h� h1.
It is not guaranteed that u is the identity, but the eigenvalues of u are 1. For each xi P A, there exists ni P N

such that unixi � x. If n is a common multiple of all the ni (these are finitely many), we have unpxq � x for
every x P A. Since A generates V , we have un � id and then u is diagonalizable.

We already mentioned the fact that the eigenvalues of u are 1. Since u is diagonalizable, it is the identity
and s � s1.

The invariant form give to V a structure of euclidian vector space for which the elements of the Weyl group
are orthogonal matrices. Thus the symmetries read

sαpxq � x� 2
px, αqpα, αqα. (1.184)

This is the only transformation which makes sαpαq � �α in the same time as being implemented by an orthog-
onal matrix. The symmetry sα is nothing else than the orthogonal symmetry with respect to the hyperplane
orthogonal to α.

The expression (1.184) has the consequence that

sαpβq � β � �pβ, αqpα, αqα. (1.185)

By the definition of an abstract root system, the latter has to be an integer multiple of α, so

2pβ, αqpα, αq P Z. (1.186)

Definition 1.117.

Two abstract root systems Φ on V and Φ1 on V 1 are isomorphic is there exists an isomorphism of vector space
ψ : V Ñ V 1 such that ψpΦq � Φ1 and

2
pα, βqpα, αq � 2

�
ψpαq, ψpβq��
ψpαq, ψpαq� (1.187)

for every α, β P Φ.

1.8.9.2 Basis of abstract root system

The part about basis of abstract root system comes from [10].

Definition 1.118.

Let Φ be an abstract root system. A part S � Φ is a basis of Φ if

(i) S is a basis of V as vector space;

(ii) every β P Φ can be written under the form

β �
α̧PSmαα (1.188)

where mα are all integers of the same sign.
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The set ∆ of simple roots of the root system of a complex semisimple Lie algebra is a basis.
We are going to build a basis of an abstract root system. Let h P V � be such that αphq � 0 for every α P Φ

and define
Φ�
h � tα P Φ st αphq ¡ 0u. (1.189)

We have Φ � Φ�
h Y�Φ�

h . We say that an element α P Φ�
h is decomposable if there exist β, γ P Φ�

h such that
α � β � γ. We write Sh the set of undecomposable elements in Φ�

h .

Lemma 1.119.

Any element in Φ�
h is a linear combination with positive coefficients of elements of Sh.

Problem and misunderstanding 7.

It seems to me that Serre’s book[10] has a misprint here. At page V-11 he writes :

Tout élément de R�
t est combinaison linéaire, à coefficients entiers ¥ 0 des éléments de S.

Shouldn’t he have written St.

Proof. Let I be the set of α P Φ�
h that cannot be written under such a decomposition. We choose α P I such

that αphq is minimal. If α is undecomposable, then α P Sh and the condition α P I is contradicted. Thus α is
decomposable. Let β, γ P Φ�

h be such that α � β � γ. Since αphq is minimal,

βphq ¤ αphq
γphq ¤ αphq. (1.190)

Thus we have βphq � αphq � γphq   0 which contradicts β P Φ�. We conclude that I is empty.

Lemma 1.120.

If α, β P Sh, then pα, βq ¤ 0.

Proof. If pα, βq ¥ 0, then proposition 1.126(v) shows that γ � α � β is a root. There are two possibilities:
γ P �Φ�

h . If γ P Φ�
h , then α � γ�β is decomposable; contradiction. If γ P �Φ�

h , then β � α�γ is decomposable;
contradiction.

Lemma 1.121 (Lemme 4 page V-12).
Let h P V � and A � V be a subset satisfying

(i) αphq ¡ 0 for every α P A;

(ii) pα, βq ¤ 0 for every α, β P A.

Then the elements in A are linearly independent.

Proof. Let us consider a vanishing linear combination of elements in A:

α̧PAmαα � 0. (1.191)

We can sort the terms following that mα is positive or negative and cut the sum in two parts:¸
βPA1

yββ � ¸
γPA2

zγγ (1.192)

with yβ, zγ ¥ 0 and where A1 and A2 are disjoint subsets of A. Let us consider λ � °βPA1
yββ and computepλ, λq � ¸

βPA1

γPA2

yβzγpβ, γq. (1.193)

By hypothesis pβ, γq is lower than zero and by construction the product yβ , zγ is positive. Thus the right hand
side of equation (1.193) is negative. We conclude that λ � 0. Thus

0 � λphq � ¸
βPA1

yββphq. (1.194)

Since all the terms in the sum are larger than zero we have yβ � 0. In the same way we get zγ � 0. The
vanishing linear combination (1.191) is then trivial and the elements of A are linearly independent.
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Proposition 1.122.

The elements of Sh form a basis of Φ in the sense of definition 1.118. Conversely, if S is a basis of Φ and if
h P V � is such that αphq ¡ 0 for every α P S,we have S � Sh.

Proof. The set Sh satisfies the conditions of lemma 1.121 since by definition αphq ¡ 0 for every α P Sh and by
lemma 1.120 the inner products are all negative. Thus Sh is a free set. It is generating by lemma 1.119. Again
by lemma 1.119, every element in Φ can be written as sum of elements of Sh with all coefficients of the same
sign. Here we use the fact that v is positive if and only if �v is negative and that every vector is either positive
or negative.

For the second part, let S be a basis and h P V � such that αphq ¡ 0 for all α P S. Let

Φ� � t
α̧PSmαα with mα P Nu. (1.195)

We have Φ� � Φ�
h and �Φ� � �Φ�

h . Since Φ � Φ� Y �Φ� we also have Φ� � Φ�
h . Since elements of S are

indecomposable in Φ�, they are indecomposable in Φ�
h and we have S � Sh.

The sets S and Sh have the same number of elements because they both are basis of V , thus S � Sh.

Lemma 1.123.

If h and h1 are elements of V � related by αphq � pwαqh1, then wpShq � Sh1 (if these space can be defined).

Proof. Let α P Sh. The element wpαq belongs to Φ�
h1 because

wpαqh1 � αphq ¡ 0 (1.196)

because α P Φ�
h . We still have to check that wpαq is undecomposable in Φ�

h1 . If wpαq � β � γ with β, γ P Φ�
h1 ,

we have α � w�1β � w�1γ. From the link between h and h1 we havepw�1βqphq � pww�1βqh1 � βph1q ¡ 0. (1.197)

Thus w�1β P Φ�
h which is a contradiction because we supposed that α is undecomposable.

Lemma 1.124.

If α, β P Φ and if w PWS , then swpβq � w � sβ � w�1.

Proof. Using the fact that the symmetries are isometries of the inner product,

swpβqpαq � α� �
wpβq, α��

wpβq, wpβq�wpβq � α� pβq, w�1αpβ, βq wβ. (1.198)

Applying that to wpαq instead of α and applying w�1, we have

w�1swpβq�wpαq� � w�1

�
wα � pβ,w�1wαqpβ, βq wβ



(1.199a)� α� pβ, αqpβ, βqw�1wβ (1.199b)� sβpαq. (1.199c)

The following theorem is from [10], page V-16.

Theorem 1.125.

Let W be the Weyl group of the abstract root system Φ. Let S a basis of Φ and WS the subgroup of W generated
by sα with α P S. Then

(i) for every h P V �, there exists w PWS such that pwαqphq ¥ 0 for every α P S.

(ii) If S1 is a basis of Φ, the there exists a w PWS such that wpS1q � S.

(iii) For every β P Φ there exists w PWS such that wpβq P S.

(iv) The group W is generated by the symmetries sα with α P S.
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Proof. For item (i), consider h P V � and δ � 1

2

°
γPS γ. Let w PWS be such that wpδqh is the largest possible19.

If α P S we have

wpδqh ¥ wsαpδqh � wpδqh � wpαqh, (1.200)

so that wpαqh ¥ 0 for every α P S. This proves our first assertion.
We pass to point (ii). Let h1 P V � be such that α1ph1q ¡ 0 for every α1 P S1. By the first item there exists

w PWS such that pwαqph1q ¥ 0 (1.201)

for every α P S. In fact we even have wαh1 ¡ 0 for every α P S. Indeed wα can be decomposed as
°
α1PS1 mα1α1

where all the mα1 have the same sign. In this casepwαqh1 �
α̧1 mα1α1ph1q � 0 (1.202)

because each of α1ph1q is strictly positive while all the terms of the sum have the same sign. This means, by the
way, that S1 � Sh1 following the proposition 1.122.

We define h P V � by the relation

αphq � pwαqph1q. (1.203)

By what we said in equation (1.202) we have αphq ¡ 0 for every α P S, so that we have S � Sh. Finally by
lemma 1.123, wpShq � Sh1 .

We prove now the point (iii). For γ P Φ we consider the hyperplane

Lγ � th P V � st γphq � 0u. (1.204)

Consider a particular β P Φ the hyperplanes Lγ with γ � �β do not coincide with Lβ and there is only finitely
many of them, so there exists a h0 P Lβ such that h0 do not belong to any Lγ for any γ � �β.

In particular we have βph0q � 0 and γph0q � 0 for every γ P Φ, γ � �β. If we choose ǫ small enough, there
exists h near from h0 such that "

βphq � ǫ ¡ 0 (1.205a)|γphq| ¡ ǫ if γ � �β. (1.205b)

Let Sh be the basis associated with this h. We have β P Sh. Indeed first βphq � ǫ ¡ 0 and if β � γ � ρ, we
would have

γphq � βphq � ρphq � ǫ� ρphq   0, (1.206)

so that β is undecomposable in Φ�
h . Now from point (ii) there exists w PWS such that wpShq � S. In particular

wpβq P S.
We turn our attention to the item (iv). We are going to prove that W � WS . Since W is generated by the

symmetries sβ (β P Φ), it is sufficient to prove that WS generates the symmetries sβ .
Let β P Φ and consider the element w PWS such that α � wpβq P S. From lemma 1.124 we have

sα � swpβq � w � sβ � w�1, (1.207)

so that

sβ � w�1 � sα � w PWS . (1.208)

What this theorem says in the case of complex semisimple Lie algebras is that if tα1, . . . , αlu is the set of
simple roots, the symmetries sαi

generate the Weyl group. Now, since any root can be mapped on a simple
one using the Weyl group, any root can be recovered from a simple one acting with the Weyl group that is
generated by the simple ones.

Thus one can determine all the roots from the data of the simple ones by computing sαi
αj and then acting

again with the sαi
on the results and again and again. This is the fundamental reason from which the root

system can be recovered for the Cartan matrix.

19We can consider that w because W is finite.
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1.8.9.3 Properties

The main properties of an abstract root system are given in the following proposition.

Proposition 1.126.

If Φ is an abstract root system in a vector space V , one has the following properties:

(i) If α P Φ then �α P Φ.

(ii) If α P Φ, the multiples of α which could also be in Φ are either �α, or �α and �2α or �α and � 1

2
α.

(iii) If αβ P Φ then 2pα,βqpα,αq can take the nonzero values �1, �2, �3 or �4. The case �4 can only arise if

β � �2α.

(iv) If α, β P Φ are not proportional each other and if |α| ¤ |β|, then 2pβ,αqpβ,βq equals 0 or �1.

(v) If α, β P Φ and pα, βq ¡ 0, then α� β P Φ and if pα, βq   0, the α� β P Φ.

(vi) If α, β P Φ and neither α� β neither α� β belongs to Φ, then pα, βq � 0.

(vii) If α P Φ and β P Φ, the n P Z such that β � nα P Φ fulfils �p ¤ n ¤ q for certain p, q ¥ 0. Moreover
there are no gap,

p� q � 2pα, βqpα, αq ,
and there are at most four roots in the set tβ � nαu�p¤n¤q.

(viii) If Φ is reduced,

(a) If α P Φ, the only multiples of α to lies in Φ are �α,

(b) If α P Φ and β P Φ, then 2pα,βqpα,αq can be equal to 0, �1, �2 or �3.

The proof will not use the fact that Φ spans V .

Proof. (i) sαα � �α.
(ii) If β � cα with |c|   1, then

2pα, βqpα, αq � 2c

must belongs to Z, then c � 0,� 1

2
. If |c| ¡ 1, we use exactly the same with α � 1

c
β, so that 1

c
� 0;� 1

2
. Now if

2α is a root, it is clear that 1

2
α can’t be.

If Φ is reduced, the fact that 1

2
α P Φ implies that α R Φ, so that � 1

2
α is excluded if α P Φ, under the same

assumption, 2α is also excluded. This proves (viii)a.
(iii) The Schwartz inequality |pα, βq| ¤ |α||β| gives����2pα, βqpα, αq 2pβ, αqpβ, βq ���� ¤ 4.

The equality only holds for β � cα. In this case, we just saw that 2pα,βqpα,αq � 2c with c � 2 at most. If the equality

is strict, then 2pα,βqpα,αq and 2pβ,αqpβ,βq are two integers whose product is ¤ 3. The possibilities are 0, �1, �2, �3.
(iv) If |α| ¤ |β|, then the following integer inequality holds:����2pα, βqpα, αq ���� ¤ ����2pβ, αqpβ, βq ���� .

Since the product of the two is ¤ 3, the smallest is 0 or 1.
(v) If β � cα, then c � � 1

2
,�2,�1. All the cases are easy. If pα, βq ¡ 0, then c ¡ 0 and α�β � α� 1

2
α � 1

2
α

or α� β � α� 2α � �α.
Then we can suppose that α and β are not proportional each other. We consider α, β P Φ and pα, βq ¡ 0

(the other case is proved in much the same way). We just saw in (iv) that 2pβ,αqpβ,βq could be equals to 0 or �1,

then the fact that pα, βq ¡ 0 imposes 2pβ,αqpβ,βq � 1, so that sβpαq � α� β.
If |β| ¤ |α|, we use

sαpβq � β � 2pβ, αqpβ, βq α � β � α, (1.209)
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(vi) is an immediate consequence of the previous point.
(vii) Let �p and q be the smallest and the largest values of n such that β � nα P Φ. They exist because

Φ is a finite set. Suppose that there is a gap between r and s (r   s � 1), i.e. β � rα P Φ, β � sα P Φ, but
β � pr � 1qα, β � ps� 1qα R Φ.

By the point (v), pβ� rα, αq ¥ 0 and pβ� sα, αq ¤ 0. Making the difference between these two inequalities,pr � sq|α|2 ¥ 0,

then r ¥ s, which contradict the definition of r and s. So there is no gap. Now let us compute

sαpβ � nαq � β � nα� 2pα, β � nαqpα, αq α� β � nα��2pα, βqpα, αq � 2n



α� β � nα� 2pα, βqpα, αq α P Φ.

(1.210)

Then for any n in �p ¤ n ¤ q, �q ¤ n� 2pα, βqpα, αq ¤ p.

With n � q, the second inequality gives 2pα,βqpα,αq ¤ p� q while the first one with n � �p gives p� q ¤ 2pα,βqpα,αq .
The last point is to check the length of the string of root. We can suppose q � 0 (i.e to look the string of

β � qα instead of the one of α; of course this is the same), then the length is p� 1 and

p � 2pα, βqpα, αq .
If α and β are not proportional, the point (iii) makes it equals at most to 3. If they are proportional, then the
possibilities are α � �β,� 1

2
β,�2β. The string β � nα with α � β is at most tβ, 2βu, if α � 1

2
β, this is justtβu and if α � 2β, this is tβ,�βu.

The proof is complete.

When we have the Cartan matrix A of a semisimple complex Lie algebra, the first point is to find the norm
of the roots by finding the diagonal matrix D. We have pαi, αiq � Dii. For the other products we write

Aij � 2pαi, αjq
Dii

, (1.211)

thus pαi, αjq � DiiAij

2
. (1.212)

1.8.10 Abstract Cartan matrix

The following proposition summarize the properties of the of the Cartan matrix.

Definition 1.127.

A matrix pAijq1¤i,j¤l satisfying the following conditions is an abstract Cartan matrix

(i) Aij P Z,

(ii) Aii � 2,

(iii) Aij ¤ 0 if i � j,

(iv) Aij � 0 if and only if Aji � 0,

(v) there exists a diagonal matrix D with positive coefficients such that DAD�1 is symmetric and positive
defined.

The classification of abstract Cartan matrix will be performed in subsection 1.8.11. The data of an abstract
Cartan matrix defines an abstract root system. For a proof, see [13].

Proposition 1.128.

The Cartan matrix of a semisimple complex Lie algebra is an abstract Cartan matrix.
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Proof. The first two points are already done. For the point (iii), note that the sign of pα, βq is not sure when
α is any root. However here we are speaking of simple roots. Let us consider the root

λ � αi � 2pαi, αjqpαi, αiq αi (1.213)

Since it is a root, proposition 1.102 says that the coefficients in the decomposition in simple roots have to be
all integer and of the same sign. Thus the combination pαi, αjq{pαi, αiq has to be negative.

The point (v) is also non trivial. Consider the diagonal matrix D � diag
�pαi, αiq�i�1,...,l

. We havepDAD�1qij �
ķl

DikAklpD�1qlj (1.214a)� 2pαi, αjqpαi, αiq1{2pαj , αjq1{2 . (1.214b)

This is a symmetric matrix. In order to proof that this is positive defined, we are going to provide a matrix
B such that DAD�1 � BBt. Let tλiu be an orthonormal basis of h� and consider the matrix b given by the
decomposition of the simple roots in this basis:

αi �
j̧

bijλj . (1.215)

In particular we have pαi, αjq � °k bikbjk. Then we consider the matrix

Bij � bijpαi, αiq1{2 (1.216)

which is non degenerate since the αi are simple and thus a re linearly independent. Small computation shows
that pBBtqij �

ķ

bikpαi, αiq1{2 bjkpαj , αjq1{2 (1.217a)� pαi, αjqpαi, αiq1{2pαj , αjq1{2 (1.217b)� pDAD�1qij . (1.217c)

But BBt is positive defined, then DAD�1 is.

1.8.11 Dynkin diagrams

The sources for Dynkin diagrams is [1, 3].
We are going to associate to each abstract Cartan matrix, a diagram that will uniquely correspond to an

abstract root system. In other words what we are going to do is to classify the matrix satisfying the conditions
of definition 1.127.

If A is an abstract Cartan matrix we build the Dynkin diagram of A with the following rules.

(i) We put l vertices (one for each root)

(ii) The vertex i and j are joined with AijAji lines.

A step by step construction is available in [1].
In the following we are considering an abstract Cartan matrix A and its associated abstract root systemtαiu.

Lemma 1.129.

A abstract Cartan matrix with its abstract root system and its Dynkin diagram have the following properties.

(i) If one remove the ith line an column of an abstract Cartan matrix, one still has an abstract Cartan matrix.

(ii) Two vertices are linked by at most three lines.

(iii) Each Dynkin diagram has more vertices than linked pairs.

(iv) A Dynkin diagram has no loop.
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(v) A vertex in a Dynkin diagram has at most three lines attached (including multiplicities). Note: this is a
generalization of point (ii).

(vi) Two root linked by a simple edge have equal weight, that is pαi, αiq � pαj , αjq.
(vii) If the two roots αi, αi are connected by a simple edge, we can collapse them, removing the connecting edge

and conserving all the other edges.

Proof. For point (ii) we have

AijAji � 4
pαi, αjqpαi, αiq pαj , αiqpαj , αjq   4 (1.218)

by Cauchy-Schwarz inequality. We insist on the fact that the inequality is strict since αi and αj are not collinear:
they are simple roots.

For point (iii) consider the form

γ � ļ

i�1

αipαi, αiq1{2. (1.219)

Since the simple roots are linearly independent, this sum is nonzero and we have 0   pγ, γq. We have

0   pγ, γq �
i̧j

pαi, αjqapαi, αiqpαj , αjq� 2
i̧ j pαi, αjqapαi, αiqpαj , αjq � number of nodes� �
i̧ jpAijAjiq1{2 � number of nodes.

(1.220)

Since for each linked pair pi, jq we have a term AijAji ¥ 1, the positivity of the sum shows that

number of nodes ¡
i̧j

AijAji ¥ number of pairs. (1.221)

For item (iv), suppose that a loop is given by the roots α1, . . . , αn. Since any sub-Dynkin diagram is a
Dynkin diagram (from point (i)), we can consider only the loop. This is a diagram with n vertices and n pairs,
which contradicts point (iii).

We pass to item (v). Let α0 be a root linked to n simple lines, m double lines and p triple lines. For
notational convenience, we write vi � αi{pαi, αiq, tviu1¤i¤n is the set of “simply” linked roots to α0, tv1iu1¤i¤m
the set of “doubly” linked and tv2i u1¤i¤p the set of “triply” ones. Consider the vector

γ � v0 � ņ

i�1

fivi � m̧

i�1

giv
1
i � p̧

i�1

hiv
2
i (1.222)

where fi, gi and hi are constant to be determined. In order to compute the norm of γ, notice that since there
are no loops, no lines join vi, v1i and v2i together, so we have pvi, v1jq � pvi, v2j q � pv1i, v2j q � 0 and from the
number of lines, pv0, viq � �1{2, pv0, v

1
iq � �1{?2 and pv0, v

2
i q � �?3{2. Thus we havepγ, γq � 1� m̧

i�1

pf2

i � fiq � m̧

i�1

pg2

i �?
2giq � p̧

i�1

ph2

i �?
3hiq. (1.223)

The minimum is realised with fi � 1{2, gi � ?
2{2 and hi � ?

3{2 and for these values we havepγ, γq � 1� n� 2m� 3p
4

. (1.224)

Since the inner product has to be positive we must have n�2m�3p   4, the is the number of lines issued from
α0 has to be lower or equal to 3.

In order to proof (vi), remark that if αi and αj are connected by a simple edge, then AijAji � 1, which is
only possible with Aij � Aji � �1. In particular we have 2pαi, αjq{pαi, αiq � 2pαj , αiq{pαj , αjq, which proves
that pαi, αiq � pαj , αjq.

Proof of item (vii). Since the two roots have same weight, the item (vi) says that up to permutation the
Cartan matrix has a block 2� 2 looking like �

2 �1�1 2



. (1.225)
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The proposed move consist to replace that block with the 1� 1 matrix p2q. As an example,���� 2 �1 0 0�1 2 �1 �1
0 �1 2 0
0 �1 0 2

�ÆÆ
 ÞÑ �� 2 �1 �1�1 2 0�1 0 2

�
. (1.226)

It is clear that the obtained matrix is still an abstract Cartan matrix.

From these properties we can deduce much constrains on the Dynkin diagrams. First, the only diagram
containing a triple edge is

α1 α2 (1.227)

Let pass to the diagrams with only simple and double edges. If there is a double, there cannot be a triple
point: the following is impossible

α5

α1 α2 α3 α4

{{{{{{{{

CC
CC

CC
CC

α6

(1.228)

since collapsing the roots α2, α3 and α4 should create a point with four edges. Thus a diagram with a double
edge is only possible inside a straight chain. Let us study the diagram

α1 α2 α3 α4 α5 (1.229)

Once again we denote vi � αi{|αi| and we consider the (non vanishing) vector

γ � v1 � bv2 � cv3 � dv4 � ev5 (1.230)

whose norm is given by pγ, γq � 1� b2 � c2 � d2 � e2 � b�?
2bc � cd � de. (1.231)

Equating all the partial derivative to zero provides the point

b � 2 c � 3?
2

d � ?
2 e � 1?

2
. (1.232)

One check that with these values pγ, γq � 0 which is impossible. The diagram (1.229) is thus impossible. By
the collapsing principle, all the diagrams of the form

α1 α2 α3 α4 . . . αl (1.233)

are impossible. The only possible diagrams with double edge are thus

α1 α2 α3 α4 (1.234a)

α1 α2 . . . αl (1.234b)

α1 α2 . . . αl�1 αl. (1.234c)

The diagrams (1.234b) and (1.234c) are the same. They however do not completely determine the abstract
Cartan matrix because the diagram (1.234c) induces an asymmetry between α1 and α2. The so written Dynkin
diagram cannot distinguish between the matrices�� 2 �2 0�1 2 �1

0 �1 2

�
 and

�� 2 �1 0�2 2 �1
0 �1 2

�
 (1.235)

Thus we split the diagram (1.234c) into

α1 α2 . . . αl�1 +3 αl. (1.236a)

α1 α2 . . . αl�1 ks αl. (1.236b)
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In which the arrow points to the biggest root. The first one means that |α1| � . . . � |αl�1| � 1, αl � 2 while
the second diagram means |α1| � . . . � |αl�2| � |αl| � 1, αl�1 � 2.

We’ll have to come back on this point later in subsection 1.8.12. Notice that this is the only diagram on
which that problem occurs.

We are left to study the diagrams with only single edge. The following diagram is the simplest possible one:

α1 α2 . . . αl. (1.237)

We have to know under what conditions one can have a triple point. We already know that there can be only
one triple point.

If a diagram has a triple point, then one of the branch is of length 1. Indeed if not we would have the
following diagram:

α2 α5

α7 α4 α1

{{{{{{{{

CC
CC

CC
CC

α6 α6

(1.238)

Looking at the vector γ � 3v1 � 2pv2 � v3 � v4q � v5 � v6 � v7 provides pγ, γq � �3 which is impossible. Thus
the diagrams with a branch are straight chains with one unique triple point which has a branch of length one.
The question is: where can happen that branch ? The diagram

α1 α2 α3 α4 α5 α6 α7

α8

(1.239)

cannot happen since the corresponding vector v1 � 2v2 � 3v3 � 4v4 � 3v5 � 2v6 � v7 � 2v8 has norm zero. Thus
on a triple point, one branch has one branch of length 1 and at least one other to be of length 1 or 2. It turns
out that all the diagrams of the form

αl�1

α1 . . . αl�2

wwwwwwwww

HH
HH

HH
HH

H

αl

(1.240)

are possible. We are thus left with diagrams with a triple point with a branch of length 1 and a branch of length
2 :

α1 α2 α3 α5 . . . αl

α4

(1.241)

The diagram with a branch of length 5

α1 α2 α3 α5 α6 α7 α8

α4

(1.242)

does not exist. We achieve the proof of that fact using for example this code for sage:

----------------------------------------------------------------------

| Sage Version 4.7.1, Release Date: 2011-08-11 |

| Type notebook() for the GUI, and license() for information. |

----------------------------------------------------------------------

sage: a=[var(’a’+str(i-1)) for i in range(1,11)]

sage: l=9

sage: a[1]=1

http://www.sagemath.org
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sage: squares = sum( [a[i]**2 for i in range(1,l+1)] ) # The sum goes to l

sage: lines = sum( [a[i]*a[i+1] for i in range(1,l-1) ] )+a[3]*a[9] # The sum goes up to l-2

sage: f=symbolic_expression(squares - lines)

sage: X = solve( [f.diff(a[i])==0 for i in range(2,l+1)],[ a[i] for i in range(2,l+1) ] )

sage: print X[0]

[a2 == 2, a3 == 3, a4 == (5/2), a5 == 2, a6 == (3/2), a7 == 1, a8 == (1/2), a9 == (3/2)]

sage: f( *tuple( [ X[0][i].rhs() for i in range(0,l-1) ] ) )

0

This proves that the vector v1 � 2v2 � 3a3 � 5

2
v4 � 2v5 � 3

2
v6 � v7 � 1

2
v8 � 3

2
v9 has vanishing norm, which is

impossible.

Problem and misunderstanding 8.

This code raises a deprecation warning that I’m not able to solve.

We are finally left with the diagrams with one triple point with one branch of length 1, one branch of length
2 and the third branch with length 1, 2, 3 or 4 :

α1 α2 α3 α4

α5

(1.243a)

α1 α2 α3 α4 α5

α6

(1.243b)

α1 α2 α3 α4 α5 α6

α7

(1.243c)

α1 α2 α3 α4 α5 α6 α7

α8

(1.243d)

In order to list all the possible complex semisimple Lie algebra, we have to check each of the left Dynkin
diagrams if they give rise to an abstract Cartan matrix.

1.8.12 Example of reconstruction by hand

We turn now our attention on the difference between the two diagrams (1.236). The Cartan matrix of the
diagram α1 α2

+3 α3 is given by

A � �� 2 �1 0�1 2 �2
0 �1 2

�
. (1.244)

The diagonal matrix D of definition 1.127 is

D � ��1
1

2

�
 (1.245)

and the length of the roots are }α1} � }α2} � 1 and |α3| � 2. Let us compute the angles between the roots. In
order to compute pα1, α2q we look at A12:

A12 � �1 � 2
pα1, α2qpα1, α2q , (1.246)

and the same computation with A23 provides pα1, α2q � �1
2

(1.247a)pα2, α3q � �1 (1.247b)
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We compute all the roots using the theorem 1.125 which basically says that acting with the “simple” Weyl
group WS on the simple roots generates all the roots. On the first strike we have

s1pα2q � α2 � α1 s2pα1q � α1 � α2 s3pα1q � α1

s1pα3q � αα3 s2pα3q � α3 � 2α2 s3pα2q � α2 � α3.
(1.248)

We discovered the roots α2 � α1, α3 � 2α2 and α2 � α3. Acting again on these roots by sα1
, sα2

and sα3
the

only new results are
s1pα3 � α2q � α1 � α2 � α3

s1pα3 � 2α2q � 2α1 � 2α2 � α3.
(1.249)

Acting again we find only one new root:

sα2
pα1 � α2 � α3q � α1 � 2α2 � α3. (1.250)

We check that acting once again with the three simple roots on this last one does not brings new roots. Thus we
have 9 positive roots. Adding the negative ones, we are left with 18 root spaces of dimension one. The Cartan
algebra has dimension 3, so the algebra we are looking at has dimension 21.

Now take a look at the similar Dynkin diagram and its Cartan matrix:

α1 α2
ks α3 A � �� 2 �1 0�1 2 �1

0 �2 2

�
 (1.251a)

The inner products are |α1| � |α3| � 1, |α2| � 2pα1, α2q � �1{?2, pα2, α3q � �1
(1.252)

and the roots are

α1 (1.253a)

α2 (1.253b)

α3 (1.253c)

α1 � α2 (1.253d)

α2 � α3 (1.253e)

α2 � 2α3 (1.253f)

α1 � α2 � α3 (1.253g)

α1 � α2 � 2α3 (1.253h)

α1 � 2α2 � 2α3. (1.253i)

We see that the inner products are already not the same. Notice that the roots are really different: it is not
simply a renaming α2 Ø α3.

Thus the two Dynkin diagrams (1.234c) are describing two different Lie algebras.

1.8.13 Reconstruction

The construction theorem is the following.

Theorem 1.130.

Let R be an abstract root system in a complex vector space V � and tα1, . . . , αnu be a basis of R. We denote by
Hi P V the inverse root of αi(i.e. αpHαq � 2). We define the Cartan matrix

Aij � αjpHiq. (1.254)

Let g be the Lie algebra defined by the 3n generators Xi, Yi, Hi and the relationsrHi, Hjs � 0 (1.255a)rXi, Yjs � δijHi (1.255b)rHi, Xjs � AijXj (1.255c)rHi, Yjs � �AijYj (1.255d)
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and, for i � j,

adpXiq�Aij�1pXjq � 0 (1.256a)

adpYiq�Aij�1pYjq � 0. (1.256b)

Then g is a semisimple Lie algebra in which a Cartan subalgebra is generated by H1, . . . , Hn and its root system
is R.

A complete proof can be found in [10] at page VI-19. We are going to give some ideas.
We consider g, the Lie algebra generated by the elements Hi, Xi and Yi. We denote by h the abelian Lie

algebra generated by the elements Hi.

Lemma 1.131.

The endomorphism adpXiq and adpYiq are nilpotent.

Proof. Let Vi the subspace of g of elements z such that adpXiqkz � 0 for some k P N. The space Vi is a Lie
subalgebra of g because

adpXiqrz, z1s � �rz, adpXiqz1s � rz1, adpXiqzs. (1.257)

Acting with adpXiqn we get terms of the form radpXiqkz, adpXiqlz1s with k� l � n. If n is large enough, all the
terms vanish.

From the relation (1.256a) we see that Xj P Vi for every j. Since rXi, Hjs is proportional to Xi we also
have Hj P Vi and then Yj P Vi because rXi, Yjs � δijHi P Vi. Thus the Lie algebra Vi contains all the Chevalley
generators and then Vi � g.

For λ P h� we define
gλ � tz P g st adphqz � λphqz�h P hu. (1.258)

Then one prove that dim gαi
� 1 and dim gmαi

� 0 if m � �1, 0. This corresponds to the fact that we have
a reduced root system, which is always the case in complex semisimple Lie algebras20. We denote by Φ the
subset of λ P h� such that gλ � 0.

It turns out that we have the direct sum decomposition

g � h`à
αPΦ

gα. (1.259)

One of the key ingredients in this building is the following lemma.

Lemma 1.132.

If λ and µ are related by an element of the Weyl group, then dim gλ � gµ.

Proof. Lemma 1.131 allows us to introduce the automorphism

θi � eadpXiqe� adpYiqeadpXiq (1.260)

of g. We see that the restriction of θi to h is the symmetry associated to αi (see (1.166)). Indeed the first
exponential reduces to

eadpXiqHk � Hk �AkiXi (1.261)

where Aki � αipHkq. The second exponential gives

eadp�YiqpHk �AkiXiq � Hk �AkiXi � p�AkiYi �AkiHiq � 1
2
p2AkiYiq� Hk �AkiHi �AkiXi.

(1.262)

Notice the simplification of AkiYi. The third exponential then provides the result (after some simplifications):

eadpXiqpHk �AkiHi �AkiXiq � Hk �AkiHi � Hk � αipHkqHi. (1.263)

We proved that θipHkq � sIpHkq. We deduce that θieα P gsαi
pαq whenever eα P gα. Since θi is an automorphism

of g we have rHk, θieαs � θirθ�1

i Hk, eαs. (1.264)

Since θi reduces to the involutive automorphism si on h we have θ�1

i Hk � θiHk � sipHkq. Then we haverHk, θieαs � θirsipHkq, eαs � θiα
�
sipHkq�eα. (1.265)

20However, at this point we have not proved yet that g is semisimple and has that root system.
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The eigenvalue of θieα for adpHkq is thus α
�
sipHkq�. Using the definition and Aki � αipHkq we have

α
�
sipHkq� � αpHkq � αipHkqαpHiq� �α� αpHiqαi�Hk� sαi

pαqHk.

(1.266)

At the end we got rHk, θieαs � sαi
pHkqθieα (1.267)

and then θieα P gsαi
pαq. Thus the automorphism θi transforms gλ into gµ when µ � sipλq and

dim gλ � dim gsipλq. (1.268)

From here we prove that dim gα � 1 for every root α21.

Now if α � β � γ � µ, the elements rEα, Eβs and rEγ , Eµs are proportional since they belong to the one-
dimensional space gα�β .

Remark 1.133.

A linear map φ : gÑ V from g to a vector space V can be defined on the generators Xi, Yi and Hi among with
a formula giving φprX,Y sq in terms of φpXq and φpY q.
Problem and misunderstanding 9.

This remark could be made more precise. I’m thinking to the proposition ?? giving the standard bialgebra
structure on a Lie algebra.

21[10] page VI-23. Be careful: this is not the statement of page VI-2.
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The classification of complex semisimple Lie algebras is the following:

Al slpl � 1,Cq dim � lpl � 2q l � 1, 2, . . . α1 α2 . . . αl

(1.269a)

Bl op2l � 1,Cq dim � lp2l � 1q l � 2, 3, . . . α1
+3 α2 . . . αl�1 αl.

(1.269b)

Cl sppl,Cq dim � lp2l � 1q l � 3, 4, . . . α1
// α2 . . . αl�1 +3 αl.

(1.269c)

Dl op2l,Cq dim � lp2l � 1q l � 4, 5, . . . αl�1

α1 α2 . . . αl�2

HH
HH

HH
HH

H

;;wwwwwwwww

αl

(1.269d)

E6 dim � 78 l � 7, . . . α6

α1 α2 α3 α4 α5

(1.269e)

E7 dim � 133 l � 7, . . . α7

α1 α2 α3 α4 α5 α6

(1.269f)

E8 dim � 248 l � 8, . . . α8

α1 α2 α3 α4 α5 α6 α7

(1.269g)

F4 dim � 52 l � 4, . . . α1 α2
+3 α3 α4

(1.269h)

G2 dim � 14 l � 2, . . . α1 α2

(1.269i)

1.8.14 Cartan-Weyl basis

Let us study the eigenvalue equation
adpAqX � ρX. (1.270)

The number of solutions with ρ � 0 depends on the choice of A P g.

Lemma 1.134.

If A is chosen in such a way that adpAqX � 0 has a maximal number of solutions, then the number of solutions
is equal to the rank of g and the eigenvalue α � 0 is the only degenerated one in equation (1.270).

We suppose A to be chosen in order to fulfill the lemma. Thus we have linearly independent vectors Hi

(i � 1, . . . l) such that rA,His � 0 (1.271)

where l is the rank of g. Since rA,As � 0, the vector A is a combination A � λiHi. Since adpAq is diagonalisable,
one can find vectors Eα with rA,Eαs � αEα, (1.272)
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and such that tHi, Eαu is a basis of g. Using the fact that adpAq is a derivation, we findrA, rHi, Eαss � αrHi, Eαs, (1.273)

The eigenvalue α � 0 being the only one to be degenerated, one concludes that rHi, Eαs is a multiple of Eα:rHi, Eαs � αiEα. (1.274)

Replacing A � λiHi, we have
αEα � rλiHi, Eαs � λiαiEα, (1.275)

thus α � λiαi (with a summation over i � 1, . . . , l).
Before to go further, notice that the space spanned by tHiui�1,...,l is a maximal abelian subalgebra of g, so

that it is a Cartan subalgebra that we, naturally denote by h�. Thus, what we are doing here is the usual root
space construction. In order to stick the notations, let us associate the form σα P h� defined by σαpHiq � αi.
In that case,

σαpAq � σαpλiHiq � λiαi � α (1.276)

and we have rA,Eαs � σαpAqEα. (1.277)

On the other hand, we have rHi, Eαs � αiEα � σαpHiqEα, so that the eigenvalue α is identified to the root α,
and we have Eα P gα.

Let us now express the vectors tα in the basis of the Hi. The definition property is Bptα, Hiq � αpHiq � αi.
If tα � ptαqiHi, we have

αi � Bptα, Hiq � Bklptαqk pHiqlloomoon�δl
i

� Bkiptαqk. (1.278)

If pBijq are the matrix elements of B�1, we haveplαql � αiB
il � αl (1.279)

where αl is defined by the second equality. Using proposition 1.81, we haverEα, E�αs � BpEα, E�αqαlHl. (1.280)

Thus one can renormalise Eα in such a way to haverHi, Hjs � 0,rEα, E�αs � αiHirHi, Eαs � αiEα � αpHiqEαrEα, Eβs � NαβEα�β (1.281)

where the constant Nαβ are still undetermined. A basis tHi, Eαu of g which fulfill these requirements is a basis
of Cartan-Weyl.

1.8.15 Cartan matrix

We follow [14]. We denote by Π the system of simple roots of g. All the positive roots have the form

α̧PΠ

kαα (1.282)

with kα P N.

Theorem 1.135.

Let α and β be simple roots Thus

(i) α� β is not a simple root

(ii) we have
2pα, βqpα, αq � �p (1.283)

where p is a strictly positive integer.
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Partial proof. We are going to prove that 2pα,βqpα,αq is an integer. Let α and γ be non vanishing roots such that
α� γ is not a root, and define

E1
γ�jα � adpE�αqkEγ P gγ�kα. (1.284)

Since there are a finite number of roots, there exists a minimal positive integer g such that adpE�αqg�1Eγ � 0.
We define the constants µk (which depend on γ and α) byrEα, E1

γ�kαs � µkE
1
γ�pk�1qα. (1.285)

Using the definition of E1
γ�kα and Jacobi, one founds

µkE
1
γ�pk�1qα � �E1

α, rE�α, E1
γ�pk�1qαs� � αirHi, E

1
γ�pk�1qαs � µk�1E

1
γ�pk�aqα, (1.286)

so that µk � αiγi � pk � 1qαiαi � µk�1, and we have the induction formula

µk � pα, γq � pk � 1qpα, αq � µk�1 (1.287)

for k ¥ 2. If we define µ0 � 0, that relation is even true for k � 1. The sum for k � 1 to k � j is easy to
compute and we get

µj � jpα, γq � jpj � 1q
2

pα, αq. (1.288)

Since µg�1 � 0, we have pα, γq � gpα, αq{2, (1.289)

and thus

µj � jpg � j � 1qpα, αq
2

. (1.290)

Let β be any root and look at the string β � jα. There exists a maximal j ¥ 0 for which β � jα is a root while
β � pj � 1qα is not a root. Now we consider γ � β � jα with that maximal j. Putting γ � α � jβ in (1.289),
one finds pα, βq � pg � 2jqpα, αq

2
, (1.291)

and finally,
2pα, βqpα, αq � g � 2j, (1.292)

which is obviously an integer.

From the inner product on h�, we deduce a notion of angle:

cospθα,βq � pα, βqapα, αqpβ, βq . (1.293)

The length of the root α is the number
apα, αq.

Lemma 1.136.

If α and β are roots, then
2pα, βqpα, αq P Z, (1.294)

and

β � 2pα, βqpα, αq (1.295)

is a root too.
If α and β are non vanishing, then the α-string which contains β contains at most 4 roots. Finally, the ratio

2pα, βqpα, βq (1.296)

takes only the values 0, �1, �2 or �3.

Let Π � tα1, . . . , αlu be a system of simple roots. The Cartan matrix is the l � l matrix with entries

Aij � 2pαi, αjqpαi, αiq . (1.297)

Notice that, in the literacy, one find also the convention Aij � 2pαi, αjq{pαj , αjq, as in [15], for example.
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Lemma 1.137.

There exist positive rational numbers di such that

diAij � djAji (1.298)

where A is the Cartan matrix.

Proof. The numbers are given by

di � pαi, αiqpα1, α1q . (1.299)

The relations (1.298) are easy to check using the definition (1.297). The fact that di is a strictly positive rational
number comes from (1.283).

Problem and misunderstanding 10.

I think that there is a property saying (something like) that Aij is the larger integer k such that αi � kαj is a
root.

1.9 Other results

1.9.1 Abstract Cartan matrix

As before if we chose a basis tϕ1 . . . ϕlu of V , we can consider a lexicographic ordering on V . A root is simple

when it is positive and can’t be written as as sum of two positive roots. As in a non abstract case, abstract
simple root also have the following property:

Proposition 1.138.

If dim V � l, one has only l simple roots α1, . . . , αl; they are linearly independent and if β P Φ expands into
β �° cjαj, the cj’s all are integers and the non zero ones all have the same sign.

An ordering on V gives a notion of simple roots. The l� l matrix whose entries are

Aij � 2pαi, αjqpαi, αiq
is the abstract Cartan matrix of the abstract root system and the given ordering.

Theorem 1.139.

The main properties are

(i) Aij P Z,

(ii) Aii � 2,

(iii) if i � j, then Aij ¤ 0 and Aij can only take the values 0,�1,�2 or �3,

(iv) if i � j, AijAji   4 (no sum),

(v) Aij � 0 is and only if Aji � 0,

(vi) detA is integer and positive.

Proof. The last point is the only non immediate one. The matrix A is the product of the diagonal matrix with
entries 2{|αi|2 and the matrix whose entries are pαi, αjq. The fact that the latter is positive definite is a general
property of linear algebra. If teiu is a basis of a vector space V , the matrix whose entry ij is given by pei, eiq
is positive definite. Indeed one can consider an orthonormal basis tfiu and a nondegenerate change of basis
ei � Bikfk. Then pei, ejq � pBBtqij . It is easy to see that for all v P V , we have pBBtqijvivj �°kpviBikq2 ¡ 0.

The fact that the determinant is integer is simply the fact that this is a polynomial with integer variables.

If we have an ordering on V we define Φ�, the set of positive roots. From there, one can consider Π, the
set of simple roots. Any element of Φ expands to a sum of elements of Π. Note that the knowledge of Π is
sufficient to find Φ� back because α ¡ 0 implies α �° ciαi with ci ¥ 0.

We can make this reasoning backward. Let us consider Π � tα1, . . . , αlu be a basis of V such that any α P Φ
expands as a sum of αi with all coefficients of the same sign. Such a Π is a simple system. From such a Π,
we can build a Φ� as the set of elements of the form α �° ciαi with ci ¥ 0.
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Proposition 1.140.

The so build Φ� is the set of positive roots for a certain ordering.

Proof. If we consider on V the lexicographic ordering with respect to the basis Π, a positive element α �° ciαi
has at least one positive coefficient among the ci. If α P Φ, we can say (by definition of Π) that in this case all
the coefficients are positive, then the positive roots exactly form the set Φ�.

From now when we speak about a Φ�, it will always be with respect to a simple system. The advantage is
the fact that there are no more implicit ordering.

Lemma 1.141.

Let Π � tα1, . . . , αlu be a simple system and α P Φ�. Then

sαi
� #�αi if α � αi¡ 0 if α � αi.

Proof. The first case is well know from a long time. For the second, compute

sαi
p¸ cjαjq �

j̧�i cjαj � ciαi � 2ciαi �
j̧�i 2cj|αi|2 pαj , αiqαi�

j̧�i��� i̧�j 2cj|αi|2 pαj , αiq � ci

�
αi.

(1.300)

We see that between
°
ckαk and sαi

p° ckαkq, there is just the coefficient of αi which changes. Then if α � αi,
the positivity is conserved.

Proposition 1.142.

Let Π � tα1, . . . , αlu be a simple system. Then W is generate by the sαi
’s. If α P Φ, then there exists a αi P Π

and s PW such that sαj � α.

Proof. We denote by W 1 the group generate by the sαi
’s; the purpose is to show that W � W 1. We begin to

show that if α ¡ 0, then α � sαj for certain s P W 1 and αj P Π. For this, we write α � ° cjαj and we make
an induction with respect to Levelpαq � ° cj . If Levelpαq � 1, then α� αj and s � id works. Now we suppose
that it works for Level   Levelpαq. We have

0   pα, αq �¸ cipα, αiq.
Since all the ci are positive, it assures the existence of a i0 such that pα, αi0q ¡ 0. Then from the lemma,
β � sαi0

pαq ¡ 0 (α � αi0 because Levelpαq ¡ 1). The root β can be expanded as

β �
j̧�i0 cjαj ��ci0 � j̧�i0 cj|αi0 |2 pα, αi0 q�αi0 . (1.301)

Since pα, αi0 q ¡ 0, it implies Levelpβq   Levelpαq and thus β � s1αj for a certain s1 P W 1. So α � sαi0
s1αj

with sαi0
s1 P W 1. This conclude the induction. For α   0, the same result holds by writing �α � sαj and

α � ssαj
αj .

Now it remains to prove that W 1 �W . For a α P Φ, we write α � sαj with s PW 1. Then

sα � ssαj
s�1 PW 1.

1.9.2 Dynkin diagram

Proposition 1.143.

If α and β are simple roots, then the angle θα,β can only take the values 90�, 120�, 135� or 150�.
Proof. No proof.

In order to draw the Dynkin diagram of a Lie algebra, one draws a circle for each simple root, and one
joins the roots with 1, 2 or 3 lines, following that the value of the angle is 120�, 135� or 150�. If the roots are
orthogonal (angle 90�), they are not connected. If the length of a root is maximal, the circle is left empty. If
not, it is filled.

One easily determines the number of lines between two roots by the following proposition.
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Proposition 1.144.

If α and β are two simple roots with pα, αq ¤ pβ, βq, thenpα, αqpβ, βq �$'&'%1 if θα,β � 120�
2 if θα,β � 135�
3 if θα,β � 150�. (1.302)

Proof. No proof.

If M is a weight of a representation, its Dynkin coefficients are

Mi � 2pM,αiqpαi, αiq , (1.303)

and we can compute the Dynkin coefficients from one weight to another by the simple formulapM � αjqi �Mi �Aij . (1.304)

A weight is dominant if all its Dynkin coefficients are strictly positive.

1.9.2.1 Strings of roots

Let α, β be two roots with respect to h and suppose β � 0. We denote by αβ the largest integer m such
that α � mβ is a root and by αβ the one such that α � mβ is a root. Let x P gα; since the Killing form is
nondegenerate, there exists a y P g such that Bpx, yq � 0. Using the root space decomposition (1.450) for y and
corollary 1.80, Bpx, yq � Bpx, y�αq . Then�x P gα, Dy P g�α such that Bpx, yq � 0.

In particular if α is a root, �α is also a root and the restriction of B to h� h is nondegenerate because h � g0.
So �µ P h�, D!hµ P h such that �h P g, Bph, hµq � µphq.
This is a general result about nondegenerate (here we use the semi-simplicity assumption) bilinear forms on a
vector space. If Bpx, yq � Bijx

iyj and apxq � aix
i, then a vector v such that Bpx, vq � apxq exists, is unique

and is given by coordinates vk � Bkiai where the matrix pBijq is the inverse of pBijq.
We will sometimes use the following notation if α and β are roots:pα, βq � Bphα, hβq, |α|2 � pα, αq.
By proposition 1.152, the roots come by pairs pα,�αq. For each of them, we choose xα P gα. Our choice of

x�α is made as following. From discussion at page 63 we can find a x�α P g�α such that Bpx�α, xαq � 1. Note
that this choice is unambigous: if we had chosen first x�α P g�α, this construction would have given the same
xα than our starting point. Note also that h�α � �hα. These xα fulfil rxα, x�αs � hα.

Problem and misunderstanding 11.

Here the notation ∆ does not follow our convention of subsection 1.8.1.3.

Let ∆ be the set of non zero roots. We define an antisymmetric map c : ∆�∆ Ñ C as following. If α, β P S
are such that α� β R ∆, we pose cpα, βq � 0. If α� β P ∆,rxα, xβs � cpα, βqxα�β . (1.305)

It is easy to see that cpα, βq � �cpβ, αq.
Proposition 1.145.

If α, β, α� β P ∆, then

(i)
cp�α, α� βq � cpα� β,�βq � cp�β,�αq,

(ii) If α, β, γ, δ P ∆ and α� β � γ � δ � 0 wile δ is neither �α, nor �β nor �γ, then

cpα, βqcpγ, δq � cpβ, γqcpα, δq � cpγ, αqcpβ, δq � 0, (1.306)
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(iii) if β � α � �β, then
cpα, βq � cp�α,�βq � cpα,�βqcp�α, βq �Bphα, hβq,

(iv) if α� β � 0 then
2cpα, βqcp�α,�βq � βαp1� βαqαphαq. (1.307)

Proof. From our choice of xα, we find that Bpxβ , x�βq � Bpx�α, xαq � Bpxα�β , xα�βq � 1, but

B
�
cp�α, α� βqxβ , x�β� � B

�
x�α, cpα� β,�βqxα�� B
�
xα�β , cp�β,�αqx�α�β�. (1.308)

This proves (i). In order to prove (ii), suppose that

cpα, βqcpγ, δq � B
��rxα, xβs, xγ�, xδ	 (1.309)

Then the Jacobi identity gives the result:

0 � B
��rxα, xβs, xγ�, xδ	�B

��rxβ, xγs, xα�, xδ	�B
��rxγ , xαs, xβ�, xδ	� cpα, βqcpγ, δq � cpβ, γqcpα, δq � cpγ, αqcpβ, δq, (1.310)

Here, we used the hypothesis �γ � δ � �β by supposing that (1.309) still hold after permutation of α, β, γ.
Now we show the (1.309) is true. The assumptions imply α� β � �pγ � δq � 0, then

B
��rxα, xβs, xγ�, xδ� � B

�rxα, xβs, rxγ , xδs�� cpα, βqcpγ, δqBpxα�β , xγ�δq� cpα, βqcpγ, δq. (1.311)

Now we turn our attention to (iii). If α and β fulfil the condition β � α � �β, we can apply (ii) on the
quadruple pα, β,�α,�βq to get cpα, βqcp�α,�βq � �B�rxα, xβs, rx�α, x�βs�. If we replace β by �β and if we
make the difference between the two expressions,

cpα, βqcp�α,�βq � �B�rxα, xβs, rx�α, x�βs��B
�rxα, x�βs, rx�α, xβs�� B

�rxα, rx�β, x�αss, xβ��B
�rx�α, rxα, x�βss, xβ�� �B�rx�α, xαs, rx�β, xβs�� �Bphα, hβq. (1.312)

In order to prove (iv), we consider α� β � 0 and we pose

dpα, βq � cpα, βqcp�α,�βq � 1
2
βαp1� βαqαphαq.

Our aim is to prove that it is zero. We will do it by induction on βα. First βα � 0 means that β � α � 0, so
that cpα, βq � 0 and dpα, βq � 0. Now we suppose that βα ¡ 0 and that (iv) is yet checked for lower cases.
Note that β � α P ∆ and pβ � αq � α � 0 because �2α is not a root. Then β � 2α is not possible. From the
fact that pβ � αqα � βα � 1, we conclude dpα, β � αq � 0. Then

cpα, α � βqcp�α,�α� βq � cpα,�α� βqcp�α, α � βq �Bphα, hα�βq.
On the other hand, (i) and the antisymmetry of c give

cp�α, α� βq � cp�β,�αq � �cp�α,�βq (1.313a)

and

cpα,�α� βq � cpβ, αq � �cpα, βq (1.313b)

With all this

dpα, β � αq � cpα, α � βqcp�α,�α� βq � 1
2
pα � βqαp1� pα� βqαqαphαq� cpα, βqcp�α,�βq � kpα, βq (1.314)

where kpα, βq � Bphα, hα�βq� 1

2
pα�βqαp1�pα�βqαqαphαq. But hα�β is definied in order to haveBph, hα�βq �pα � βqphq for any h P h. Then using 2βphαq � pβα � βαqαphαq, we find kpα, βq � 1

2
αphαqβαp1� βαq.
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Proposition 1.146.

Let
hR �

α̧P∆

Rhα. (1.315)

(i) Any root is real on hR,

(ii) the Killing form is real and strictly positive definite on hR,

(iii) h � hR ` ihR.

The last item shows that hR is a real form of h. Remark also that hR can also be written as

hR � th P h st αphq P R�α P Φu.
Proof. Let β P ∆; we looks at βphαq. From (ii) of theorem 1.152, we know that αphαq is real and positive, and
(iii) makes βphαq real. From the formula Bphα, hβq � °γP∆

γphαqγphβq, the Killing form is real and positive
definite on hR� hR. If Bph, hq � 0 for a certain h P hR, we find αphq � 0 for all α P ∆. Then any x � xαxα P g

commutes with h because rh, xs �
α̧PΦ

aαpadhqxα �
α̧

aααphq � 0.

So h is in the center of g and so h � 0 be cause g is semisimple. Thus the Killing form is strictly positive
definite on hR � hR.

Now we are going to show that h � hR ` ihR. If h P hR X ihR, it can be written as h � ih1 with h, h1 P hR.
Then

0   Bph, hq � Bpih1, ih1q � �Bph1, h1q   0,

so that h � 0 because B is nondegenerate. This shows that hR X ihR � 0. It is clear that
°
αP∆

Chα � h; thus
it remains to be proved that h � °αP∆

Chα. It it is not, we can build a linear function λ : hÑ C which is not
identically zero but which is zero on the subspace

°
αP∆

Chα. Then there exists (only one) hλ P h such that
Bph, hλq � λphq for every h P h. In particular, αphλq � 0 for every α P ∆ because αphλq � Bphα, hλq � λphαq.
This implies that hλ � 0, so that λ � 0.

One interest in the third point of this proposition is that we are now able to see ∆ as a subset of h�R because
the definition of α P ∆ on hR only is sufficient to define α on the whole h.

If teiu is a basis of a vector space V , we say that x � xiei ¡ y � yiei if x � y � aiei and the first non zero
ai is positive. This is the lexicographic order on V . It is clear that it doesn’t works on a complex vector
space (because in this case we should first define ai ¡ 0), but we can anyway get an order on ∆ by seeing it as
a subset of hR.

The following important result is the fact that a complex semisimple Lie algebra is determined by its root
system.

Theorem 1.147.

Let g and g1 be two semisimple complex Lie algebras; h and h1, Cartan subalgebras. We suppose that we have a
bijection Φ Ñ Φ1, αÑ α1 which preserve the root system:

• α1 � β1 � 0 if and only if α� β � 0,

• α1 � β1 is not a root if and only if α� β is also not a root,

• pα� βq1 � α1 � β1 whenever α� β is a root.

Then we have a Lie algebra isomorphism η : gÑ g1 such that ηphq � h1 and α1 � η|h � α.

Proof. From the assumptions, βα � pβ1qα1 and βα � pβ1qα1 and the point (ii) of theorem 1.152 makes α1phα1q �
αphαq. The fourth point of the same theorem then gives

β1phα1q � βphαq. (1.316)

Now we choose a maximally linearly independent set pα1, . . . , αRq of roots of g. Because of theorem 1.151, this
is a basis of h�. For notational convenience, we put hr � hαr

and naturally, h1r � hα1r . It is easy to see that the
set of hr is a basis of h. Indeed if arhr � 0 (with sum over r), then Bph, ar, hrq � arαrphq � 0 which implies
that arαr|h � 0 but it is impossible because the αr are free in h�.tα1, . . . , αru is a basis of h�,th1, . . . , hru is a basis of h.
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Then the matrix pAijq � αiphjq has non zero determinant. Since α1iph1jq � αiphjq, the set tα11, . . . , α1ru is free
and th11, . . . , h1ru is a basis of h1. tα11, . . . , α1ru is a basis of h1�,th11, . . . , h1ru is a basis of h1.
Then can define an isomorphism ηh : hÑ h1 by ηhphiq � h1i. If x P h is decomposed as x � arhr, from equation
(1.316) we have pα1i � ηhqparhrq � arα1ph1rq � αiphrq. Then

α1i � ηh � αi.

Let α P Φ; we can write α � ciαi and α1 � c1iα1i (with a sum over i). We have

ciαiphkq � αphjq � α1phjq � c1iαiphjq. (1.317)

As the determinant of pαiphjqq is non zero, this implies ci � c1i, so that

α1 � ηh � α (1.318)

because α1 � ηh � c1ipα1i � ηhq � ciαi � α. Now we “just” have to extend ηh into a Lie algebra isomorphism
η : g Ñ g1. As before for each α P ∆ we choose xα P gα such that Bpxα, x�αq � �1 and rx�α, xαs � hα. We
naturally do the same for xα1 P g1α1 . We also consider the function c as before: rxα, xβs � cpα, βqxα�β . Since
h � g0, these xα form a basis of gah and η can be defined by the date of ηpxαq. We set ηpxαq � aαxα1 (without
sum).

The condition η
�rxα, xβs � rηpxαq, ηpxβqs� gives

cpα, βqaα�β � cpα1, β1qaαaβ if α� β � 0 (1.319a)

and

aαa�α � 1 �α P Φ. (1.319b)

These two conditions are necessary and also sufficient. Indeed there are three cases of rx, ys to check: x, y P h,
one of these two is out of h or x, y are booth out of h. In the third case, using (1.319a),

ηprxα, xβsq � cpα, βqaα�βxα1�β1 � xpα1, β1qaαaβxα1�β1 � aαaβrxα1 , aβ1s � rηpxαq, ηpxβqs. (1.320)

If x, y P h, then from theorem 1.151, ηprx, ysq � 0 � rηpxq, ηpyqs. Using the fact that rh, xαs � αphqxα, we find
the third case:

η
�rhβ, xαs� � η

�
αphαqxα� � η

�
α1phβ1qxα� � aαrhβ1 , xα1 s � rηphβq, ηpxαqs. (1.321)

Now we are going to find some aα P C such that

• aαa�α � 1 for any α,

• cpα, βqaα�β � cpα1, β1qaαaβ if α� β � 0.

We consider the lexicagraphic order on Φ: this is the order on Φ seen as a subset of hR on which we put the
lexicagraphic order. For a root α ¡ 0, we will fix the coefficient aα by an induction with respect to the order
and put a�α � a�1

α . Let us consider ρ ¡ 0 and suppose that aα is already defined for �ρ   α   ρ in such
a manner that aαa�α � 1 and cpα, βqaα�β � cpα1, β1qaαaβ for every α, β such that α, β and α � β are stricly
between �ρ and ρ. We have to define aρ in such a way that if a�ρ � a�1

ρ , the second condition holds for every
α, β such that α, β and α� β are no zero roots between �ρ and ρ.

If such a pair pα, βq doesn’t exist, there are no problem to put aρ � a�ρ � 1. Let us suppose that such a
pair exists: α�β � ρ. Then βα � 0 and the point (iii) of proposition 1.145 shows that cpα, βq � 0; in the same
way, pβ1qα1 � βα � 0 implies cpα1, β1q � 0. We define

aρ � cpα, βq�1cpα1, β1qaαaβ, (1.322a)

a�ρ � a�1

ρ . (1.322b)

Since the value of the right hand side of (1.307) doesn’t change under α Ñ α1 and β Ñ β1, it gives
cpα, βqcp�α,�βq � cpα1, β1qcp�α1,�β1q and thus

cp�α,�βqa�ρ � cp�α,�βqcpα, βqcpα1 , β1q�1a�αa�β� cpα1, β1qcp�α1,�β1qcpα1, β1q�1aαa�β� cp�α1,�β1qa�αa�β. (1.323)
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Thus the definition (1.322) fulfils the requirements for the pair pα, βq. It should be shown whether that works
as well with another pair pγ, δq such that �ρ ¤ γ, δ ¤ ρ and γ � δ � ρ. If this second pair is really different
that pα, βq, then δ is neither α nor β; it is allso clear that δ is not �γ. Then formula (1.306) works with the
quadruple p�α,�β, γ, δq:

cp�α,�βqcpγ, δq � cp�β, γqcp�α, δq � cpγ,�αqcp�β, δq � 0. (1.324)

If α   0, the assumption α�β � ρ makes β ¡ ρ, which is in contradiction with �ρ ¤ β ¤ ρ. Then α, β, γ, δ ¡ 0
and moreover, the difference of any two of them is strictly between �ρ and ρ. Since δ � α � �pγ � βq, if γ � β

is a root, δ � α is also a root and the induction hypothesis gives

cpγ,�βqaγ�β � cpγ1,�β1qaγa�β, (1.325a)

cp�α, δqa�α�δ � cp�α1, δ1qa�αaδ. (1.325b)

If we take for the convention aµ � 1 whenever µ is not a root, these relations still hold if γ � β is not a root.
In the same way,

cpγ,�αqaγ�α � cpγ1,�α1qa�αaγ , (1.326a)

cp�β, δqa�β�δ � cp�β1, δ1qa�βaδ. (1.326b)

As δ � α � �pγ � βq, we have aδ�αaγ�β � 1 and in the same way, aγ�αaδ�β � 1. Taking it into account and
multiplicating (1.325a) by (1.325b) and (1.326a) by (1.326a), we find:

cp�β, γqcp�α, δq � cp�β1, γ1qcp�α1, δ1qa�αa�βaγaδ (1.327a)

cpγ,�αqcp�β, δq � cpγ1,�α1qcp�β1, δ1qa�αa�βaγaδ. (1.327b)

We can use it to rewrite equation (1.324). After multiplication by aαaβa�γa�δ,
cp�α,�βqcpγ, δqaαaβa�γa�δ � cp�β1, γ1qcp�α1, δ1q � cpγ1,�α1qcp�β1, δ1q � 0. (1.328)

But equation (1.324) is also true for pα1, β1, γ1, δ1q instead of pα, β, γ, δq, so that the last two terms can be
replaced by only one term to give

cp�α,�βqcpγ, δqaαaβa�γa�δ � cp�α1,�β1qcpγ1, δ1q � 0.

Since the pair pα, βq fulfils cp�α,�βqa�α�β � cp�α1,�β1qa�αa�β , using α� β � γ � δ, we find

cpγ, δqaγ�δ � cpγ1, δ1qaγaδ.
Corollary 1.148.

The elements xα P gα can be chosen in order to satisfy

• Bpxα, x�αq � 1,

• rxα, x�αs � hα,

• cpα, βq � cp�α,�βq.
These vectors xα P gα are called root vectors.

Proof. We consider the isomorphism αÑ α from Φ to Φ; by the theorem this induces an isomorphism η : gÑ g

given by some constants cα:
ηpxαq � c�αx�α

without sum on α, because of course ηpxαq P g�α. We choose axα P C in such a way that

a2

α � �c�α (1.329a)

aαa�α � 1, (1.329b)

and then we put yα � aαxα. It is immediate that Bpyα, y�αq � 1, thus the redefinition xα Ñ yα doesn’t change
the obtained relations. Acting on yα, the isomorphism η gives

ηpyαq � aαc�αx�α � �a�αx�α � �y�α. (1.330)
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If α, β, α� β P ∆, we naturally define c1pα, βq byryα, yβs � c1pα, βqyα,β .
Using the fact that η is a Lie algebra automorphism of g we have:� c1pα, βqy�pα�βq � η

�
c1pα, βqyα�β� � r�y�α,�y�βs � c1p�α,�βqy�pα�βq. (1.331)

From now we always our xα in this way.

Remark 1.149.

It is also possible to choice the xα in such a way that

• Bpxα, x�αq � �1,

• cpα, βq � cp�α,�βq.
This is the choice of the reference [9].

Here is a characterization for Cartan subalgebras of semisimple Lie algebras. This is sometimes taken as the
definition of a Cartan subalgebra in books devoted to semisimple Lie algebras (for example in [16]).

Proposition 1.150.

A subalgebra h of a semisimple Lie algebra g is a Cartan subalgebra if and only if

• h is maximally abelian in g,

• the endomorphism adh is semisimple for every h P h.

Here, “semisimple” means “diagonalisable”, cf. definition at page 1.6.1.

Proof. Necessary condition. We know from theorem 1.151 that h is abelian and from proposition 1.75 that it
is maximally nilpotent. Then it is maximally abelian. On the other hand, let h P h; the endomorphism adh is
diagonalisable with respect to the decomposition g � h

À
αP∆

hα.
Sufficient condition. Firstly it is clear that a maximal abelian subalgebra is nilpotent and the adhi are
simultaneously diagonalisable for the different hi P h. Let tx1, . . . , xnu be a basis of g which diagonalise all the
adhi. In this basis, if padhqii � 0 for any h P h, then xi P h: if it was not, hY txiu would be abelian.

Let x P g such that padhqx P h for every h P h. Suppose that x has a xi-component with xi R h. There is a
h P h with padhqii � 0. Then padhqx has a xi-component and can’t lies in h.

This characterization of Cartan subalgebras is used to prove the existence of Cartan subalgebra for any
complex semisimple Lie algebra.

Theorem 1.151.

The Cartan algebra of a complex semisimple Lie algebra is abelian and the dual is spanned by the roots: Span Φ �
h�.

Proof. Let α be a non zero root; from the point (ii) of proposition 1.221, there exists a v P gα such that for any
x P h, rx, vs � αpxqv. Since dim gα � 1 it is in fact true for any v P gα. In particular �v P gα and h P h, we
have rh, xs � αphqx.

Let n � h be the set of elements which are annihilated by all the roots:

n � tH P h st αpHq � 0 �α P Φu. (1.332)

First remark that rgα, ns � 0 (1.333)

because for x P gα and h P n � h, we have rh, xs � αphqx � 0. An other property of n isrh, hs � n. (1.334)

Indeed consider a root α and x P gα. We have�αprh, h1sqx � rx, rh, h1ss � rh, rh1, xss � rh1, rx, hss � αphqrh1, xs � αph1qrx, hs� αphqαph1q � αph1qαphq � 0.
(1.335)
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If x P g is decomposed as x � °αPΦ
xα and if n P n, thenrx, ns �

α̧

rxα, ns �
α̧

αpnqxα � 0.

In particular, n is an ideal22. Moreover, the fact that n � h makes n a nilpotent ideal in the semisimple Lie
algebra g. Then n � 0. Equation (1.333) makes h abelian while equation (1.334) says that no element of h is
anihilated by all the roots. This implies that Span Φ � h�. To see it more precisely, if Φ don’t span a certain
(dual) basis element e�i of h�, then a basis of Span Φ is at most tejuj�i. Then it is clear that αpeiq � 0 for any
root α.

Theorem 1.152.

If α, β are roots of a semisimple Lie algebra g with respect to a Cartan subalgebra h, then

(i) if xα � 0 P gα fulfils rh, xαs � αphqxα for all h P h, then �y P g�αrxα, ys � Bpxα, yqhα,
(ii) αphαq is rational and positive. Moreover

αphαq
γ̧PΦ

pγα � γαq2 � 4,

(iii) 2βphαq � pβα � βαqαphαq,
(iv) the forms 0, α,�α are the only integer multiples of α which are roots,

(v) dim gα=1,

(vi) any k which makes β � kα a root lie between �βα and βα. In other words, β � kα P Φ is only true with�βα ¤ k ¤ βα.

Proof. The fact that y P g�α and that x P gα make rx, ys P g0 � h. Now we consider h P h and the invariance
formula (1.21). We find:

Bph, rxα, ysq � �Bprxα, hs, yq � αphqBpxα, yq � Bph, hαqBpxα, yq � Bph,Bpxα, yqhαq. (1.336)

Since it is true for any h P h and B is nondegenerate on h we find the first point. In order to prove (ii), we
consider

U � à�βα¤m¤βα

gβ�mα.
By definition of αβ and αβ , each term of the sum is a root space. If z P gα ` g�α, then U is stable under ad z
because the terms in ad zU are of the form rz, xβ�mαs P gβ�mα�α. Note however that this ad zU is not equal
to U .

Let xα � 0 P gα. There exists a y P g�α such that rxα, ys � Bpxα, yqhα (here we use semi-simplicity). By
fitting the norm of y, we can choose it in order to get rxα, ys � hα, so that

adhα � radxα, ad ys.
Now we look at the restriction of adhα to U :

Trpadhαq � Trpadxα � ad yq � Trpad y � adxαq � 0. (1.337)

Since hα P h � g0, we have adhα : U Ñ U , so that the annihilation of the trace of adhα can be particularised
to

Trpadhα|U q � 0.

On the other hand, by definition adhα � pβ �mαqphαq is nilpotent on gβ�mα. Then it has a vanishing trace:

m̧

Trpadhα � pβ �mαqhαq � 0.

22Ça me semble quand même fort de prouver que c’est le centralisateur pour dire que c’est un idéal. D’autant plus que je pourais
directement dire que n est centralisateur dans un semisimple et donc nulle.
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But we had yet seen that the term with adhα is zero; then¸�βα¤m¤βα

pβ �mαqhα dim gβ�mα � 0. (1.338)

If we suppose that αphαq � 0 this gives βphαq � 0. Since this conclusion is true for any root β, we find
Bph, hαq � 0 for any h P h. In other words, αphq � 0 for any h P h. This contradicts the assumption, so that
we conclude αphαq � 0.

Let V � h� pxαq �°m 0
gmα where pxαq is the one dimensional space spanned by xα. On the one hand,

from the definition of xα, adxαh � pxαq and adxαgmα � gpm�1qα. On the other hand, y P g�α is defined by the
relation rxα, ys � hα, then ad yh � g�α � °m 0

gmα, ad ypxαq � g0 � h and ad y
°
m 0

gmα � °m 0
gpm�1qα.

All this make V invariant under adxα and ad y.
Since adhα � radxα, ad ys, the trace of adhα is zero so that the invariance of V gives

Trpadhα|V q � 0.

By the definition of xα particularised to h Ñ hα, we have Trpadhα|pxαqq � αphαq. By the definition of g0,
for any x P h and v P g0, adx is nilpotent on v. Taking hα as x, we see that padhαqh don’t contain “h-
component”. Then Trpadhα|hq � 0. Finally the operator padhα � mαphαqq is nilpotent on gmα, so that
Trpadhα|gmα

q � Trpmαpαq|gmα
q � mαphαq dim gmα. All this gives

αphαq�1�
m̧ 0

m dim gmα

� � 0. (1.339)

As we saw that αphαq � 0, we conclude that dim gmα � 0 for m   �1 and dim g�α � 1. This proves (v).
This also prove (iv) in the particular case of integer multiples. It is rather simple to get relations such that

0α � 1, 0α � 1, αα � 2, p�αqα � 0, and it is easy to check (iii) in the cases β � �α, 0, α. Now we turn our
attention to the case in which β is not an integer multiple of α. By (iv) applied to α Ñ β � mα, we have
dim gβ�mα � 1 whenever �βα ¤ m ¤ βα.

From equation (1.338),
°�βα¤m¤βαpβphαq �mαphαqq � 0, thenpβα � βα � 1qβphαq � p

m̧

mqαphαq � �βαpβα � 1q
2

� pβα � 1qβα
2



αphαq. (1.340)

This gives (iii). Now we consider the formula of theorem 1.153 in the case x � y � hα and we use the fact that
Bph, hαq � αphq in the case h � hα:

Bphα, hαq � αphαq �
γ̧PΦ

dim gγγphαq2 �
γ̧PΦ

γphαq2. (1.341)

Since βphαq � 1

2
pβα � βαqαphαq, we find (ii). In order to prove (iv), we consider β � cα for a c P C. By (iii),

2cαphαq � pβα� βαqαphαq, so that c is an half integer: c � p{2 with p P Z. If c is non zero, we can interchange
α and β and see that α � c�1β implies c�1 � q{2 with q P Z. It is clear the pq � 4. But we had already
discussed the case of integer multiples of α, so that we can suppose that p is odd. The only odd p such that
pq � 3 with q P Z are p � 1,�1, which are two excluded cases: they are α � �2β which lies in the case of
integer multiples.

It remains to prove (vi). By definition of βα, the form β � pβα � 1qα is not a root. But it remains possible
that β � pβα � 2qα is. We suppose that k1, . . . , kp are the p positive integers such that β � kiα P Φ. We pose

W � pà
i�1

gβ�kiα.

As usual we see that W is stable under adxα and ad y (because ki ¥ βα � 2). The trace of ad gα on W is zero,
thus

0 � p̧

i�1

pβ � kiαqphαq. (1.342)

By (iii), we find
ppβα � βαqαphαq � 2pk1 � . . .� kpq ¡ ppβα � 1q.

This is not possible because it would gives �βα � βα ¡ 2.
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Theorem 1.153.

Let g be a Lie algebra, h a Cartan subalgebra of g and B the Killing form of g. Then for all x, y P h,

Bpx, yq �
γ̧PΦ

dγγpxqγpyq (1.343)

where gγ � dim gγ.

Proof. We are seeing g as a h-module for the adjoint representation. In particular, proposition 1.221 makes g

a direct sum of the h-submodules gγ . Then

Bpx, yq � Trpadx2q �
γ̧PΦ

Trpadx|2γq (1.344)

where adx|γ means the restriction of adx to gγ . It is clear that adx|γ � γpxq is nilpotent, then adx|2γ � γpxq2
is also nilpotent because

adx|2γ � γpxq2 � padx|γ � γpxqqpad x|γ � γpxqq
and the fact that these two terms commute. The trace of a nilpotent endomorphism is zero, then Trpadx|2γ �
γpxq2q � 0 or for all x P g,

Bpx, xq �
γ̧PΦ

dγγpxq2. (1.345)

on the other hand, we know that a quadratic form determines only one bilinear form. Here the form (1.345)
gives

Bpx, yq �
γ̧PΦ

dγγpxqγpyq.
1.9.3 Weyl: other results

Proposition 1.154.

Two immediate properties of the Weyl group are

(i) W is a finite group of orthogonal transformations of V ,

(ii) if r is an orthogonal transformation of V , the srα � rsαr
�1.

Proof. First item. By definition of an abstract root system, W leaves ∆ invariant; since V is spanned by V ,
it implies that W also leaves V invariant. From an easy computation, psαϕ, sαφq � pϕ, φq. Since ∆ is a finite
set, there are only a finite number of common permutations of elements of ∆ a fortiori W is finite.
Second item. It is easy to see that srαprϕq � rsαϕ, then srα � r � sα � r�1.

We introduce the root reflexion sα : h�R Ñ h�R for α P Φ and ϕ P h�R by

sαpϕq � ϕ� 2pϕ, αq|α|2 α. (1.346)

Proposition 1.155.

If α P Φ, then sα leaves Φ invariant.

Proof. If α or ϕ is zero, then it is clear that sαpϕq belongs to Φ. Thus we can suppose that α P ∆ and proof
that sα leaves ∆ invariant. For, we use the theorem 1.152 to find

sαβ � β � 2pβ, αq|α|2 α � β � pβα � βαqα. (1.347)

If βα � βα ¡ 0, we are in a case β � nα with βα � βα   βα, so that sαβ is a root. The case βα ¡ βα is treated
in the same way. It just remains to check that if α, β P ∆, then sαβ � 0. The problem is to show that the
equation (with a given α in ∆)

β � 2pα, βqpα, αq α (1.348)

has no solution in ∆ (the indeterminate is β). The only nonzero multiples of β which are roots are �β, then if
we set β � rα, equation (1.348) gives r � � 1

2
, which is impossible.

Proposition 1.156.

The Weyl group permutes simply transitively the simple systems.
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1.9.4 Longest element

Let w PW . The length of w is the smallest k such that w can be written as a composition of k reflexions sαi
.

That is the smallest k such that
w � sαi1

sαi2
. . . sαik

. (1.349)

Lemma 1.157.

If w and w1 are elements of the Weyl group,

(i) lpwq � lpw�1q,
(ii) lpwq � 0 if and only if w � id,

(iii) lpww1q ¤ lpwq � lpw1q,
(iv) lpww1q ¥ lpwq � lpw1q,
(v) lpwq � 1 ¤ lpwsαi

q ¤ lpwq � 1.

Let npwq be the number of positive simple roots that are send to a negative root:

npwq � CardΠX w�1p�Πq. (1.350)

Proposition 1.158.

Let ∆ be a system of simple roots and Π the associated positive system. The following conditions on an element
w of the Weyl group are equivalent:

(i) wΠ � Π;

(ii) w∆ � ∆;

(iii) lpwq � 0;

(iv) npwq � 0;

(v) w � id.

For a proof see page 15 in [17].

Theorem 1.159.

If w is an element of the Weyl group,
lpwq � npwq. (1.351)

Proof. No proof.

1.9.5 Weyl group and representations

This subsection comes from [11].

Theorem 1.160.

There exists an irreducible representation of highest weight Λ if and only if

Λα � 2pΛ, αqpα, αq P N (1.352)

for every simple root α. Moreover, if ξ is a highest weight vector and if α is a simple root, then

Ek�αξ#� 0 if k ¤ Λα� 0 if k ¡ Λα.
(1.353)

Proof. No proof.

Theorem 1.161.

If Λ is the highest weight of a representation and if w0 is the longest element of the Weyl group, then w0Λ is
the lowest weight.

Problem and misunderstanding 12.

It is still not clear for me how does the proof works. Questions to be answered:
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(i) existence, unicity

(ii) w0 is the longest element of the Weyl group

(iii) if Λ is the highest weight, then w0Λ is the lowest.

1.9.6 Chevalley basis (deprecated)

See [18].
Let Φ be the finite set of roots of g. Then chose a positivity notion on h� and consider Φ�, the positive

subset of Φ. We also take ∆, a basis of the roots. An element of Φ� is a simple root if it cannot be written
under the form of a sum of two elements of Φ�. Every positive root is a sum of simple roots.

Let tα1, . . . , αlu (1.354)

be a basis of h� made of simple roots and th1, . . . , hlu, (1.355)

the dual basis. One can choose the αi in such a way that th1, . . . , hlu is orthogonal with respect to the Killing
form23. One consequence of that is that

Bphi, hq � αiphq (1.356)

for every h P h. Indeed, h can be written, in the basis, as h � hjhj where hj � Bphj , hq. Thus one has

Bphi, hq � hi � hjδij � αiphjhjq � αiphq. (1.357)

We consider tα1, . . . , αmu, the positive roots (the roots α1,. . . ,αl are some of them). One knows that gαi

is one dimensional, so one take ei P gαi
and fi P g�αi

as basis of their respective spaces. If we denote by
n� � Spante1, . . . , emu and n� � Spantf1, . . . , fmu, we have the decomposition

g � n� ` h` n�. (1.358)

It tαiu are the simple roots, we consider the following new basis for h:

Hαi
� 2α�ipαi, αiq (1.359)

where α�i is the dual of αi with respect to the inner product on h�, this means

αjpα�i q � pαi, αjq. (1.360)

Since h is abelian (proposition 1.150), we have rHαi
, Hαj

s � 0. (1.361)

Each root is a combination of the simple roots. If β �°l
i�1

kiαi, we generalise the definition of Hαi
to

Hβ � 2β�pβ, βq �
i̧

ki
pαi, αiqpβ, βq Hαi

. (1.362)

The element Hβ is the co-weight associated with the weight β.
Using the inner product p., .q, we have the decomposition β � °

ipβ, αiqαi of the roots. An immediate
consequence is that

βpα�i q � pαi, βq. (1.363)

If β is any root, we denote by βi the result of β on Hαi
:

βi � βpHαi
q � 2pαi, βqpαi, αiq . (1.364)

23Why ?
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Theorem 1.162 (Chevalley basis).
For each root β, one can found an eigenvector Eβ of adpHβq such thatrHβ , Hγs � 0rEβ , E�βs � HβrEβ, Eγs � #�pp� 1qEβ�γ if β � γ is a root

0 otherwiserHβ, Eγs � 2
pβ, γqpβ, βqEγ (1.365)

where p is the biggest integer j such that γ � jβ is a root. Moreover, if αi and αj are simple roots, the latter
becomes rHαi

, E�αj
s � �AijE�αj

(1.366)

where A is the Cartan matrix.

An important point to notice is that, for each positive root α, the algebra generated by tHα, Eα, E�αu is
slp2q. This is the reason why the representation theory of g reduces to the representation theory of slp2q.
1.10 Real Lie algebras

1.10.1 Real and complex vector spaces

If V is a real vector space, the complexification of V is the vector space

V C :� V bR C.
If tviu is a basis of V on R, then tvi b 1u is a basis of V C on C. Then

dimR V � dimC V C.
Let W be a complex vector space. If one restrains the scalars to R, we find a real vector space denoted by

WR. If twju is a basis of W , then twj , iwju is a basis of WR and

dimCW � 1
2

dimRWR.
Note that pV CqR � V ` iV .

A real vector space V is a real form of a complex vector space W if WR � V ` iV . If V is a real form of
W , the map ϕ : V C Ñ V C given by the identity on V and the multiplication by �1 on iV is the conjugation

of V C with respect of the real form V .

1.10.2 Real and complex Lie algebras

For notational convenience, if not otherwise mentioned, g will denote a complex Lie algebra and f a real one.
If f is a real Lie algebra and fC � fbC, its complexification (as vector space), we endow fC with a Lie algebra
structure by defining rpX b aq, pY b bqs � rX,Y s b ab.

This is a bilinear extension of the Lie algebra bracket of f. It is rather easy to see that rf, fsC � rfC, fCs.
Now we turn our attention to the Killing form. Let f be a real Lie algebra with a Killing form Bf. A basis

of f is also a basis of fC. Then the matrix Bij � TrpadXi � adXjq of the Killing form is the same for fC than
for f. In conclusion:

BfC |f�f � Bf.

Let us study the inverse process: g is a complex Lie algebra and gR is the real Lie algebra obtained from g

by restriction of the scalars. If B � tvju is a basis of g, B1 � tvj , ivju is a one of gR. For a certain X P g we
denote by pcklq the matrix of adgX . Now we study the matrix of adgR X in the basis B1 by computingpadgXqvi � cikvk � �Repcikq � i Impcikq�vk � aikvk � bikpivkq (1.367)

if a � Re c and b � Im c. Then the columns of adgR which correspond to the vi P B1’s are given by

adgR X � �a �
b �
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where the dots denote some entries to be find now:padgXqpiviq � i
�
aikvk � bikpivkq� � aikpivkq � bikvk, (1.368)

so that the complete matrix of adgR X in the basis B1 is given by

adgR X � �a �b
b a



.

So,

adgR X � adgR X 1 � �aa1 � bb1 �� aa1 � bb1
 .
Then BpX,X 1q � 2 Trpaa1 � bb1q while

BpX,Y q � Tr
�pa� ibqpa1 � ib1q� � Trpaa1 � bb1q � iTrpab1 � ba1q. (1.369)

Thus we have
BgR � 2 ReBg, (1.370)

so that gR is semisimple if and only if g is semisimple.
A result about the group of inner automorphism which will be useful later:

Lemma 1.163.

If g is a complex semisimple Lie algebra, then Int g � Int gR.

Proof. If tXiu is a basis of g, then tXj , iXju is a basis of gR. We define ψ : ad gÑ ad gR by

ψpadpajXjqq � adpajXjq.
It is clearly surjective. On the other hand, if adpajXjq adpbkXkq as elements of ad gR, then they are equals as
elements of ad g. The discussion following equations (1.6) finish the proof.

1.10.3 Split real form

Let g be a complex semisimple Lie algebra, h a Cartan subalgebra, Φ the set roots, ∆ the set of non zero roots
and B, the Killing form. From property (1.307) and the fact that cp�α,�βq � cpα, βq, we find cpα, βq2 �
1

2
βαp1� βαq|α|2, so that cpα, βq2 ¥ 0 which gives cpα, βq P R. We can define

gR � h0

à
αPΦ

Rxα.
Remark that gα has dimension one with respect to C, not R; then Rxα � gα, but Cxα � gα and gα �Rxα ` iRxα. Since it is clear that

À
αP∆

pRxα ` iRxαq �ÀαP∆
gα, the proposition 1.146 gives

g � gR ` igR. (1.371)

Any real form of g which contains the hR of a certain Cartan subalgebra h of g is said a split real form. The
construction shows that any complex semisimple Lie algebra admits a split real form.

1.10.4 Compact real form

A compact real form of a complex Lie algebra is a real form which is compact as Lie algebra. Recall that a
real Lie algebra is compact when its analytic group of inner automorphism is compact, see page 24

Theorem 1.164.

Any complex semisimple Lie algebra contains a compact real form.

Proof. Let h be a Cartan algebra of the complex semisimple Lie algebra g and xα, some root vectors. We
consider the space

u0 �
α̧PΦ

Rihαloooomoooon
A

�
α̧PΦ

Rpxα � x�αqlooooooooomooooooooon
B

�
α̧PΦ

Ripxα � x�αqloooooooooomoooooooooon
C

. (1.372)
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Since u0 ` iu0 contains all the Chα, h � u0 ` iu0; it is also rather clear that u0 is a real form of g (as vector
space), for example, iRpxα � x�αq �Ripxα � x�αq � Rixα. Now we have to check that u0 is a real form of g
as Lie algebra, i.e. that u0 is closed for the Lie bracket. This is a lot of computations:rihα, ihβs � 0,rihα, pxα � x�αqs � ipαphαqxα � p�αqphαqx�αq� iαphαqpxα � x�αq P C,rihα, ipxα � x�αqs � �αphαqpxα � x�αq P B,rpxα � x�αq, pxβ � x�βqs � cpα, βqpxα�β � x�pα�βqq P B� cpα, βqpxα�β � xβ�αq P B,rpxα � x�αq, ipxβ � x�βqs � icpα, βqpxα�β � x�pα�βqq P C� icpα,�βqpxα�βq � x�α�βq P Crihα, pxβ � x�βqs � iβphαqpxβ � x�βq P Crihα, ipxβ � x�βqs � �βphαqpxβ � x�βq P Bripxα � x�αq, ipxβ � x�βqs � �cpα, βqpxα�β � x�pα�βqq� c1pα,�βqpxα�β � x�α�βq.

From proposition 1.64, it just remains to prove that the Killing form of u0 is strictly negative definite. We
know that Bgpgα, gβq � 0 if α, β P Φ and α � β � 0; then A K B and A K C. It is a lot of computation to
compute the Killing form; we know that B is strictly positive definite on

°
αP∆

Rhα (and then strictly negative
definite on A) a part this, the non zero elements are (recall that if α � 0, Bpxα, xαq � 0 from corollary 1.80)

Bppxα � x�αq, pxα � x�αqq � �2Bpxα, x�αq � �2

Bpipxα � x�αq, ipxα, x�αqq � �2.

What we have in the matrix of Bg|u0�u0
is a negative definite block (corresponding to A), �2 on the rest of

the diagonal and zero anywhere else. Then it is well negative definite and u0 is a compact real from of g.

1.10.5 Involutions

Let g be a (real or complex) Lie algebra. An automorphism σ : gÑ g which is not the identity such that σ2 is
the identity is a involution. An involution θ : fÑ f of a real semisimple Lie algebra f such that the quadratic
form Bθ defined by

BθpX,Y q :� �BpX, θY q
is positive definite is a Cartan involution.

Proposition 1.165.

Let g be a complex semisimple Lie algebra, u0 a compact real form and τ , the conjugation of g with respect to
u0. Then τ is a Cartan involution of gR.

Proof. From the assumptions, g � u0 ` iu0, τu0
� id and τiu0

� �id; then it is clear that τ2

gR � id|gR . If Z P g,
we can decompose into Z � X � iY with X , Y P u0. For Z � 0, we have

BgpZ, τZq � BgpX � iY,X � iY q � BgpX,Xq �BgpY, Y q � Bu0
pX,Xq �Bu0

pY, Y q   0 (1.373)

because B restricts itself to u0 which is compact. ThenpBgRqτ pZ,Z 1q � BgRpZ, τZq � �2 ReBgpZ, τZ 1q (1.374)

is positive definite because pBgqτ is negative definite. Thus τ is a Cartan involution of gR.

Lemma 1.166.

If ϕ and ψ are involutions of a vector space V (we denote by Vψ� and Vψ� the subspaces of V for the eigenvalues
1 and �1 of ψ and similarly for ϕ), thenrϕ, ψs � 0 iff

#
Vϕ� � pVϕ� X Vψ�q ` pVϕ� X Vψ�q
Vϕ� � pVϕ� X Vψ�q ` pVϕ� X Vψ�q,

i.e. if and only if the decomposition of V with respect to ϕ is “compatible” with the one with respect to ψ.
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Proof. Direct sense. Let us first see that ϕ leaves the decomposition V � Vψ�`Vψ� invariant. If x � xψ��xψ� ,

ϕpxψ�q � pϕ � ψqpxψ�q � pψ � ϕqpxψ�q.
Then ϕpxψ�q P Vψ� , and the matrix of ϕ is block-diagonal with respect to the decomposition given by ψ. Thus
Vψ� and Vψ� split separately into two parts with respect to ϕ.
Inverse sense. If x P V , we can write x � x�� � x�� � x�� � x�� where the first index refers to ψ while the
second one refers to ψ; for example, x�� P Vψ� X Vϕ� . The following computation is easy:pϕ � ψqpxq � ϕpx�� � x�� � x�� � x��q� x�� � x�� � x�� � x��� ψpx�� � x�� � x�� � x��q� pψ � ϕqpxq. (1.375)

Theorem 1.167.

Let f be a real semisimple Lie algebra, θ a Cartan involution on f and σ, another involution (not specially
Cartan). Then there exists a ϕ P Int f such that rϕθϕ�1, σs � 0

Proof. If θ is a Cartan involution, then Bθ is a scalar product on f. Let ω � σθ. By using σ2 � θ2 � 1, θ � θ�1

and the invariance property 1.12 of the Killing form,

BpωX, θY q � BpX,ω�1θY q � BpX, θσθY q � BpX, θωY q. (1.376)

Then BθpωX, Y q � BθpX,ωY q. This is a general property of scalar product that in this case, the matrix of ω
is symmetric while the one of ω2 is positive definite. If we consider the classical scalar product whose matrix ispδijq, the property is written as Aijvjwj � viAijwj (with sum over i and j); this implies the symmetry of A.
To see that A2 is positive definite, we compute (using the symmetry):

AijAjkvivk � viAijvkAkj �
j̧

pviAijq2 ¡ 0.

The next step is to see that there is an unique linear transformation A : fÑ f such that ω2 � eA, and that for
any t P R, the transformation etA is an automorphism of f.

We choose an orthonormal (with respect to the inner product Bθ) basis tX1, . . . , Xnu of f in which ω is
diagonal. In this basis, ω2 is also diagonal and has positive real numbers on the diagonal; then the existence
and unicity of A is clear. Now we take some notations:

ωpXiq � λiXi (1.377a)

ω2pXiq � eaiXi, (1.377b)

(no sum at all) where the ai are the diagonals elements of A. The structure constants are as usual defined byrXi, Xjs � ckijXk. (1.378)

Since σ and θ are automorphisms, ω2 is also one. Then

ω2rXi, Xjs � ckijω
2pXkq � ckije

akXk

can also be computed as
ω2rXi, Xjs � rω2Xi, ω

2Xjs � eaieajckijXk,

so that ckije
ak � ckije

aieaj , and then �t P R,

ckije
tak � ckije

taietaj ,

which proves that etA is an automorphism of f. By lemma ??, A is thus a derivation of f. The semi-simplicity
makes Bf � ad f, then A P ad f and etA P Int f because it clearly belongs to the identity component of Aut f.

Now we can finish de proof by some computations. Remark that ω � eA{2 and retA, ωs � 0 because it can
be seen as a common matrix commutator. Since ω�1 � θσ, we have θω�1θ � σθ, or θω2θ � ω2 and

eAθ � θe�A. (1.379)
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From this, one can deduce that etAθ � θe�tA. Indeed, as matricial identity, equation (1.379) readspeAθqik � peAqijθjk � eaiθik � e�akθik.

Then for any ik such that θik � 0, we find eai � e�ak and then also etai � e�tak . Thus petAθqik � petAqijθjk �
etaiθik � θike

�tak � pθe�tAqik. So we have
etAθ � θe�tA. (1.380)

Now we consider ϕ � eA{4 P Int f and θ1 � ϕθϕ�1. We find θ1σ � eA{2ω�1 and σθ�1 � e�A{2ω. Since ω2 � A,
we have eA{2 � e�A{2ω2 and thus θ1σ � σθ1.

Corollary 1.168.

Any real Lie algebra has a Cartan involution.

Proof. Let f be a real Lie algebra and g be his complexification: g � fC. Let u0 be a compact real form of g
and τ the induced involution (the conjugation) on g. By the proposition 1.165, we know that τ is a Cartan
involution of gR. We also consider σ, the involution of g with respect to the real form f. It is in particular
an involution on the real Lie algebra f. Then one can find a ϕ P Int gR such that rϕτϕ�1, σs � 0 on gR. Let
u1 � ϕu0 and X P u1. We can write X � ϕY for a certain Y P u0. Then

ϕτϕ�1X � ϕτY � ϕY � X,

so that ϕτϕ�1 � id|u1
. Note that u1 is also a real compact form of g because the Killing form is not affected

by ϕ. Let τ1 be the involution of g induced by u1. We have

τ1|u1
� ϕτϕ�1

u1
� id |u1

.

Since ϕ is C-linear, we have in fact τ1 � ϕτϕ�1. Now we forget u0 and we consider the compact real form u1

with his involution τ1 of g which satisfy rτ1, σs � 0 on gR This relation holds also on igR, thenrτ1, σs � 0

on g � fC. Let X P f, i.e. σX � X ; it automatically fulfils

στ1X � τ1σX � τ1X,

so that τ1 restrains to an involution on f (because τ1f � f). Let θ � τ1|f. For X , Y P f, we have

BθpX,Y q � �BfpX, θY q � �BfpX, τY q � 1
2
pBgRqτ1

pX,Y q, (1.381)

which shows that θ is a Cartan involution. The half factor on the last line comes from the fact that gR �pfCqR � f` if.

Corollary 1.169.

Any two Cartan involutions of a real semisimple Lie algebra are conjugate by an inner automorphism.

Proof. Let σ and σ1 be two Cartan involutions of f. We can find a ϕ P inf f such that rϕσϕ�1, σ1s � 0. Thus it
is sufficient to prove that any two Cartan involutions which commute are equals. So let us consider θ and θ1,
two Cartan involutions such that rθ, θ1s � 0. By lemma 1.166, we know that the decompositions into �1 and�1 eigenspaces with respect to θ and θ1 are compatibles. If we consider X P f such that θX � X and θ1X � �1
(it is always possible if θ � θ1), we have

0   BθpX,Xq � �BpX, θXq � �BpX,Xq
0   Bθ1pX,Xq � �BpX, θ1Xq � BpX,Xq

which is impossible.

Corollary 1.170.

Any two real compact form of a complex semisimple Lie algebra are conjugate by an inner automorphism.

Proof. We know that any real form of g induces an involution (the conjugation) and that if the real form is
compact, the involution is Cartan on gR. Let u0 and u1 be two compact real forms of g and τ0, τ1 the associated
involutions of g (which are Cartan involutions of gR). For a suitable ϕ P Int gR,

τ0 � ϕτ1ϕ
�1.

The fact that Int g � Int gR (lemma 1.163) finish the proof.
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1.10.6 Cartan decomposition

Examples of Cartan and Iwasawa decomposition are given in sections ??, ??,??, ?? and ??. An example of how
it works to prove isomorphism of Lie algebras is provided in subsection ??.

Let f be a real semisimple Lie algebra. A vector space decomposition f � k`p is a Cartan decomposition

if the Killing form is negative definite on k and positive definite on p and the following commutators hold:rk, ks � k, rk, ps � p, rp, ps � k. (1.382)

If X P k and Y P p, we have padX � adY qk � p and padX � adY qp � k, therefore BfpX,Y q � 0.
Let θ : fÑ f be a Cartan involution, k its �1 eigenspace and p his �1 one. It is easy to see that the relations

(1.382) are satisfied for the decomposition f � k ` p. For example, for X,X 1 P k, using the fact that θ is an
automorphism, rX,X 1s � rθX, θX 1s � θrX,X 1s,
which proves that rk, ks � k. Since θ is a Cartan involution, Bθ is positive definite. For X P k,

BpX,Xq � BpX, θXq � �BθpX,Xq
proves that B is negative definite on k; in the same way we find that B is also positive definite on p. Then the
Cartan involution gives rise to a Cartan decomposition. We are going to prove that any Cartan decomposition
defines a Cartan involution.

Let us now do the converse. Let f � k ` p be a Cartan decomposition of the real semisimple Lie algebra f.
We define θ � id |k ` p� idq|p. If X,X 1 P k, the definition of a Cartan algebra makes rX,X 1s P k and so

θrX,X 1s � rX,X 1s � rθX, θX 1s,
and so on, we prove that θ is an automorphism of F . It remains to prove that Bθ is positive definite. If X P k,

BθpX,Xq � �BpX, θXq � �BpX,Xq.
Then Bθ is positive definite on k because on this space, B is negative definite by definition of a Cartan involution.
The same trick shows that Bθ is also positive definite on p. We had seen that p and k where Bθ-orthogonal
spaces. Thus Bθ is positive definite and θ is a Cartan involution.

Let f � k` p be a Cartan decomposition. Then it is quite easy to see that k ` ip is a compact real form of
g � pfCq.
Proposition 1.171.

Let L and q be the �1 and �1 eigenspaces of an involution σ. Then σ is a Cartan involution if and only if
L` iq is a compact real form of fC.

Proof. First remark that L ` iq is always a real form of fC. The direct sense is yet done. Then we suppose
that BfC is negative definite on L ` iq and we have to show that L ` q is a Cartan decomposition of f. The
condition about the brackets on L and q is clear from their definitions. If X P L, BpX,Xq   0 because B is
negative definite on L. If Y P q, BpY, Y q � �BpiY, iY q ¡ 0 because B is negative definite on iq.

1.11 Root spaces in the real case

Let f be a real semisimple Lie algebra with a Cartan involution θ and the corresponding Cartan decomposition
f � k` p. We consider B, a “Killing like” form, i.e. B is a symmetric nondegenerate invariant bilinear form on
f such that BpX,Y q � BpθX, θY q and Bθ :� �BpX, θXq is positive definite. Then B is negative definite on
the compact real form k` ip. Indeed if Y P p,

BpiY, iY q � �BpθY, θY q � BpY, θY q � �BθpY, Y q   0. (1.383)

The case with X P k is similar. It is easy to see that Bθ is in fact a scalar product on f, so that we can define
the orthogonality and the adjoint from Bθ. If A : fÑ f is an operator on f, his adjoint is the operator A� given
by the formula

BθpAX, Y q � BθpX,A�Y q
for all X , Y P f.

Proposition 1.172.

With this definition, when X P f, the adjoint operator of adX is given by means of the Cartan involution:padXq� � adpθXq.
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Proof. This is a simple computation

Bθ
�pad θXqY, Z� � �B�Y, rθX, θY s� � �BθpY, rX,Zsq � �Bθ�padXq�Y, Z�. (1.384)

Let a be a maximal abelian subalgebra of p (the existence comes from the finiteness of the dimensions). If
H P a, the operator adH is self-adjoint becausepadHq�X � p� ad θHqX � rH,Xs � padHqX, (1.385)

where we used the fact that H P p. For λ P a�, we define the space

fλ � tX P f st �H P a, padHqX � λpHqXu. (1.386)

If fλ � 0 and λ � 0, we say that λ is a restricted root of f. We denote by Σ the set of restricted roots of f.
We may sometimes write Σf if the Lie algebra is ambiguous.

The main properties of the real root spaces are given in the following proposition.

Proposition 1.173.

The set Σ of the restricted roots of a real semisimple Lie algebra f has the following properties:

(i) f � f0
À

λPΣ
fλ,

(ii) rfλ, fµs � fλ�µ,

(iii) θfλ � f�λ,

(iv) λ P Σ implies �λ P Σ,

(v) f0 � a`m where m � Zkpaq and a K m.

Proof. Proof of (i). The operators adH with H P a form an abelian algebra of self-adjoint operators, then they
are simultaneously diagonalisable. Let tXiu be a basis which realize this diagonalisation, and fi � SpanXi, so
that f � `ifi. We have padHqfi � fi and then padHqXi � λipHqXi for a certain λi P a�. This shows that
fi � fλi

.24

Proof of (ii). Let H P a, X P fλ and Y P fµ. We havepadHqrX,Y s � rrH,Xs, Y s � rX, rH,Y ss � �λpHq � µpHq�rX,Y s. (1.387)

Proof of (iii). Using the fact that θH � �H because H P p,padHqθX � θrθH,Xs � �θλpHqX � �λpHqpθXq. (1.388)

Proof of (iv). It is a consequence of (iii) because if fλ � 0, then θf
λ
� 0.

Proof of (v). By (iii), θf0 � f0, then f0 � pkX f0q`ppX f0q. If X P f0, then it commutes with all the elements
of a and by the maximality property of a, provided that X P p, it also must belongs to a. This fact makes
a � pX f0. Now,

m � Zkpaq � tX P k st rX, as � 0u � kX f0.

All this gives f0 � Zkpaq ` a.

We choose a positivity notion on a�, we consider Σ�, the set of restricted positive roots and we define

n � à
λPΣ� fλ.

From finiteness of the dimension, there are only a finitely many forms λ P a� such that fλ � 0. Then, taking,
more and more commutators in n, the formula rfλ, fµs � fλ�µ shows that the result finish to fall into a fµ � 0.
On the other hand, since a � f0, we have ra, ns � n. If a1, a2 P a and n1, n2 P n,ra1 � n1, a2 � n2s � ra1, a2sloomoon�0

�ra1, n2sloomoonPn �rn1, a2sloomoonPn �rn1, n2sloomoonPn , (1.389)

then ra` n, a` ns � n. This proves the three following important properties:

(i) n is nilpotent.

(ii) a is abelian.

(iii) a` n is a solvable Lie subalgebra of f.
24pourquoi ça n’implique pas que dim fλi

� 1 ? Réponse par Philippe : tu as oublié les valeurs propres nulles dans ta base ce qui doit
entrainer quelques modifs dans ton texte(par ex. adHfi � fi pas toujours )
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1.11.1 Iwasawa decomposition

Theorem 1.174.

Let f be a real semisimple Lie algebra and k, a, n as before. Then we have the following direct sum:

f � k` a` n. (1.390)

This is the Iwasawa decomposition for the real semisimple Lie algebra f.

Proof. We yet know the direct sum f � f0
À

λPΣ
fλ. Roughly speaking, in n we have only vectors of Σ�, in θn,

only of Σ� and in a, only in “zero”. Then the sum a` n` θn is direct.
Now we prove that the sum k�a�n is also direct. It is clear that aXn � 0 because a � f0. Let X P kXpa`nq.

Then θX � X . But θX P a` θn. Thus X P a` nX a` n which implies X P a. All this makes X P p` k and
X � 0.

Now we prove that k` a` n � f. An arbitrary X P f can be written as

X � H �X0 �
λ̧PΣ

Xλ

where H P a, X0 P m and Xλ P fλ. Now there are just some manipulations. . .

λ̧PΣ

Xλ � ¸
λPΣ�pX�λ �Xλq � ¸

λPΣ�pX�λ � θX�λq � ¸
λPΣ�pXλ � θX�λq, (1.391)

but θpX�λ� θX�λq � X�λ� θX�λ, then X�λ�X�λ P k. Moreover, Xλ, θX�λ P fλ, then Xλ� θX�λ P fλ � n.
Then

X � X0 � ¸
λPΣ�pX�λ � θX�λq �H � ¸

λPΣ�pXλ � θX�λq (1.392)

where the two first term belong to k, H P a and the last term belongs to n.

Lemma 1.175.

There exists a basis tXiu of f in which

(i) The matrices of ad k are symmetric,

(ii) The matrices of ad a are diagonal and real,

(iii) The matrices of ad n are upper triangular with zeros on the diagonal.

Proof. We have the orthogonal decomposition f � f0
À

λPΣ
fλ given by proposition 1.173. Let tXiu be an

orthogonal basis of f compatible with this decomposition and in such an order that i   j implies λi ¥ λj . From
the orthogonality of the basis it follows that the matrix of Bθ is diagonal. Thus the adjoint is the transposition.

(i) If X P k, padXqt � padXq� � � ad θX � � adX .
(ii) Each Xi is a restricted root; then padHqXi � λipHqXi, then the diagonal of adH is made of λipHq

whose are real.
(iii) If Yi P fλi

with λi P Σ�, padYiqXj has only components in fλi�λj
with λi�λj ¡ λj because λi P Σ�.

Lemma 1.176.

Let h be a subalgebra of the real semisimple Lie algebra f. Then h is a Cartan subalgebra if and only if hC is
Cartan in fC.

Proof. Direct sense. If h is nilpotent in f, it is cleat that hC is nilpotent in fC. We have to prove thatrx, hCs � hC implies x P hC. As set, fC � F ` if (but not as vector space !), then we can write x � a� ib with
a, b P f. The assumption makes that for any h P h, there exists h1, h2 P h such thatra� ib, hs � h� ih2.
This equation can be decomposed in f-part and if-part: for any h P h, there exists a h1 P h such that ra, hs � h1,
and for any h P h, there exists a h2 P h such that rb, hs � h2. Thus a, b P h because h is Cartan in f.
Inverse sense. The assumption is that rx, hCs � hC implies x P hC. In particular consider a x P h such thatrx, hs � h. Then x P hC because rx, hCs � hC. But hC X f � h.

In the complex case, the Cartan subalgebras all have same dimensions because they are maximal abelian.
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1.12 Iwasawa decomposition of Lie groups

In this section, we show the main steps of the Iwasawa decomposition for a semisimple Lie group. For proofs,
the reader will see [6] VI.4 and [16] III,§ 3,4 and VI,§ 3. In the whole section, G denotes a semisimple group,
and g its real (finite dimensional) Lie algebra. The two main examples that are widely used are SLp2,Rq and
SOp2, nq.
1.12.1 Cartan decomposition

If g is a finite dimensional Lie algebra and X , Y P g, the composition of the adjoint adX � adY : gÑ g makes
sense.

Definition 1.177.

An involutive automorphism θ on a real semi simple Lie algebra g for which the form Bθ,

BθpX,Y q :� �BpX, θY q (1.393)

(B is the Killing form on g) is positive definite is a Cartan involution.

Proposition 1.178.

There exists a Cartan involution for every real semisimple Lie algebra.

Problem and misunderstanding 13.

The theorem 4.1 in [16] is maybe a proof of this proposition.

See [16], theorem 4.1. Since θ2 � id, the eigenvalues of a Cartan involution are �1, and we can define the
Cartan decomposition g

g � k` p (1.394)

into �1-eigenspaces of θ in such a way that θ � p� idq|p ` id |k. These eigenspaces are subject to the following
commutation relations: rk, ks � k, rk, ps � p, rp, ps � k. (1.395)

The dimension of a maximal abelian subalgebra of p is the rank of g. One can prove that it does not depend
on the choices (Cartan involution and maximal abelian subalgebra). We denote by a such a maximal abelian
subalgebras of p.

Lemma 1.179.

If g0 is a real semisimple Lie algebra and θ a Cartan involution, then for all X P g0,padXq� � � adpθXq, (1.396)

where the star on an operator on g is defined by

BθpX,AY q � BθpA�X,Y q. (1.397)

Lemma 1.180.

The set of operators adpaq is an abelian algebra whose elements are self-adjoint.

Proof. We have to prove that padHq� � padHq and radH, ad Is � 0 for every H , I P a. First, note that
H P a � p, thus θH � �H , and padHq� � � adpθHq � adH .

For the second, adH � ad I � adpH � Iq so that radH, ad Is � adrH, Is � 0 because a is abelian.

1.12.2 Root space decomposition

From the lemma, the operators adpHq with H P a are simultaneously diagonalisable. That means that there
exists a basis tXiu of g and linear maps λi : aÑ R such that

adpHqXi � λipHqXi.

For each λ P a�, we define
gλ � tX P g|padHqX � λpHqX,�H P au. (1.398)

Elements 0 � λ P a� such that gλ � 0 are called restricted roots of g. The set of restricted roots is denoted
by Σ.
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Proposition 1.181.

The restricted root together with a itself span the whole space:

g � g0 `λPΣ gλ, (1.399)

This decomposition is called the restricted root space decomposition.

Proof. We first prove that the sum is direct. If the sum is not so, we can find a H� P g0 and Xi P gλi
(λi P Σ)

such that
H� �

i̧

Xi � 0 (1.400)

Let us consider
N � tH P g0| the λipHq are all differents and not zerou

A H which is not in N fulfils some relations as λipHq � λjpHq which are linear equations, so the complement
of N is an union of hyperplanes and thus N is not empty. This allows us to consider a H P N .

We have choice the Xi in gλi
, i.e. padAqXi � λipAqXi (1.401)

for all A P a. In other words, Xi diagonalise adA with eigenvalues λipAq. Now, let us consider adH for a
H P N . Since all the λipHq are different and not zero, the equation (1.401) implies that all the Xi (and H�) are
in separate eigenspaces of adH . Thus they are linearly independent, hence the equation (1.400) is not possible.
The sum (1.399) is thus a direct sum. For the rest of the proof, see [16] theorem 4.2.

Other properties of the root spaces are listed in the following proposition.

Proposition 1.182.

The spaces gλi
satisfy also:

(i) rgλ, gµs � gλ�µ,

(ii) θgλ � g�λ; in particular, if λ belongs to Σ, then �λ belongs to Σ too,

(iii) g0 � a`Zkpaq orthogonally.

Problem and misunderstanding 14.

Il faut définir quelque part ce qu’est cet espace Zkpaq
1.12.3 Positivity, convex cone and partial ordering

Definition 1.183.

Let V be a vector space. A positivity notion (see [6], page 154) is the data of a subset V � of V such that

(i) for every nonzero v P V , we have v P V � xor �v P V �,

(ii) for every v, w P V � and every µ P R�, the elements v � w and µv are positive.

If v P V �, we say that v is positive and we note v ¡ 0.

Definition 1.184.

A convex cone in a vector space A is a subset C such that

(i) x P C and t P R� imply tx P C,

(ii) x, y P C implies x� y P C,

(iii) C X p�Cq � t0u.
To a convex cone C is attached a notion of positivity by defining x ¥ 0 if and only if x P C. The converse

is also true: if we have a notion of positivity on V , we define the corresponding convex cone by

V � � tx P V st x ¥ 0u. (1.402)

A linear partial ordering relation is a partial ordering ¤ such that

• A ¤ B implies A� C ¤ B � C for all C,

• λA ¤ λB for all λ P R�.

From a positivity notion gives rise to a linear partial ordering on V by defining x ¥ y if and only if y � x ¥ 0.
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1.12.4 Iwasawa decomposition

Let us consider a notion of positivity on a� and denote by Σ� the set of positive roots. We define

n :� `λPΣ�gλ. (1.403)

The Iwasawa decomposition is given by the following theorem ([6], theorem 5.12):

Theorem 1.185.

Let G be a linear connected semisimple group and A � exp a, N � expn where a and n are the previously defined
algebras. Then A, N and AN are simply connected subgroups of G and the multiplication map

φ : A�N �K Ñ Gpa, n, kq ÞÑ ank
(1.404)

is a global analytic diffeomorphism. In particular, the Lie algebra g decomposes as vector space direct sum

g � a` n` k. (1.405)

The group AN is a solvable subgroup of G which is called the Iwasawa group, or Iwasawa component of G.

Remark 1.186.

It can be proved that this theorem is independent of the choices: the Cartan involution, the maximal abelian
subalgebra a and the notion of positivity.

Notice that A, N and K are unique up to isomorphism. Their matricial representation of course depend on
choices.

This theorem from [16], chapter VI, Theorem 3.4. will be useful.

Theorem 1.187.

The Lie algebra a` k is solvable.

This theorem implies that the group AN is solvable.25 Before to go into concrete situations, let us prove an
useful property of the k part of g :

Theorem 1.188.

Stabpkq � K

for the adjoint action of G on k.

The proof of it is given by two lemmas. [19]

Lemma 1.189.

For any k P K,
Adpkqk � k,

and

Lemma 1.190.

If for any L P k, AdpxqL belongs to k, then x P K.

Proof of lemma 1.189. Let us take a L P k and define M P K k � eM . We have AdpkqL � eadML. But in
general, we have the relations (1.395) which give eadML P k. Then Adpkqk � k.

In order to show that k � Adpkqk, let us consider a L P k. We have to find a N P k such that AdpkqN � L.
It is clear that N � Adpk�1qL fulfils the conditions.

Proof of lemma 1.190. Let us consider X P g such that x � eX . We have eadXL P k for all L P k. This implies
that all the terms of the expansion of eadXL are in k. In particular, rX,Ls P k for all L P k. Let us consider the
Cartan decomposition of X : X � Xk �Xp. We need X such thatrXk, Ls � rXp, Ls P k

for any L P k. But inclusions (1.395) make rXp, Ls P p. Then the Xp part of X must vanish (because g � k` p

is a direct sum).

25J’esère que ce que je raconte ici n’est pas trop débile pcq j’ai pas été fouiller à fond.
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1.13 Representations

Source :[7]
We are interested in the adjoint representation on a common vector space; we will not discuss the importance

of some more complicated features as the “locally convex” condition. We only mention it.

Definition 1.191.

If V is a locally convex space, a continuous representation of a Lie group G on V is a left invariant action
π : G� V Ñ V such that for any x P G, the map πpxq : V Ñ V is a linear endomorphism of V .

If g is a Lie algebra, a representation of g in V is a bilinear map σ : gÑ EndpV q such that

σprX,Y sqv � rσpXq, σpY qsv � σpXqσpY qv � σpY qσpXqv. (1.406)

In other words, σ : gÑ EndV is an algebra homomorphism.
A vector space equipped with a representation of a Lie algebra g is a g-module. A complete locally convex

space equipped with a representation of a Lie group is a G-module.
Let us write down Schur’s lemma:

Lemma 1.192.

If φ : gÑ glpV q is irreducible, then the only endomorphism of V which commutes with all φpgq are multiples of
identity.

If π is a representation of G in a (eventually complex) vector space V , an invariant subspace is a vector
subspace W � V such that πpxqW � W for any x P G. A continuous representation in a complete locally
compact vector space V is irreducible if t0u and V are the only two invariant closed subspaces of V .

In the case of finite dimensional vector space, any subspace is closed; in this class, we find back the usual
notion of irreducibility.

An unitary representation of G is a continuous representation π of G in a complex (or real) Hilbert space
H such that πpxq is unitary for any x P G. This is: π is unitary if and only if �x P G, v, w P H ,xπpxqv, wy � xv, πpxq�1wy. (1.407)

A continuous and finite dimensional representation is unitarisable if there exists an hermitian product for
which the representation is unitary.

Now a great proposition without proof:

Proposition 1.193.

Let G be a compact Lie group26. Then every representation on a finite dimensional vector space is unitarisable.

1.14 Other results about Cartan algebras

Lemma 1.194.

A Cartan subalgebra of a semisimple complex Lie algebra is maximally abelian.

Proof. If h is a Cartan subalgebra of g, proposition 1.74 provides H0 P g such that h � g0pH0q; in particular
H0 P h. We are going to prove that if H1, H2 P h, then for every Y P g we have B

�rH1, H2s, Y � � 0, so that the
non degeneracy of the Killing form will conclude that rH1, H2s � 0.

Let X P gpH0, λq, H P h. The map adX � adH sends gpH0, µq to gpH0, λ � µq. If we choose a basis
of g made up with basis of the spaces gpH0, λiq (by the primary decomposition theorem) it is clear that
BpH,Xq � TrpadH � adXq � 0. In particular with H � rH1, H2s we get B

�rH1, H2s, X� � 0.
On the other hand, h is solvable because it is nilpotent. Since the adjoint action provides a representation of h

on h, corollary 1.21 says that we have basis of h in which all the matrices of are upper triangular. Now if A, B and
C are upper triangular matrices, ABC and BAC have same elements on the diagonal;in particular they traces
are the equal: TrpABCq � TrpBACq. Let us consider H1, H2, H P h By Jacobi, adrH1, H2s � radH1, adH2s,
then

TrpadrH1, H2s adHq � TrpadH1 adH2 adHq � TrpadH2 adH1 adHq� TrpadH2 adH1 adHq � TrpadH1 adH2 adHq� 0.

(1.408)

26Verifie si il faut que ce soit de Lie
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Up to now we had seen that BprH1, H2s, Hq � 0 and BpH,Xq � 0 if X P `λ�0gpH0, λq. In the latter, we can
consider rH1, H2s as H . Then

BprH1, H2s, Y q � 0

for all Y P g. Then rH1, H2s � 0 because the Killing form is nondegenerate (g is semisimple). This proves that
h is abelian.

Now it remains to see that h is contained in no larger abelian subalgebra of g. For this, we naturally consider
a larger abelian subalgebra h1 of g. For any H 1 P h1 and H P h, we have rH,H 1s � 0. In particular rH 1, H0s � 0;
the property

h � gpH0, 0q � tX P g st padH0qkX � 0 for a cerain k P Nu.
makes H 1 P h.

Proposition 1.195.

Let g be a Lie algebra, x P g and

gx � ty P g st Dn P N : padxqny � 0u. (1.409)

Then gx is a subalgebra of g which is its own centralizer in g.

Proof. Since adpxq is a derivation of g (cf. 1.1),padxqnpru, vsq � ņ

k�0

�
n

k


rpadxqku, padxqn�kvs;
then rgx, gxs � gx. This proves that gx is a subalgebra of g. Let y P g be such that ry, gxs � gx. Clearlyrx, ys P gx (because x P gx) then padxqny � padxqn�1rx, ys, so that y P gx.

Lemma 1.196.

If A : V Ñ V is a linear operator on a finite dimensional vector space, then there exists a positive integer p such
that AppV q � Ap�1pV q.
Proof. We build a basis of V in the following manner. Since ApV q is a subspace of V , we can begin our basis
with tYiu, a basis of the component of ApV q in V . Next, A2pV q is a subspace of ApV q, then we can considertX1

i u, a basis of the vector space ApV qzA2pV q, and so on. . . tXp
i u are vectors in AnpV q but not in An�1V . Since

the vector space has only a finite number of basis vectors, there is a p such that tXp
i u � H.

Now we consider W � tu P V st Dn P N : Anu � 0u and v P V . There exists a v1 P V such that
Appvq � Ap�1pv1q. Writing v � Apv1q � pv �Apv1qq, we find

V � ApV q �W (1.410)

because Appvq �Ap�1pv1q � 0, v �Apv1q PW .
If we apply A on this, we find ApV q � A2pV q�ApW q. Reinserting it into the right hand side of (1.410), we

find V � A2pV �W q and repeating p times this process, we find V � AppV q�W and the sum is direct because
none of the elements of AppV q is annihilated by A:

V � AppV q `W. (1.411)

Proposition 1.197.

Let g be a Lie algebra and x P g. Then there exists a subspace gx of g such that g � gx` gx and rgx, gxs � gx.

Proof. We claim that the space is given by
gx � padxqpg (1.412)

where p is taken large enough to have padxqpg � padxqp�1g. The lemma and the discussion below show the
correctness of the definition of gx and that g � gx` gx. It remains to be proved that rgx, gxs � gx. For we will
prove (by induction with respect to m) for any m that padxqmy � 0 implies pad yqgx � gx.

For m � 1, the induction assumption becomes rx, ys � 0 and Jacobi gives adx � ad y � ad y � adx, thenpad yqgx � padxqppad yqg � gx. Now we suppose that padxqm�1z � 0 implies pad zqgx � gx and we consider
y P g such that padxqmy � 0 and u P gx. We are going to show that pad yqu P gx. Let f be the characteristic
polynomial of adx:

fptq � det
�

adx� t1�
where adx and 1 are taken on gx. Since padxqu � 0, fp0q � 0 and by the Cayley-Hamilton theorem, fpadxqu �
0. Then pfpadxq ad yqu � pfpadxq ad y � pad yqfpadxqqu, (1.413)
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and, on the other hand, �q P N,padxqq ad y � ad ypadxqq � q�1

ŗ�0

padxqrpadrx, ysqpadxqq�r�1.

It follows that fpadxq ad y � pad yqfpadxq is a linear combination of terms of the formpadxqapadrx, ysqpadxqb
and the induction hypothesis shows that fpadxqpad yqu P gx.

Now we consider a n such that padxqngx � 0; the fact that fp0q � 0 implies the existence of polynomials
gptq and hptq such that gptqtn � hptqfptq � 1. If we decompose pad yqu � v � w with respect to g � gx ` gx we
find pad yqu � rgpadxqpadxqn � hpadxqfpadxqspad yqu� fpadxqpad xqnv � hpadxqfpadxqpad yqu P gx.

(1.414)

Proposition 1.198.

Let g be a Lie algebra and x P g such that gx is as small as possible. Then gx is a Cartan subalgebra.

Proof. From proposition 1.195, it is sufficient to prove that gx is nilpotent. Let y P gx and fyptq be the
characteristic polynomial of ad y. Since it is a subalgebra, gx is stable under ad y and proposition 1.197 makes
gx also stable under ad y. Then ad y can be written under a bloc-diagonal form with respect to the decomposition
g � gx ` gx, so that the characteristic polynomial can be factorised as

fyptq � gyptqhyptq (1.415)

where gy and hy are the characteristic polynomials of the restrictions of ad y to gx and gx. Let py1, . . . , ymq
be a basis of gx and tn, the greatest power of t which divide all the gyptq with y P gx. The coefficient of tn in
gciyi

ptq is a polynomial with respect to the ci because of the expression

gciyi
ptq � det

�
adpciyiq � t1	.

Let u be this polynomial: gciyi
ptq � . . . � upc1, . . . , cmqtn. By definition of n, this is not an identically zero

polynomial and there are no terms with tn�1. For the same reasons, we have a polynomial v such that

hciyi
p0q � vpc1, . . . , cmq. (1.416)

We know that none of the non-zero elements in gx are annihilated by adx (because of the definition of
gx). Then hxp0q � 0 and v is not identically zero. With all this we can find some ci P C such that
upc1, . . . , cmqvpc1, . . . , cmq � 0. If y � ciyi, the coefficient of tn in fyptq is upcqvpcq � 0, so that fyptq is
not divisible by tn�1.

But in the other hand gx has minimal dimension, then dim gy ¥ m � dim gx. Moreover tdim gy

divide fyptq
because there is a certain power of ad y which has zero as eigenvalue with multiplicity dim gy27. Since fyptq can
not be divided by tn�1 this shows that n� 1 ¡ dim gy and n ¥ dim gy ¥ m.

Now we consider y, any element of gx. From the fact that tn divide all the gyptq and that n ¥ m, we see
that tm divide gyptq. But the degree of gyptq is dim gx � m. Finally, gyptq � m and ad y is nilpotent on gx for
any y P gx.

The Engel’s theorem 1.32 makes gx nilpotent.

The following holds for complex or real Lie algebras and comes from [8] see also [2]. We denote by K the
base field of g, i.e. R or C. For X P g and λ P K we define

gpX,λq � tY P g st padX � λ1qnY � 0 for a certain n P Nu. (1.417)

A first useful result is given in

Lemma 1.199.

If Z P g, then rgpZ, λq, gpZ, µqs � gpZ, λ� µq,
in particular h is a subalgebra of g.

27This is not a good reason.
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Proof. We consider Xλ P gpZ, λq and Xµ P gpZ, µq. We have�
adZ � pλ� µqI�rXλ, Xµs � rpadZ � λIqXλ, Xµs� rXλ, padZ � µIqXµs. (1.418)

By induction, �
adZ � pλ� µq1�nrXλ, Xµs � 8̧

i�0

�
n

i


rpadZ � λIqiXλ, padZ � µIqn�iXµs. (1.419)

It will become zero for large enough n.

An element X P g is regular if dim gpX, 0q is minimum28. This minimum is the rank of g.

Proposition 1.200.

If X P g is a regular element then the algebra

h � gpX, 0q � tY P g st padXqnY � 0 for some n P Nu (1.420)

is nilpotent.

Proof. We have to show that for anyH P h, the endomorphism adH of h is nilpotent. Consider the characteristic
polynomial of adX

pptq � detpadX � t1q � trqptq
where tr is the maximal factorization of t; in other words, qptq is not divisible by t and r � dim h. In particular

h � tY P g st padXqrY � 0u. (1.421)

Let
k � tY P g st qpadXqY � 0u (1.422)

From the Cayley-Hamilton theorem (??), ppadXq � 0, then padXqrqpadXq � 0 and g � h ` k. Moreover h

and k are adX-invariants: padXqh � h and padXqk � k.
Every weight of adX are in C. As we know that h is Cartan in g if and only if hC is Cartan in gC, we can

suppose that g is a complex algebra by considering gC if g is real. So all the weight are in the base field and we
can define

k �
λ̧P∆

gpX,λq.
where ∆ is the set of all the non zero weight of adX . A property29 of the weight space is that

g � gpX,λ1q ` . . .` gpX,λmq
if the λi’s are the weight of adX . Now we prove that

°
λ�0

gpX,λq � k. First consider a Y P gpX,λq which can be
decomposed as Y � H�K with H P h and K P k. Then padX�λ1qnpH�Kq � padX�λ1qnH�padX�λ1qnK
where the first term is not zero (because H P h) and lies in h while the second term lies in k. Then the sum can
be zero only if H � 0.

Let g be a complex semisimple Lie algebra, H P g and 0 � λ0, λ1, . . . , λr, the eigenvalues of adH . For any
λ P C, one can consider

gpH,λq � tX P g st padH � λIqkX � 0u. (1.423)

From the Jordan decomposition, gpH,λq � 0 except if λ is one of the λi, and

g � rà
i�0

gpH,λiq. (1.424)

An element H P g is regular if
dim gpH, 0q � min

XPg dim gpX, 0q.
Let H0 be a regular element and h � gpH0, 0q.

28Anglais ?
29Que je dois encore faire, cf Sagle
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Lemma 1.201.

The algebra h � gpH0, 0q is nilpotent

Proof. Let 0 � λ0, λ1, . . . , λr be the eigenvalues of adH0 and

g1 � ŗ

i�1

gpH0, λiq
which is a subspace of g. From the lemma,rgpH0, 0q, gpH0, λiqs � gpH0, λiq � g1.
For each H P h, we denote H 1, the restriction of adH to g1 and dpHq � detH 1. The function H Ñ dpHq
is a polynomial on h in the sense of the coordinates on h as vector space. If H 1

0 has a zero eigenvalue we
would have adpH0qX � 0 for some X P g1. In this case rH0, Xs � 0, but X P gpH0, λiq, then for a certain k,padH0 � λiqkX � 0, so that λiX � 0. Since g is defined by excluding λ0, X � 0. Thus H 1

0 has only non zero
eigenvalues and dpH0q � 0.

We know that a polynomial which is zero on an open set is identically zero; then on any open set of h, d has
a non zero value somewhere. In particular,

S � tH P h st dpHq � 0u
is dense in h. We consider a H P S. The endomorphism H 1 has only non zero eigenvalues, so that gpH, 0q � h

from lemma 1.199; but H0 is regular, then gpH, 0q � h. Thus the restriction of adH to h is nilpotent because
it is nilpotent on gpH, 0q30.

If l � dim h, then padhHql � 0 because adhH is nilpotent. By continuity, this equation is true for any H P h

from the density of S in h. Then h is nilpotent.

Here is an alternative proof (that I do not really understand) for theorem 1.78.

Theorem 1.202.

Let g be a complex Lie algebra with Cartan subalgebra h. Then g0 � h.

Proof. Since h is Cartan, it is nilpotent. So h � g0. If v P g0, there exists a n such that for any z P h,pad zqnv � 0. The fact that h is nilpotent makes pad znq � . . . � pad z1qv � 0 for any z P g0 and for all
z1, . . . , zn P h. If we write pad z1qv with v P g0zh, we can always choose z1 in order the result to not be h. Next
we can choose z2 P h such that pad z2q � pad z1qv is also not in h and so on. . . Since g0 is nilpotent, we always
finish on zero. If n is the maximum of adjoint that we can take before to fall into zero; we haverh, pad zn�1q � pad z1qvs � 0

for all h P h and with a good choice of zi, it contradicts the fact that h is Cartan.

1.15 Universal enveloping algebra

Let A be a Lie algebra. One knows that the composition law pX,Y q Ñ rX,Y s is often non associative. In order
to build an associative Lie algebra which “looks like” A, one considers T pAq, the tensor algebra of A (as vector
space) and J the two-sided ideal in T pAq generated by elements of the form

X b Y � Y bX � rX,Y s
for X , Y P A. The universal enveloping algebra of A is the quotient

UpAq � T pAq{J . (1.425)

For X P A, we denote by X� the image of X by canonical projection π : T pAq Ñ UpAq and by 1 the unit in
UpAq. One has 1 � 0 if and only if A � t0u.

A property without proof31 (see [16] page 90):

30Ce paragraphe n’est pas vraiment clair. . .
31La preuve est à partir de 21# de Lie
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Proposition 1.203.

Le V be a vector space on K. Then there is a natural bijection between the representations of A on V and the
ones of UpAq on V . If ρ is a representation of A on V , the corresponding ρ� of UpAq is given by

ρpXq � ρ�pX�q
(X P A).

Let tX1, . . . , Xnu be a basis of A. For a n-uple of complex numbers ptiq, one defines

X�ptq � ņ

i�1

tiX
�
i . (1.426)

On the other hand, we consider a n-uple of positive integers M � pm1 � . . .mnq, and the notation|M | � m1 � . . .�mn

tM � tm1

1
� � � tmn

n .
(1.427)

When |M | ¡ 0, we denote by X�pMq P UpAq the coefficient of tM in the expansion of p|M |!q�1pX�ptqq|M |.
If |M | � 0, the definition is X�p0q � 1. Once again a proposition without proof32:

Proposition 1.204.

The smallest vector subspace of UpAq which contains all the elements of the form X�pMq is UpAq itself:

UpAq � SpantX�pMq : M P Nnu.
Corollary 1.205.

Let A be a Banach algebra of dimension n, B a Banach subalgebra of dimension n� r and a basis tX1, . . . , Xnu
of A such that the n� r last basis vectors are in B. We denotes by B the vector subspace of UpAq spanned by
the elements of the form X�pMq with m � p0, . . . , 0,mr�1, . . . ,mnq. Then B is a subalgebra of UpAq.
Definition 1.206.

Two Lie groups G and G1 are isomorphic when there exists a differentiable group isomorphism between G and
G1.

They are locally isomorphic when there exists neighbourhoods U and U 1of e and e1 and a differentiable
diffeomorphism f : U Ñ U 1 such that�x, y, xy P U , fpxyq � fpxqfpyq,
and�x1, y1, x1y1 P U 1, f�1px1y1q � f�1px1qf�1py1q.

Now a great theorem without proof:

Theorem 1.207.

Two Lie groups are locally isomorphic if and only if their Lie algebras are isomorphic.

The following universal property of the universal enveloping algebra explains the denomination:

Proposition 1.208.

Let σ : G Ñ UpGq the canonical inclusion and A an unital complex associative algebra. A linear map ϕ : G Ñ A

such that

ϕrX,Y s � ϕpXqϕpY q � ϕpY qϕpXq (1.428)

can be extended in only one way to an algebra homomorphism ϕ0 : UpGq Ñ A such that ϕ0 �σ � ϕ and ϕp1q � 1

For a proof, see [12].

1.15.1 Adjoint map in UpGq
We know that Adpgq : G Ñ G fulfils

AdpgqrX, ys � rAdpgqX,AdpgqY s,
32À la page /23
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and we can define Adpgq : G Ñ UpGq by AdpgqX � X where in the right hand side, X denotes the class of X
for the quotients of the tensor algebra which defines the universal enveloping algebra.

When rA,Bs is seen in UpGq, we have rA,Bs � A bB � B b A. Then Adpgq : G Ñ UpGq fulfils proposition
1.208 and is extended in an unique way to Adpgq : UpGq Ñ UpGq with Adpgq1 � 1.

Lemma 1.209.

If D P UpGq, the following properties are equivalent:

• D P ZpGq
• D bX � X bD for all X P G

• eadXD � D for all X P G

• AdpgqD � D for all g P G.

1.15.2 Invariant fields

If X P g, we have the associated left invariant vector field on G given by X̃x � dLxX . That field is left invariant
as operator on the functions because

X̃xpuq � X̃epL�xuq (1.429)

as the following computation shows

X̃epL�uq � d

dt

�pL�xuq�etX��
t�0

� d

dt

�
u
�
xetX

��
t�0

� d

dt

�
u
�
X̃xptq��

t�0

� X̃xpuq (1.430)

because the path defining X̃x is xetX .
We can perform the same construction in order to build left invariant fields based on Upgq. If X and Y are

elements of g, the differential operator on C8pGq associated to XY P Upgq is given bypXY qpfq � d

dt

d

ds

�
f
�
XpsqY ptq��

s�0
t�0

(1.431)

The path defining the field �XY is �XY x � xXpsqY ptq. (1.432)

Thus we have �pXY qepL�uq ��pXY qxu (1.433)

Lemma 1.210.

If X,Y P g we have radpXq, adpY qs � adprX,Y sq. (1.434)

Proof. Let f P g and compute the action of radpXq, adpY qs:radpXq, adpY qsf � adpXqrY f, fY s � adpY qpXf � fXq (1.435a)� pXY � Y Xqf � fpY X �XY q (1.435b)� adprX,Y sqf. (1.435c)

1.15.3 Representation of Lie groups

Proposition 1.211.

Let G be a Lie group and G its Lie algebra. A representation ϕ : GÑ EndpV q of the group induces a represen-
tation φ : UpGq Ñ EndpV q of the universal enveloping algebra with the definitions

φpXq � dϕepXq, (1.436a)

φpXY q � φpXq � φpY q (1.436b)

where e is the unit in G and X, Y are any elements of G.
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Proof. We have

φpXq � d

dt

�
ϕpetXqv�

t�0

� dϕepXqv. (1.437)

Notice that, by linearity of the action of ϕpetXq on v, one can leave v outside the derivation. Now, neglecting
the second order terms in t in the derivative, and using the Leibnitz formula, we have

φprX,Y sqv � d

dt

�
ϕpetXY e�tXY q�

t�0

v� d

dt

�
ϕpetXY qϕp1q�

t�0

v � d

dt

�
ϕp1qϕpe�tXY q�

t�0

v� φpXY qv � φpY Xqv� �φpXqφpY q � φpY qφpXq�v� rφpXq, φpY qsv, (1.438)

which is the claim.

1.16 Representations

References for Lie algebras and their modules are [2, 3, 14, 15, 18, 20, 21].
Since h is abelian, the operators Hαj

(j � 1, . . . , l) are simultaneously diagonalisable. In that basis of the
representation space W , the basis vectors are denoted by |uΛy and have the property

Hαi
|uΛy � ΛpHαi

q|uΛy, (1.439)

and, as notation, we note Λi � ΛpHαi
q. The root Λ is a weight of the vector |uΛy. The vector Eβ |uΛy is of

weight β � Λ, indeed,

Hαi
Eβ |uΛy � �rHαi

, Eβs �EβHαi

�|uΛy � �2pαi, βqpαi, αiq � Λi



Eβ |uΛy. (1.440)

Thus the eigenvalue of Eβ |uΛy for Hαi
is, according to the relation, (1.364), βpHαi

q � ΛpHαi
q.

We suppose that the roots αi are given in increasing order:

α1 ¥ α2 ¥ . . . ¥ αl, (1.441)

and one says that a weight is positive if its first non vanishing component is positive. Then one choose a basis
of W |uΛp1qy, . . . , |uΛpNqy (1.442)

of weight vectors. One say that this basis is canonical if

Λp1q ¥ . . . ¥ ΛpNq. (1.443)

Theorem 1.212.

A vector if weight Λ which is a combination of vectors of weight Λpkq all different of Λ vanishes.

Proof. No proof.

A consequence of that theorem is that, if W is a representation of dimension N of g, there are at most N
different weights. When several vectors have the same weight, the number of linearly independent such vectors
is the multiplicity of the weight. A weight who has only one weight vector is simple.

Proposition 1.213.

The weights Λ and Λ� 2αpΛ, αq{pα, αq have the same multiplicity for every root α.

Theorem 1.214.

Two representation are equivalent when they have the same highest weight.

Proposition 1.215.

For any weight M and root α,
2pM,αqpα, αq P Z, (1.444)

and

M � 2pM,αqpα, αq α (1.445)

is a weight.

Notice, in particular, that for every weight M , the root �M is also a weight.
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1.16.1 About group representations

Let π be a representation of a group G. The character of π is the function

χπ : GÑ C
g ÞÑ Tr

�
πpgq�. (1.446)

From the cyclic invariance of trace, it fulfils χπpgxg�1q � χπpxq, so that the character is a central function.
Let G be a Lie group with Lie algebra g. We denote by Z� the subgroup of G generated by n�. The Cartan

subgroup D of G is the maximal abelian subgroup of G which has h as Lie algebra.
A character of an abelian group is a representation of dimension one.
Let T be a representation of G on a complex vector space V . One say that ξ P V is a highest weight if

• T pzqξ � ξ for every z P Z�,

• T pgqξ � αpgqξ for every g P D.

The function α : D Ñ C is the highest weight of the representation T .

Lemma 1.216.

The function α is a character of the group D.

Proof. The number αpgg1q is defined by T pgg1qξ � αpgg1qξ. Using the fact that T is a representation, one easily
obtains T pgg1qξ � αpgqαpg1qξ.
1.16.2 Modules and reducibility

As far as terminology is concerned, one can sometimes find the following definitions. A g-module is simple when
the only submodules are g and 0. It is semisimple when it is isomorphic to a direct sum of simple modules.
The module is indecomposable if it is not isomorphic to the direct sum of two non trivial submodules.

An vector space endomorphism a : V Ñ V is semisimple if V is semisimple as module for the associative
algebra spanned by A. In this text, we will not use this terminology but the one in terms of reducibility. It is
clear that g is itself a g-module for the adjoint representation. From this point of view, a g-submodule is an
ideal. Then a simple Lie algebra is an irreducible g-module and a semisimple Lie algebra is completely reducible
by corollary 1.46. This explains the terminology correspondence

simple Ø irreducible
semisimple Ø completely reducible.

Theorem 1.217 (Weyl’s theorem).
A representation of a semisimple Lie algebra is completely reducible.

1.16.3 Weight and dual spaces

In general, when T : V Ñ V is an endomorphism of the vector space V and λ P K (K is the base field of V ),
we define

Vλ � tv P V st pT � λ1qnv � 0 for a n P Nuq. (1.447)

If V pλq � 0, we say that λ is a weight and V pλq is a weight space.
Let now particularize to the case where g is a Lie algebra, and g� its dual space (the space of all the complex

linear forms on g). Let ρ be a representation of g on a complex vector space V (seen as a g-module), and
γ P g�. For each x P g, we have ρpxq : V Ñ V and γpxq P C; then it makes sense to speak about the operator
ρpxq � γpxq : V Ñ V and to define

Vγ � tv P V st �x P g, Dn P N st
�
ρpxq � γpxq�nv � 0u. (1.448)

If Vγ � 0, we say that γ is a weight for the representation ρ while Vγ is the corresponding weight space.
A simpler form for complex semisimple Lie algebras will be given in equation (1.109) as corollary of theorem
1.152.

Notice that a root is a weight space for the adjoint representation, see definition 1.77. We denote by Φ the
set of non empty root spaces.
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Lemma 1.218.

Let EndpV q be the algebra of linear endomorphism of a vector space V . Let x1, . . . , xk, y1, . . . , yk P EndpV q and

e �
i̧

rxi, yis.
If e commutes with all xi, then it is nilpotent.

A proof of this lemma can be found in [9]

Theorem 1.219.

Let g be a Lie algebra of linear endomorphisms of a finite dimensional vector space V . We suppose that V is a
completely reducible g-module and we denote the center of g by Z. Then

(i) rg, gs XZ � 0,

(ii) L{Z has a non zero abelian ideal,

(iii) any element of Z is a semisimple endomorphism.

Problem and misunderstanding 15.

The following proof seems me to be quite wrong.

Proof. Let A be the associative algebra spanned by g and the identity on V . It is clear that the A-stable
subspaces are exactly the g-stable ones. Then V is a completely reducible A-module and it has no non zero
nilpotent left ideal. Indeed let B be a left ideal in A such that BB � 0. In this case, B � V is a A-submodule
of V (because B is an ideal) and V � B � V `W for a certain A-submodule W . Since B � V is a A-submodule,

B �W � pB � V q XW

(because W is stable under A) which implies B �W � 0 and B � V � B � pBV �W q0. Consequently, B � 0.
Let T be the center of A; this is an ideal, so that T has no non zero nilpotent elements. To see it, consider a

nilpotent element z P T . Remark that T � Az is a nilpotent ideal because AzAz � Az2A. Now, we prove that
z is a semisimple linear endomorphism of V . By lemma 1.196, with large enough n, znpV q finish to stabilize.
Let q � °vPV The space Vs � znpV q is not zero because z is not nilpotent. Let W be the set of elements of
V which are annihilated by a certain power of z. Equation (1.411) makes z semisimple because Vs and W are
z-stables.

By lemma 1.218, any element of rA,As X T is nilpotent; but we just saw that it has no non zero nilpotent
elements then rA,As X T � 0, so that rg, gs XZ � 0.

This proves the first point.
Now we consider an ideal J such that rJ, Js � Z. Then rJ, Js � rJ, Js X Z � 0. We looks at the abelian

ideal rg, Js of g. This is an ideal because rrg, js, hs � �rrj, hs, gs � rrh, gs, js. By the lemma, the elements ofrg, Js are nilpotent and the associative algebra generated by rG, Js is also nilpotent because rg, Js is abelian.
The elements of B are polynomials with respect to elements of rg, Js, then AB � BA � B because AB is

made up with elements of the form aphj � jhqn which itself is made up with elements ahkjl. By commutating
jl, we get

jlahk � elements of rg, Js,
but J is an ideal and jl P J . By induction, pABqk � BkA�Bk. (1.449)

Since B is nilpotent, AB is a nilpotent left ideal. Then AB � 0 which in turn implies B � 0. In particularrg, Js � 0, so that J � Z. But any abelian ideal in g{Z is the canonical projection of an ideal J of g such thatrJ, Js P Z. We conclude that g{Z has no non zero abelian ideal.

Now we are able to prove a third version of Lie’s theorem:

Theorem 1.220 (Lie).
If g is a solvable ideal, then any completely reducible g-module is annihilated by rg, gs.
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Proof. Let V be such a g-module, ρ the representation of g on V and A � ρpgq � EndpV q. By assumption, a is
a solvable subalgebra of EndpV q; let Z be the center of a. It is clear that a{Z is solvable, so that it has no non
zero abelian ideal. But the fact that a{Z is solvable makes one of the Dkpa{Zq an abelian ideal. The conclusion
is that a{Z � 0, or a � Z. Clearly this makes ra, as � 0.

Proposition 1.221.

Let g be a nilpotent complex Lie algebra and ρ, a representation of g on a finite dimensional vector space V .
Then

(i) �γ P g�, the space Vγ is a g-submodule of V ,

(ii) if γ is a weight, then there exists a nonzero vector v P Vγ such that �x P g, x � v � γpxqv,

(iii) V �Àγ Vγ where the sum is taken over the set of weight.

From the third point, an element y P g can be decomposed as

y �
β̧PΦ

yβ (1.450)

with yβ P gβ .
From now, we only consider complex Lie algebras. A typical milpotent algebra is a Cartan subalgebra of a

semisimple Lie algebra.

Proof. Since ρ is a representation,�
ρpxq � γpxq�ρpyq � ρpyq�ρpxq � γpxq�� ρprx, ysq.

Now let us suppose that
�
ρpxq � γpxq�mρpyq is a sum of endomorphism of the form

ρppadxqpyq�ρpxq � γpxq�q
with p� q � m. We just saw that it was true for m � 1. Let us check for m� 1:

ρpxqρppad xqpyq�ρpxq � γpxq�q � ρprx, padxqpysq�ρpxq � γpxq�q� ρppadxqpyqρpxq�ρpxq � γpxq�q. (1.451)

Then, since g is nilpotent, the space Vγ is a submodule of V because for large enough m and for all y,
�
ρpxq �

γpxq�mρpyqv � 0 if v P Vγ .
Any nilpotent algebra is solvable, then from Lie theorem 1.220, the restrictions of ρpxq (with x P g) to

irreducible submodules commute. By Schur’s lemma 1.192, they are multiples of identity. But if all g is the
identity on an irreducible module, then the module has dimension one. In particular, any irreducible submodule
of Vγ has dimension one33.

Then, in the weight space Vγ , there is a v which fulfils ρpxqv � λpxqv for all x P g. It is rather clear that it
will only works for λ � γ. Our conclusion is that there exists a v P Vγ such that ρpxqv � γpxqv.

Now we consider γ1, . . . , γk, distinct weights. They are linear forms; then there exists a x P g such that
γ1pxq, . . . , γkpxq are distinct numbers. In fact, the set th P h st αiphq � αjphq for a certain pair pi, jqu is a finite
union of hyperplanes in h; then the complementary is non empty.

With this fact we can see that the sum Vγ1
� . . . � Vγk

is direct. Indeed let v P Vγi
X Vγj

; for the chosen
x P g and for suitable m, �

ρpxq � γipxq�mv � �ρpxq � γjpxq�mv � 0 (1.452)

which implies γipxq � γjpxq or v � 0. In particular one has only a finitely many roots and we can suppose that
our choice of γi is complete.

For a P C, we define Va as the set of elements in V which are annihilated by some power of ρpxq � a with
our famous x. By the first lines of the proof, Va is a g-submodule of V .

For the same reasons as before34, if Va � 0, there exists a v P Va and a weight γi such that �y P g,

ρpyqv � γipyqv.
33Encore que soit pas bien clair pourquoi un tel module existerait... donc l’affiramation suivante ne me semble pas trop justifiée
34Celles que je n’ai pas bien comprises
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But as v is annihilated by a power of
�
ρpxq � a�, it is clear that a � γipxq, and some theory of linear endomor-

phism35 shows that V is the sum of the Va’s:

V � ķ

i�1

Vγipxq. (1.453)

It remains to be proved that Vγipxq � Vγi
. Let y P g and

Vi,a � tv P Vγipxq st Dn : pρpyq � aqnv � 0u.
As usual36 if Vi,a � 0, there exists a v P Vi,a and a weight γj such that ρpzqv � γjpzqv for any z P g. Then
a � γjpyq � γipyq. But Vγipxq being the sum of the Vi,a’s, we have Vγipxq � Vi,γipyq for any y P g. This makes
Vγipxq�Vγi

.

1.16.4 List of the weights of a representation

We consider a representation of highest weight Λ. For each weight M , we define

δpMq � 2
α̧iPΠ

Mαi
(1.454)

where, as usual, Mα � 2pM,αq{pα, αq. For any root α, we define

γpαq � 1
2

�
δpΛq � δpαq�. (1.455)

Proposition 1.215 shows in particular that γpαq is an integer.

Proposition 1.222.

When M is a weight, γpMq is the number of simple roots that have to be subtracted from the highest weight Λ
in order to get M .

Proof. No proof.

Let us consider the sets
∆k
φ � tM st γpMq � ku. (1.456)

That set is the layer of order k. Of course, there exists a T pφq such that

∆φ � ∆0

φ Y∆1

φ Y . . .Y∆T pφq
φ . (1.457)

That T pφq is the height of the representation φ. If Λ is the highest weight and Λ1 is the lowest weight, then
we have γpΛq � 0 and γpΛ1q � T pφq.

A corollary of proposition 1.222 is that, if M P ∆r
φ and if α is a simple root, then M � α P ∆r�1

φ , and

M � α P ∆r�1

φ .
Let us denote by Skpφq the multiplicity of the layer of order k; we have

S0 � S1 � . . .� ST � N, (1.458)

where N is the dimension of the representation φ. The number

IIIpφq � maxSkpφq (1.459)

is the width of the representation.

Lemma 1.223.

If Λ is the highest weight and Λ1 is the lowest weight, then δpΛq � δpΛ1q � 0.

Proof. No proof.

From that lemma and the definition of γpMq, we deduce that δpΛq � δpΛ1q � 2γpΛ1q � T pφq, so that
δpΛq � T pφq and

δpMq � T pφq � 2γpMq. (1.460)

In particular, δpMq has a fixed parity for a given representation φ. It is the parity (even or odd) of the
representation.

35théorie que je ne connais pas trop
36et comme d’hab, l’argument que je ne saisit pas
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Theorem 1.224.

If Λ is the highest weight of the irreducible representation φ, then

T pφq �
α̧iPΠ

rαi
Λα (1.461)

where the coefficients rαi
only depend on the algebra, and in particular not on the representation.

Proof. No proof.

The coefficients rαi
are known for all the simple Lie algebra, see for example page 105 of [14].

1.16.4.1 Finding all the weights of a representation

The following can be found in [14, 15].

Theorem 1.225.

If ∆φ is the weight system of the irreducible representation φ, then

Sk � ST�k (1.462)

and
Sr ¥ Sr�1 ¥ . . . ¥ S2 ¥ S1 (1.463)

where r � T
2
� 1.

The theorem says that when T pφq is even (let us say T pφq � 2r), then IIIpφq � Srpφq and when T pφq is
odd (let us say T pφq � 2r � 1), then

IIIpφq � Srpφq � Sr�1pφq. (1.464)

Let α be a root. The α-series trough the weight M is the sequence of weights

M � rα, . . . ,M � qα (1.465)

such that M � pr � 1qα and M � pq � 1qα do not belong to ∆φ.

Proposition 1.226.

Let M be a weight of the representation φ and α, any root of g. If the α-series trough M begins at M � rα and
ends at M � qα, then

2pM,αqpα, αq � r � q, (1.466)

or, more compactly, Mα � q � r.

Notice that, in that proposition, q and r are well defined functions of M and α.
We are now able to determine all the weights of the representation φ. Let us suppose that we already know

all the layers ∆0
φ, . . . ,∆

r�1

φ . We are going to determine the weights in the layer ∆r
φ.

An element of ∆r
φ has the form M � α with M P ∆r�1

φ and α, a root. Thus, in order to determine ∆r
φ, we

have to test if M � α is a weight for each choice of M P ∆r�1

φ and α P Π. Using proposition 1.226, if37

Mα � q ¥ 1, (1.467)

then M �α P ∆φ. The number Mα� qpM,αq is the lucky number of the root M �α. The root is a weight if
its lucky number is bigger or equal to 1. Notice that qpM,αq depends on the representation we are looking at.

Since M � kα P ∆r�k
φ , the value of q is known when one knows the “lower” layers. We are thus able

to determine, by induction, all the layers from ∆0

φ which only contains the highest weight. For this one, by
definition, we always have q � 0.

The Dynkin coefficients of one weights can be more easily computed using the following formula, which is a
direct consequence of definition of the Cartan matrix:pM � αjqi �Mi �Aji. (1.468)

As example, let us determine the weights of the representation bc bc
1

of sup3q. The algebra sup3q has
two simple roots α and β whose inner products are pα, αq � pβ, βq � 1 and pα, βq � �1{2. The highest weight

of φ � bc bc
1

is Λ � pα� 2βq{3.

37At page 104 of [14], that condition is (I think) wrongly written Mα � q ¥ 0; that mistake is repeated in the example of page 106.
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We first test if Λ�α is a weight. Easy computations show that Λα � 0 wile q � 0; thus Λ�α is not a weight.
The same kind of computations show that Λβ � 1, so that Λβ � qpΛ, βq � 1. That shows that ∆1

φ � tΛ� αu.
Let now M � Λ� β � pα � βq{3. Since M � α R ∆φ, we have qpM,αq � 0. On the other hand, Mα � 1,

so that M � α P ∆2

φ. The last one to have to be tested is M � β. Since M � β � Λ, we have qpM,βq � 1, but
Mβ � �1. Thus Mβ � qpM,βq � 0 and M � β is not a weight.

We can obviously continue in that way up to find ∆r
φ � 0, but there is an escape to be more rapid. Indeed,

using theorem 1.224 with coefficients rα that can be found in tables (for example in [14]), we find

T pφq � 2Λα � 3Λβ � 2, (1.469)

thus we immediately know that ∆3
φ does not exist.

On the other hand, one knows the width IIIpφq � maxSkpφq because (since T pφq � 2r, with r � 1), we have
IIIpφq � S1pφq. Thus, once ∆1pφq is determined, we know that the next ones will never have more elements.

In the example, when we know that M � α is a weight, we do not have to test M � β.

1.16.5 Tensor product of representations

1.16.5.1 Tensor and weight

Let φ and φ1 be representations of g on the vector spaces R and R1 of dimensions n and m. If A P MnpRq
and B P MmpR1q, the tensor product, also know as the Kronecker product of A and B is the matrix
AbB PMmnpRbR1q whose elements are given by

Cik,jl � AijBkl. (1.470)

The principal properties of that product arepA1A2q b pB1B2q � pA1 bB1qpA2 bB2q (1.471a)pAbBq�1 � A�1 bB�1 (1.471b)1R b 1R1 � 1RbR1 (1.471c)

If ϕ1 and ϕ2 are two representations of a group G, the tensor product is defined bypϕ1 b ϕ2qpgq � ϕ1pgq b ϕ2pgq. (1.472)

If φ and φ1 are two representations of a Lie algebra g, the tensor product representation is defined bypφb φ1qpXqpv b v1q � �φpXqv�b v1 � v b �φ1pXqv1�. (1.473)

If tφku are the irreducible representations, a natural question that arise is to determine the coefficients Γ which
decompose φb φ1 into irreducible representations:

φb φ1 �
ķ

Γkpφ, φ1qφk (1.474)

Let W and W 1 be the representation spaces and consider the following decompositions in weight spaces:

W � à
ΛP∆1

WΛ, W 1 � à
ΛP∆2

W 1
Λ. (1.475)

By definition, pW bW 1qα � tv b v1 st pφb φ1qphqpv b v1q � αphqpv b v1qu. (1.476)

If
�
φphqv�b v1 � v b �φ1phqv1� is a multiple of v b v1, one requires that

φphqv � α1phqv, (1.477a)

φ1phqv � α2phqv1 (1.477b)

for the weights α1 and α2 of φ and φ1. Thus we havepW bW 1qα1�α2
�Wα1

bWα2
. (1.478)

We have in particular that the simple root system ∆φbφ1 of the representation φb φ1 is given by

∆φbφ1 � ∆φ �∆φ1 . (1.479)

What we proved is38

38The second part is not proved.
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Proposition 1.227.

If φ is a representation of highest weight Λ and φ1 is a representation of highest weight Λ1, then φ b φ1 is a
representation of height weight Λ� Λ1.

If, moreover, φ and φ1 are irreducible, then φb φ1 is irreducible.

An irreducible representation that cannot be written under the form of a tensor product of irreducible
representations is a basic representation.

Lemma 1.228.

A representation is basic if and only if its highest weight Λ is such that the Λαi
are all zero but one which is 1.

The basic representations of sop10q are given by the Dynkin diagrams of figure 1.1. All the irreducible
representations are obtained by tensor products of the basic ones. An elementary is a basic representation
which has his “1” on a terminal point of the Dynkin diagram.

bc bc bc

bc

bc

bc
1

(a)

bc bc bc

bc

bc

bc
1

(b)

bc bc bc

bc

bc

bc
1

(c)

bc bc bc

bc

bc

bc 1

(d)

bc bc bc

bc

bcbc 1

(e)

Figure 1.1: Basic representations of sop10q
1.16.5.2 Decomposition of tensor products of representations

Proposition 1.227 allows us to decompose a tensor product of representations into irreducible representations.

Let us do it on a simple example in sup3q. We consider the representations φ � bc
1

bc and φ1 � bc bc
1

.
The first representation has weights

∆φ � "α� 2β
3

,
α� β

3
,
�p2α� βq

3

*
, (1.480)

and the second one has

∆φ1 � "α� 2β
3

,
α� β

3
,
�p2α� βq

3

*
. (1.481)

According to equation (1.479), we have 9 weights in the representation φ b φ1 (all the sums of one element of
∆φ with a one of ∆φ1). The highest one is

2α� 4β
3

,

which is the double of the highest weight in bc bc
1

, so φb φ1 contains the representation bc bc
2

. Now, we

remove from the list of weights of φb φ1 the list of weight of bc bc
2

; the result is

2α� β

3
,
�pα� βq

3
,
�pα� 2βq

3
, (1.482)

which are the weights of bc
1

bc . The conclusion is that

bc bc
1 b bc bc

1 � bc bc
2 ` bc

1
bc . (1.483)

That procedure of decomposition is quite long because it requires to compute the complete set of weights for
some intermediate representations.
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1.16.5.3 Symmetrization and anti symmetrization

Let φ be a irreducible representation. We want to compute the symmetric and antisymmetric parts of the
representation φbk � φb . . .b φlooooomooooon

k times

. These symmetric and antisymmetric parts are denoted by φbks and φbka
respectively.

Proposition 1.229.

If tξ1, . . . , ξNu is a canonical basis of φ and if we denote by Λi the weight of the vector ξi, the followings hold:

(i) the weight system of φbka is

Λi1 � Λi2 � . . .� Λik (1.484)

with ik ¡ . . . ¡ i2 ¡ i1, and the highest weight is

Λ1 � . . .� Λk. (1.485)

The dimension of the representation φbka is

N
�
φbka � � �nk
. (1.486)

(ii) The weight system of the representation φbks is

Λi1 � Λi2 � . . .� Λik (1.487)

with ik ¥ . . . ¥ i2 ¥ i1, and the highest weight is

kΛ1 (1.488)

The dimension of the representation φbks is

N
�
φbks � � �n� k

k



. (1.489)

Proof. No proof.

The representations φbka and φbks might be decomposable and we denote by φbks¡ and φbka¡ their highest
weight parts.

Let α be a terminal point in a Dynkin diagram. The branch of α is the sequence of point of the Dynkin
diagram α � α1, α2, . . . , αk defined by the following properties.

• The point αi is connected with (and only with) the points αi�1 and αi�1,

• the connexion between αi and αi�1 is of one of the following forms

bc

αi
bc

αi�1

b

αi
b

αi�1

b

αi
bc

αi�1

(1.490)

• the sequence α1, . . . , αk is maximal in the sense that no αk�1 can be added without violating one of the
two first rules.

Proposition 1.230.

Let α be a terminal point in a Dynkin diagram and α1, . . . , αk be the corresponding branch. Then we have

φαr
� φbrα a¡ (1.491)

for every r � 1, 2, . . . , k.
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1.17 Verma module

Let us give the definition of [22]. When g is a semisimple Lie algebra, we have the usual decomposition

g � n� ` h` n�, (1.492)

where each of the three components are Lie algebras. In particular, the universal enveloping algebra Upn�q
makes sense. Let µ P h�. We build a representation πµ of g on Vµ � Upn�q in the following way

• If Yα P n�, we define

πµpYαq1 � Yα (1.493a)

πµpYα1
. . . Yαn

q � YαYα1
. . . Yαn

, (1.493b)

• if H P h, we define

πµpHq1 � µpHq (1.494a)

πµpYα1
. . . Yαk

q � �µpHq � ķ

j�1

αjpHq�Yα1
. . . Yαk

, (1.494b)

• and if Xα P n�, we define

πµpXαq1 � 0 (1.495a)

πµpXαqYα1
. . . Yαk

� Yα1

�
πµpXαqYα2

. . . Yαk

�
(1.495b)� δα,α1

ķ

j�1

αjpHαqYα1
. . . Yαk

. (1.495c)

In the last one, we do an inductive definition.

Lemma 1.231.

The couple pπµ, Vµq is a representation of g on Vµ.

Proof. No proof.

That representation is one Verma module for g. If the algebra g is an algebra over the field K, the field K
itself is part of Upnq�, so that the scalars are vectors of the representation. In that context, the multiplicative
unit 1 P K is denoted by v0.

Theorem 1.232.

The representation pπµ, Vµq of the semisimple Lie algebra g is a cyclic module of highest weight, with highest
weight µ and where v0 is a vector of weight µ.

Proof. No proof.

The Verma module is, a priori, infinite dimensional and non irreducible, thus one has to perform quotients
of the Verma module in order to build finite dimensional irreducible representations.

1.18 Cyclic modules and representations

An example over sop3q is given in subsection ??. The case of sop5q is treated in subsection ??. Let g be a
semisimple Lie algebra with a Cartan subalgebra h and a basis ∆ for its roots Φ � Φ�YΦ�. Let W be a finite
dimensional g-module.

Lemma 1.233.

If g is a nilpotent complex algebra and if γ is a weight, then there exists a v in Vγ such that c � v � γpxqv for
every x P g.

This is the proposition 1.221. Notice that a Cartan algebra is nilpotent, thus one has at least one vector of
W which is a common eigenvector of every elements of h, in other words, Dµ P h� and Dw PW such that

hw � µphqw (1.496)
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for every h P h, and w � 0. If w is such and if x P gα, we havephxq � w � rh, xs � w � pxhq � w � αphqx � w � xµphqw � pα� µqphqx � w. (1.497)

If we define
S � tw PW st Dµ P h� st hw � µphqwu, (1.498)

this is not a vector space, but the vector space SpanS generated by S is invariant under g because S itself is
invariant under all the gα with α P g�.

On the other hand, we suppose that g and W are finite dimensional, so that their dual are isomorphic. Since
a Cartan subalgebra is chosen, we have the decomposition

g � h`αPh� gα (1.499)

where gα � tx P g st rh, xs � αphqx�g P hu. When α P h�, the two following spaces are independent of the
choice of the Cartan subalgebra h:

Wα � tv PW st hv � αphqv �h P hu
gα � tx P g st rh, xs � αphqx�h P hu. (1.500)

If vα PWα and xβ P gβ , we have

hpxβvαq � �rh, xβs � xβh
�
vα � �βphq � αphq�xβvα, (1.501)

so xβvα PWα�β . Thus xβ is a map
xα : Wα ÑWα�β . (1.502)

Since W is finite dimensional, there exists a maximal α such that Wα � 0. We name it λ. For every β P Φ�,
we have Wλ�β � t0u. In particular, if vλ PWλ,

xαxλ � 0 (1.503)

for every α P Φ�, and, of course,
hvλ � λphqvλ. (1.504)

On the other hand, for every vector v PW , and for vλ in particular, the space Upgqv is invariant, so

W � Upgqvλ (1.505)

by irreducibility. One say that W is the cyclic module generated by vλ.

1.18.1 Choice of basis

Theorem 1.234.

Let g be a Lia algebra on a field of characteristic zero. If txiu is an ordered basis of g, thentxi1 � � �xin st i1 ¤ . . . ¤ inu (1.506)

is a basis for the universal enveloping algebra Upgq of g.

One can find a proof in [20].

1.18.2 Roots and highest weight vectors

Proposition 1.235.

An irreducible cyclic module is generated by the elements of the form f i1
1
� � � f imm vλ.

Proof. From theorem 1.234, the monomials of the formpf i1
1
� � � f imm q � phj1

1
� � �hjl

l q � pek1

1
� � � ekm

m q (1.507)

form a basis of Upgq. When one act with such an element on vλ, the ei kill it, while the hi do not act (a part
of changing the norm). Thus, in fact, the module W is generated by the only elements f i1

1
� � � f imm vλ
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In very short, one can write
W � pn�qnvλ. (1.508)

Since fkvα P gα�αk
, we have

f i1
1
� f imm vλ P gλ�pimαm�...i1α1q. (1.509)

The set of roots is ordered by
µ1   µ2 iff µ2 � µ1 �

i̧

kiαi (1.510)

with αi ¡ 0 and with ki P N. Equation (1.509) means that

µ   λ (1.511)

for every weight µ of W .

Definition 1.236.

Let g be a finite dimensional Lia algebra. A cyclic module of highest weight for g is a module (not specially
of finite dimension) in which there exists a vector v� such that x�v� � 0 for every x� P n� and hv� � λphqv�
for every h P h.

Proposition 1.237.

Every submodule of a cyclic highest weight module is a direct sum of weight spaces.

Proof. No proof.

From the relation x�v� � 0, we know that all the weight spaces satisfy Vµ satisfy µ   λ, and, since a module
is the sum of all its submodules,

V �àVµ. (1.512)

Notice that if v� is in a submodule, then that submodule is the whole V , thus the sum of two proper submodules
is a proper submodule. We conclude that V has an unique maximal submodule, and has thus an unique
irreducible quotient.

1.18.3 Dominant weight

We know that every representation is defined by a highest weight. The following proposition[23] shows that
every root cannot be a highest weight of an irreducible representation.

Proposition 1.238.

The highest weight of an irreducible representation of a simple complex Lie algebra is an integral dominant
weight.

Proof. Let αi be a simple root and consider the corresponding copy of slp2,Cq generated by tei, fi, hiu (see
subsection 1.8.4). The following part of LpΛq is a slp2,Cqi-module:

V pαiq �à
nPZVΛ�nαi

� VΛ ` VΛ�αi
` VΛ�2αi

` . . .` VΛ�rαi
(1.513)

for some positive integer r. Notice that the sum over n P Z does not contain terms with n   0 because Λ being
an highest weight, VΛ�kαi

� H when k ¡ 0. We know that in a slp2,Cq-module the eigenvalues of h run from�m to m (see equations (??) for example). Thus here

Λphiq � �pΛ� rαiqphiq. (1.514)

By construction αiphiq � 2, so Λphiq � r and the proof is finished.

Proposition 1.239.

If Λ is the highest weight of the representation LpΛq of the complex simple Lie algebra g and if w0 is the longest
elements of the Weyl group, then w0Λ is the lowest weight.

Proof. First remember that whenever λ is a weight of a representation and w is an element of the Weyl group,
the root wλ is a weight39; in particular w0Λ is a weight of LpΛq. Let v P LpΛqw0Λ; we want to show that
X�
i v � 0.

If X�
i v � 0, then w0Λ�αi is a weight and w0

�
w0Λ�αi� � Λ�w0αi is a weight too. Here we used the fact

that w2
0 � id.

39To be proved.
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Problem and misunderstanding 16.

Still to be shown:

(i) wλ is a weight

(ii) w2
0 � id

1.18.4 Verma modules

Let us consider
b � h` n�, (1.515)

and take α P h�. Now, we define Cα as the vector space C (one dimensional, generated by z� P C) equipped
with the following action of b: �

h�
µ̧ 0

xµ
�
z� � αphqz�. (1.516)

The vector space Cα becomes a left Upbq-module. On the other hand, Upgq is a free right Upbq-module because
Upbq YUpgq � Upgq. As Upbq-module, a basis of Upgq is given by n�, i.e. by tf i1

1
� � � f ilmu. The Verma module

is the cyclic module
Vermpαq � Upgq bUpbq Cα (1.517)

which has a highest weight vector vλ � 1b z�. The tensor product over Upbq beans that, when X P Upgq, then�
h�

µ̧

xµ
�
X bUpbq zz� � X b �h�

µ̧

xµ
�
zz� � X bUpgq zαphqz� � αphqX bUpbq zz�. (1.518)

The Verma module is generated by 1b z� and the fact that

zXp1b z�q � X b zz�. (1.519)

Proposition 1.240.

Two irreducible cyclic modules with same highest weight are isomorphic.

Proof. Let V and W be two highest weight cyclic modules with highest weight λ and highest weight vectors vλ
and wλ. In the module V `W , the vector vλ ` wλ is a highest weight vector of weight λ. Let us consider the
module

Z � Upgqpvλ ` wλq. (1.520)

That module is a highest weight cyclic module. The projections onto V � Z{W and W � Z{V are non
vanishing surjective homomorphisms, so V and W are irreducible quotients of Z. But we saw bellow equation
(1.512) that Z can only accept one irreducible quotient. Thus V and W are isomorphic.

We denote by Irrgpλq the unique cyclic highest weight g-module with highest weight λ.

1.19 Semi-direct product

1.19.1 From Lie algebra point of view

Here, the matter comes from [6, 24]. When a and b are Lie algebras, one can consider g � a`b as vector space,
and define a Lie algebra structure on g byrpa, bq, pa1, b1qs � pra, a1s, rb, b1sq.
This is the direct sum of a and b.

An endomorphism D of the Lie algebra a is a derivation when

DrX,Y s � rDX,Y s � rX,DY s.
The set of the derivations of a is written Der a.

Proposition 1.241.

Let a be a Lie algebra

(i) Der a is a Lie algebra for the usual commutator,

(ii) ad: aÑ Der a � End a is a Lie algebra homomorphism.
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Proof. For the first statement, we just have to compute to see that if D, E P Dera,rD, EsrX,Y s � pDE � EDqrX,Y s � rrD, EsX,Y s � rX, rD, EsY s.
The second comes from the fact that adX P Der a for any X P a and adrX,Y s � adX adY �adY adX .

Let us now consider the vector space direct sum g � a`b. Let us suppose moreover that a is a Lie subalgebra
of g and that b is an idea in g. So we have that

ad |b P Der b.

By proposition 1.241, we have a homomorphism π : a Ñ Der b, πpAq � adA|b. So if A P a and B P b,rA,Bs � πpAqB. The conclusion is that the Lie algebra structure of g is given by a, b and π. In this case,
we write g � a `π b, and we say that g is the semidirect product of a and b. The following theorem gives the
general definition of semidirect product.

Theorem 1.242.

Let a and b be two Lie algebras, and π : a Ñ Der b, a Lie algebra homomorphism. There exists an unique Lie
algebra structure on the vector space g � a` b such that

• the commutators on a and b are the old ones,

• rA,Bs � πpAqB for any A P a and B P b.

In this case, in the so defined Lie algebra g, a is a subalgebra and b is an ideal.

The vector space g � a` b endowed with this Lie algebra structure is the semidirect product of a and b,
it is denoted by

g � a`π b

One also often speak about split extension of a by b, with the splitting map π.

Proof. The unicity part is clear: the Lie algebra structure is completely defined by the two conditions and the
condition of antisymmetry. The matter is just to see that this structure is a Lie algebra structure: we have to
check Jacobi. If in rrX,Y s, Zs, X,Y, Z are all three in a or b, it is trivial. The two other cases are :

• X , Y P a and Z P b. In this case, we use πprX,Y sq � πpXqπpY q � πpY qπpxq (because π is a Lie algebra
homomorphism) to find rrX,Y s, Zs � πprX,Y sqZ � �rrY, Zs, Xs � rrZ,Xs, Y s.

• The second case is X , Y P b and Z P a. Here, we use the fact that πpZq is a derivation of b. The
computation is also direct.

It is clear that b is an ideal because for any A P a and B P b, rB,As � �rA,Bs � �πpAqB P b.

The theory of split extension is often used in the following sense. We have a Lie algebra g which decomposes
(as vector space) into a direct sum a` b. If in g the map a ÞÑ adpaq is an action of a on b, we say that g is a
split extension

g � a`ad b.

This way to use split extensions is used for example in the proof of proposition ??.

1.19.2 From a Lie group point of view

.

Definition 1.243.

A subgroup H is normal in the group G if for any g P G and a P H, gag�1 P H.

If G is a group, N a normal subgroup and L a subgroup, we have LN � NL where, by notation, if A and
B are subsets of G, AB � txy|x P A, y P Bu.

If N and L are groups, an extension of N by G is a short exact sequence

e // N
i // G

π // L
L // e (1.521)

which means that
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(i) i is injective because only eN is sent to eG,

(ii) π is surjective because the whole L is sent to e.

One often say that G is an extension of N by L. In the most common case, i is the inclusion, L � G{N and π

is the natural projection.
We say that the extension is split when there exists a split homomorphism ρ : LÑ G such that ρ �π � idG.

Definition 1.244.

We say that G is the semidirect product of N and L when any g P G can be written in one and only one way
as g � nl with n P N and l P L.

Definition 1.245.

A Lie group homomorphism between G and G1 is a map u : GÑ G1 which is a group homomorphism and a
morphism between G and G1 as differentiable manifolds.

Lemma 1.246.

Any continuous (group) homomorphism between two Lie groups is a Lie group homomorphism.

We consider G, a connected Lie group; N , a closed normal subgroup; and L, a connected immersed Lie
group. Moreover, we suppose that G is semidirect product of N and L.

Proposition 1.247.

The restriction to L of the canonical projection π : GÑ G{N is continuous for the induced topology from G to
L.

Proof. The definition of an open set U in G{N is that π�1pUq is open in G. Then it is clear that π is continuous.
The matter is to check it for π|L. Let U be a subset of πpLq. It is unclear that π�1pUq � L, but it is true that
π|�1

L pUq � L.
As far as the induced topology on L is concerned, A � L is open when A � O X L for a certain open set O

in G.
Let U be an open subset of π|LpLq; this is π�1pUq is open in G. We have to compare π�1pUq and π|�1

L pUq.
Since

π|�1

L pUq � tx P L|πpxq P Uu,
we have π|�1

L pUq � π�1pUq X L. But π�1pUq is open in G, then π�1pUq X L is open in L.

Proposition 1.248.

The group G is the semidirect product of N and L if and only if G � NL and N X L � teu.
Proof. If G is semidirect product of N and L, G � NL is clear. In this case, if e � z P N X L, z � ez � ze,
thus z P G can be written in two ways as xy with x P N and y P L.

For the converse, let us consider n1l1 � nl. Then x�1x1 � yy1�1 P N XL � teu. Thus x1 � x and y1 � y.

Now, we consider N , a normal subgroup of G. If π : G Ñ G{N is the canonical homomorphism, the
restriction π|L : L Ñ G{N is an isomorphism. Indeed, on the one hand, this is surjective because G � NL

yields rgs � rnls � rls � π|Lplq. On the other hand, π|Lplq � π|Lpl1q implies that l � nl1 for a certain n P N .
Then ll1�1 � n P N X L � teu. So n � e and l � l1.
Remark 1.249.

If N is any normal subgroup of G, there doesn’t exist in general any subgroup L of G such that G should be the
semidirect product of N and L.

If G is the semidirect product of N and L, for any y P L, σy : x Ñ yxy�1 is an automorphism of N . The
point is that σypaq P N for all a P N because N is a normal subgroup.

It is also clear that �u, v P L, σuv � σu � σv. Then σ : L Ñ AutN40 is a homomorphism. Moreover, the
data of σ, N and L determines the law in G (provided the fact that the product NL is seen as formal) because
any element of G can be written as nl; thus a product GG is pnlqpn1l1q � pnσypn1qqpll1q
Proposition 1.250.

Let N and L be two Lie groups and σ : LÑ AutN a homomorphism. With the lawpx, yqpx1, y1q � pxσypx1q, yy1q,
40Aut N is the set of all the automorphism of N .
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the set S � N � L is a group.

Proof. If e is the neutral of N and e1 the one of L, it is cleat that pe, e1q is the neutral of S. It is also easy to check
that the inverse of px, yq is pσy�1px�1q, y�1q. The associativity is just a computation using σypabq � σypaq�σypbq
and σx � σy � σxy.

The set N � L endowed with this inner product is denoted

N �σ L.
Proposition 1.251.

If G is the semidirect product of N and L, then G is isomorphic to N �σ L.

Proof. The isomorphism is T : N �σ LÑ G, T px, yq � xy. On the one hand, it is bijective because an element
of G can be written as nl with n P N and l P L in only one way. On the other hand, it is easy to check that
T ppx, yqpx1, u1qq � T px, yqT px1, y1q.

One can now give the final definition. Let us consider two connected Lie groups N , L and a Lie group
homomorphism σ : L Ñ AutN . By , the map N � L Ñ N , px, yq Ñ σypxq is C8. So, the group structure on
N � L given by px, yqpx1, y1q � pxσypx1q, yy1q (1.522)

is compatible with the C8 structure of N � L (seen as a Lie group). The manifold N � L endowed with the
group structure (1.522) is the semidirect product on N and L; this is denoted by

N �σ L.
1.19.3 Introduction by exact short sequence

1.19.3.1 General setting

Let G0, G1 and G2 be tree connected Lie groups. A short exact sequence between them is two group
homomorphisms

ι : G0 Ñ G1

π : G1 Ñ G2

(1.523)

such that Impιq � Kerpπq. In that case, one says that G1 is an extension of G2 by G0.
Since the group ιpG0q is the kernel of an homomorphism, it is normal and we write ιpG0q �G1. Moreover,

ιpG0q � π�1pe2q and is then closed in G1. As group, we have

G2 � G1{ιpG0q. (1.524)

The extension is split if there exists a Lie group homomorphism j : G2 Ñ G1 such that

π � j � id |G2
. (1.525)

This condition imposes j to be injective. In that case we have an action of G2 on G0 defined by

R : G2 Ñ AutpG0q
Rg2

pg0q � ι�1

�
Ad

�
jpg2q�ιpg0q	. (1.526)

Notice that Ad
�
jpg2q�ιpg0q belongs to ιpG0q because the latter is normal.

As manifold we consider
G � G0 �G2 (1.527)

and we define the multiplication law � : G�GÑ Gpg0, g2q � pg10, g12q � �g0Rg2
pg10q, g2g

1
2

�
.

(1.528)

For associativity we have pg0, g2q � �pg10, g12q � pg20 , g22qq� � �g0Rg2

�
g10Rg12pg20q�, g2g

1
2g
2
2

	
(1.529)

while �pg0, g2q � pg10, g12q� � pg20 , g22q � �g0Rg2
pg10qRg2g12pg20q, pg12g22q�. (1.530)
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Thus the product is associative if and only if

g0Rg2

�
g10Rg12pg20q� � �g0Rg2

pg10q�Rg2g
1
2
pg20q. (1.531)

That equality is in fact true because R is a morphism from G2 to AutpG0q, so that Rg2
Rg1

2
� Rg2g

1
2
.

The neutral in G is pe0, e2q.
Since Rg2

pg0q is smooth with respect to both variables, the product is smooth. In that way, G becomes a
Lie group named the semi direct product of G2 by G0 and is denoted by

G0 �R G2. (1.532)

All the construction is still valid when R is an homomorphism which does not comes from a split extension.
We define the product G0 �G2 Ñ G by

g0 � g2 � pg0, e2q � pe0, g2q (1.533)

The diagram
G1

π

!!B
BB

BB
BB

B

G0

ι

==||||||||

id�teu !!C
CC

CC
CC

C
G2

G

ϕ

OO

pr
2

=={{{{{{{{

(1.534)

suggests us to define the map
ϕ : G0 �G2 Ñ G1pg0, g2q ÞÑ ιpg0qjpg2q (1.535)

This is a Lie group homomorphism because on the one hand

ϕpg0, g2q � ϕpg10, g12q � ιpg0qjpg2q � ιpg10qjpg12q, (1.536)

while on the other hand

ϕ
�pg0, g2q � pg10, g12q� � ϕ

�
g0Rg2

pg10q, g2g
1
2

�� ϕ
�
g0ι

�1
�

Adpjpg2qqιpg10q�, g2g
1
2

	� ι
�
g0ι

�1

�
Adpjpg2qqιpg10q	qjpg2g

1
2q� ιpg0qjpg2qιpg10qjpg12q (1.537)

because ι and j are homomorphisms.
The Leibnitz rule on ιpg0qjpg2q provides the differentialpdϕqe � pdιqe0

` pdjqe2
. (1.538)

This is injective because j is injective. The kernel of ϕ is the set

Kerpϕq � tpg0, g2q st ιpg0q � jpg2q�1u. (1.539)

Since ιpG0q and jpG2q have no intersections41 (a part the identity), we have that the kernel reduces to the
identity:

Kerpϕq � teu. (1.540)

The differentials provide the diagram

G0

pdιqe0 // G1

pdπqe1 // G2.pdjqe2

oo (1.541)

We have pdπqe1
� pdjqe2

� id |G2
and the mappdϕqe : G1 Ñ G0 ` G2 (1.542)

is an algebra homomorphism (as differential of group homomorphism). It is also an isomorphism by dimension
counting. The inverse theorem then shows that ϕ is a local diffeomorphism: ϕpGq contains a neighborhood of
the identity and then is surjective by proposition ??.

We conclude that ϕ is a Lie group isomorphism.
41They are transverse because j � π � id |G2

.
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1.19.3.2 Example: extensions of the Heisenberg algebra

Let H pV,Ωq � V `RE be the Heisenberg algebra. A derivation is a map D : H Ñ H such that

DrX,Y s � rDX,Y T s � rX,DY s. (1.543)

Let us look at the derivations under the form

D � �X v

ξ a



(1.544)

where a P R, X P EndpV q, v P V and ξ P V �. The left hand side of the condition (1.543) reads

Drw � zE,w1 � z1Es � D
�
Ωpw,w1qE� � Ωpw,w1qpv � aEq. (1.545)

Now, using Dw � Xw � ξpwqE and DpzEq � v � aE, the right hand side is�
ΩpXw, v1q � Ωpzv, v1q � Ωpw,Xw1q � Ωpw, z1vq�E. (1.546)

Equating (1.545) and (1.546) we find v � 0 and

ΩpXw,w1q � Ωpw,Xw1q � aΩpw,w1q. (1.547)

If we write it as matrices, we find
XtΩ� ΩX � aΩ. (1.548)

The derivations with a � 0 form the algebra

DerpH q0 � sppΩ, V q � V �. (1.549)

If a � 0, we find the symplectic conform group

ConfpV,Ωq � tA : V Ñ V st ΩpAv,Awq � λΩpv, wq with λ P R�
0
u. (1.550)

Taking the derivative of the group condition, we find

d

dt

�
Ω
�
Aptqv,Aptqw��

t�0

� d

dt

�
λptqΩpv, wq�

t�0

, (1.551)

which produces the condition (1.547) with X � 9A and a � 9λ.

(i) If X � id and ξ � 0, then we must have a � 2 and we have the derivation

H � id |V ` 2 id |RE. (1.552)

(ii) If ξ � 0, a � 0 and X if exchange the Lagrangian in the decomposition V �W ` W̄ .

1.19.4 Group algebra

Let A and B be abelian algebras and ρ : A Ñ Der B be a homomorphism. We want to put a group structure on
the set A� B in such a way that the Lie algebra of A� B has Lie bracket given by�pA�Bq, pA1 �B1q� � rA,B1s � rB,A1s � ρpAqB1 � ρpA1qB. (1.553)

We claim that the group law should bepa, bqpa1, b1q � pa� a1, eρpaqb1 � bq (1.554)

whose inverse is pa, bq�1 � p�a,�e�ρpaqbq (1.555)

Indeed, the general form of the commutator isrX,Y s � d

dt

d

ds

�
AdpXptqqY psq�

s�0
t�0

with respect to the group law. A path in A� B with tangent vector pa, bq is pat, btq. Then�pa, bq, pa1, b1q� � d

dt

d

ds

�pat, btqpa1s, b1sqpat, btq�1

�
s�0
t�0� �0,�ρpaqb� ρpaqb1�. (1.556)



110 CHAPTER 1. LIE ALGEBRAS

1.20 Pyatetskii-Shapiro structure theorem

Definition 1.252.

A normal j-algebra is a triple ps, α, jq where

(i) the Lie algebra s is solvable and such that adpXq has only real eigenvalues for every X P s,

(ii) the map j : sÑ s is an endomorphism of s such that j2 � �1 andrX,Y s � jrjX, Y s � jrX, jY s � rjX, jY s � 0 (1.557)

for every X,Y P s,

(iii) α is is a linear form on s such that

(a) α
�rjX,Xs� ¡ 0 if X � 0,

(b) α
�rjX, jY s� � α

�rX,Y s�.
If s1 is a subalgebra of s which is invariant under j, then the triple ps1, α|s1 , j|s1q is a also normal j-algebra

and is said to be a normal j-subalgebra of s.
A normal j-algebra has a real inner product defined by the formula

gpX,Y q � α
�rjX, Y s�. (1.558)

If g is an Hermitian Lie algebra42, we can build a normal j-algebra out of g in the following way. First, we
choose an Iwasawa decomposition

g � a` n` k, (1.559)

and we pick s � a` n. Let G � ANK be the group associated with the Iwasawa decomposition (1.559). The
manifold M � G{K is an Hermitian symmetric space, and we have a global diffeomorphism

R � AN Ñ G{K
g ÞÑ gK

(1.560)

which endows the group R with an exact left invariant symplectic structure and a compatible complex structure,
see section ??. We define α by Ωe � dα (Ω is exact) and j is the complex structure evaluated at identity.

A normal j-algebra build from an Hermitian symmetric space of rank 1 (i.e. dim a � 1.) is elementary.
Elementary normal j-algebra are well understood by the following proposition.

Proposition 1.253.

An elementary normal j-algebra is a split extension

sel � a1 `ad n1 � a1 `ad

�
V ` z1

�
(1.561)

where n1 is an Heisenberg algebra n1 � V ` z1 and a1 is one dimensional. Moreover, V is a symplectic vector
space and one can choose H P a1 and E P z1 in such a way thatrH, vs � v,rv, v1s � Ωpv, v1qE,rH,Es � 2E.

(1.562)

Any normal j-algebra is build from elementary normal j-algebras by mean of the following lemma.

Proposition 1.254.

Let ps, α, jq, a normal j-algebra and z1, a one dimensional ideal of s.

(i) There exists a vector space V such that

s1 � jz1 � V � z1 (1.563)

is an elementary normal j-algebra, and such that s is a split extension

s � s1 `ad s1 (1.564)

where s1 is, itself, a normal j-algebra.

42i.e. the center of its maximal compact is one dimensional.
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(ii) If s1 � a1 `ad pV ` z1q, then
jz1 � z1 � a1 ` z1 (1.565)

and rs1, a1 ` z1s � 0,rs1, V s � V.
(1.566)

(iii) Such an ideal z1 exists in every normal j-algebra.

Let us see what are the possibilities for j. If jE � aH � bivi � cE, thenrjE,Es � 2aE. (1.567)

We can prove that a � 0. Indeed, if a � 0, then jE � cE and �E � j2E � cjE � c2E.
Now, we use the following Jacobi identity on rH, rjE, vss and the commutation relations, we find bi � 0.

Now, suppose that jH � a1H � b1i � c1E. In that case,�E � j2E � jpaH � cEq � aa1H � ab1ivi � ac1E � caH � c2E. (1.568)

Since a � 0, we have b1i � 0. So we have
jE � aH � cE

jH � a1H � c1E. (1.569)

Expressing that j2E � �E and j2H � �H , we find the following constrains on the coefficients:

aa1 � ca � 0

ac1 � c2 � �1

c12 � c1a � �1

c1c� c1c � 0.

(1.570)

We check that a � 0, c1 � 0 and a1 � �c. The remaining relation is c2 � c1a � �1. Thus in the basis tH,Eu,
the endomorphism j reads

j � ��c a

c1 c



(1.571)

with det j � 1.

Lemma 1.255.

An elementary normal j-algebra has no proper j-ideal.

Proof. Let i be a j-ideal of the elementary normal j-algebra sel. Let sel � a `ad pV ` zq. We denote by
H and E the elements of a and z (which are one dimensional) who fulfill the standard relations (1.562). If
X � aH � bivi � cE P i, then

�rX, vs, v� P i. Using the relations, we conclude that z � i. By j-invariance of i,
we have jz � i. Now, the fact that rjE, vs � av implies that i � sel.

The structure of a normal j-algebra s is thus as follows. We have the decomposition

s � s1 `ad

�
a1 `ad pV1 ` z1q	 (1.572)

where s1 is again a normal j-algebra. Furthermore, dim a1 � dim z1 � 1 and we can choose a basis H P a1,
E P z1 such that rH, vs � vrH,Es � 2Erv, v1s � Ωpv, v1qErs1, V s � Vrs1, a1 ` z1s � 0.

(1.573)

for all v, v1 P V1. The algebra V1 ` z1 is an Heisenberg algebra.
The algebra s1 can be decomposed in the same way again and again up to end up with a sequence of

elementary normal j-algebra.
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involution, 76, 82
matrix, 37, 60

abstract, 49
subalgebra, 27
subgroup, 93

Cartan-Weyl basis, 59
central

decreasing sequence, 14
centralizer, 27
chain

condition, 14
character

of a representation, 93
of an abelian group, 93

Chevalley
basis, 37, 74

co-weight, 73
compact

Lie algebra, 24, 75
real form, 75

compactly embedded, 24
complexification

of a vector space, 74
conjugation, 74
convex

cone, 83
cyclic

module, 102

decomposable
in an abstract root system, 45

decomposition
Cartan, 82
Iwasawa, 81, 84
Jordan, 20, 21
root space, 83

derivation
inner, 8
of a Lie algebra, 7, 104

derived
Lie algebra, 14
series, 14

direct
sum of Lie algebras, 104

dominant weight, 63
Dynkin

coefficient, 63
diagram, 62

Dynkin diagram, 50

elementary
representation, 99

Engel theorem, 18
exact sequence

short, 107
extension

of group, 105
extension of Lie groups, 107

split, 107

flag, 18

group
adjoint, 7
Weyl, 41

height of a representation, 96
highest weight, 93

for group representation, 93
homomorphism

of Lie group, 106

indecomposable module, 93
inner

automorphism, 8, 28, 78
invariant
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form, 12
Lie subalgebra, 19
vector subspace, 20, 85

inverse
root, 35, 55

involution
Cartan, 82

involutive
automorphism, 76

irreducible
abstract root system, 43
representation, 85
vector space, 20

isomorphism
of abstract root system, 44
of Lie groups, 90

Iwasawa
decomposition, 81, 84
group, 84

Jacobi
identity, 7

Jordan decomposition, 20, 21

Killing
form, 12, 71

bi-invariance, 13
Kronecker product, 98

layer, 96
length

in Weyl group, 72
length of a root, 60
levi subalgebra, 23
lexicographic ordering, 61, 65, 66
Lie

algebra
compact, 24
derived, 14
representation, 85
solvable, 14

group
solvable, 14

theorem, 15, 18
Lie algebra, 7
locally

isomorphic
Lie groups, 90

lucky number, 97

module, 93
highest weight, 103
indecomposable, 93
semisimple, 93
simple, 93

multiplicity of a weight, 92

nilpotent
Lie algebra, 14

normal
j-subalgebra, 110
elementary j-algebra, 110

subgroup, 9, 105
normal j-algebra, 110
normalizer, 27

ordering
linear partial relation, 83

parity
of a representation, 96

positive
element

in a vector space, 83
vector, 83
weight, 92

positive root, 34

radical
of a Lie algebra, 17
of a quadratic form, 17

rank
of a complex Lie algebra, 29

rank of a Lie algebra, 58, 82, 88
real

form
of a vector space, 65
of complex vector space, 74

reduced abstract root system, 43
regular, 28, 88
representation

of UpAq, 90
adjoint, 9
of Lie algebra, 85
of Lie group, 85
unitarisable, 85
unitary, 85

restricted root (real case), 80
root, 30

abstract, 43
inverse, 55
reflexion, 71
restricted, 82
restricted (real case), 80
simple, 73
space, 30

decomposition, 83
vectors, 67

semi direct product, 108
semi-direct product

of Lie algebras, 105
of Lie groups, 106, 107

semisimple, 20
endomorphism, 21, 93
Lie algebra, 19
module, 93

series of weight, 97
simple

abstract root, 61
Lie algebra, 19
module, 93
root, 34, 39, 73
system, 61
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weight, 92
solvable

Lie algebra, 14
Lie group, 14

split
extension, 105, 106
real form, 75

stabiliser of a flag, 18
string

of roots, 38
symmetry

of a root, 41

tensor product
of group representations, 98
of Lie algebra representations, 98
of matrices, 98

theorem
Engel, 18
Lie, 18

unitary
representation, 85

universal
enveloping algebra, 89

Verma module, 101, 104

weight
dominant, 63
for endomorphism, 93
for representation, 93
in a Dynkin diagram, 51
space, 93

weight of a vector, 92
Weyl

group, 41
Weyl group

abstract setting, 43
width

of a representation, 96
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