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0.1. WHATIAM 5)

0.1 WhatI am

During the firsts days of my thesis, I decided to write down everything I was learning. Some parts of this text
were written in 2003 wile others were written yesterday; don’t expect a high quality everywhere. This document
thus takes the point of view of the learner with some consequences. As far as I can judge my own work:

(i) There are much more details in the proofs in this texts that what you can find in other textbooks.
(ii) This is not a text in which you can get a deep understanding of what you are reading.

There are still open questions in the sense that there are points I didn’t understand when I wrote. I think
that these points are clearly indicated with footnotes or special environment “Problem and misunderstanding”.
Let me know if you know some answers.

The content of my talks in Besancgon 2011 are essentially the sections 1.7 and 1.8.

For ethical reasons, I prefer not to advertise scientific literacy published under restrictive copyright condi-
tions. Thus I recommend to read [1], [2] and [3]. The first one gives no proofs and is therefore easy and fluid
to read. The other two provide all the proofs and very good explanations about everything.
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Chapter 1

Lie algebras

Sources [2-7].

Definition 1.1.
A Lie algebra is a vector space g on K(= R, C) endowed with a bilinear operation (z,y) — [z,y] from g x g
with the properties

(Z) [xay] = —[y,x]
(i) [x, [y,z]] + [y, [z,:c]] + [z, [z,y]] =0.

The second condition is the Jacobi identity.

1.1 Adjoint group

Let a be a real Lie algebra. We denote by GL(a) the group of all the nonsingular endomorphism of a : the
linear and nondegenerate operators on a as vector space. An element ¢ € GL(a) does not specially fulfils
somethings like o[X,Y] = [0X,0Y]. The Lie algebra gl(a) is the vector space of the endomorphism (without
non degeneracy condition) endowed with the usual bracket (ad A)B = [A,B] = Ao B— B o A. The map
X — ad X is a homomorphism from a to the subalgebra ad(a) of gl(a).

The group Int(a) is the analytic Lie subgroup of GL(a) whose Lie algebra is ad(a) by theorem ??. This is
the adjoint group of a.

Proposition 1.2.
The group Aut(a) of all the automorphism of a is a closed subgroup of GL(a).

Proof. The property which distinguish the elements in Aut(a) from the “commons” elements of GL(a) is the
preserving of structure: ¢[A, B] = [pA, ¢B]. These are equalities, and we know that a subset of a manifold
which is given by some equalities is closed. (|

Now, theorem ?? provides us an unique analytic structure on Aut(a) in which it is a topological Lie subgroup
of GL(a). From now we only consider this structure. We denote by d(a) the Lie algebra of Aut(a) : this is the
set of the endomorphism D of a such that V¢ € R, e!” € Aut(a). By differencing the equality

eP[X,Y] = [e'PX,ePY] (1.1)
with respect to ¢, we see! that D is a derivation of a :

D[X,Y] = [DX,Y] + [X,DY] (1.2)

for any X, Y € a. Conversely, consider D, any derivation of a; by induction,

| . .
DFIX,Y]= ) %[DlX,DJY] (1.3)
ik U

1 As usual, if we consider a basis of a as vector space, the expression in the right hand side of
[P X,etPY] = ad(e!P X)etP X

can be seen as a product matrix times vector, so that Leibnitz works.

7
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where by convention, DY is the identity in a. This relation shows that D fulfils condition (1.1), so that any
derivation of a lies in d(a). Then
0(a) = {derivations of a}.

The Jacobi identities show that
ad(a) c o(a).

From this, we deduce :
Int(a) € Aut(a). (1.4)

(cf. error ??) Indeed the group Int(a) being connected, it is generated? by any neighbourhood of e; note that
Aut(a) has not specially this property. We take a neighbourhood of e in Int(a) under the form exp V' where
V is a sufficiently small neighbourhood of 0 in ad(a) to be a neighbourhood of 0 in d(a) on which exp is a
diffeomorphism. In this case, exp V' < Aut(a) and then Int(a) c Aut(a).

Elements of ad(a) are the inner derivations while the ones of Int(a) are the inner automorphism.

Let O be an open subset of Aut(a); for a certain open subset U of GL(a), O = U n Aut(a). Then

THO) = O nInt(a) = U n Aut(a) nInt(a) = U ~ Int(a). (1.5)

The subset U n Int(a) is open in Int(a) for the topology because Int(a) is a Lie® subgroup of GL(a) and thus
has at least the induced topology. This proves that the inclusion map ¢: Int(a) — Aut(a) is continuous.

The lemma ?? and the consequence below makes Int(a) a Lie subgroup of Aut(a). Indeed Int(a) and Aut(a)
are both submanifolds of GL(a) which satisfy (1.4). By definition, Aut(a) has the induced topology from
GL(a). Then Int(a) is a submanifold of Aut(a). This is also a subgroup and a topological group (Int(a) is not
a topological subgroup of Aut(a), cf remark ??). Then Int(a) is a Lie subgroup of Aut(a).

Schematically, links between Int g, ad g, Aut g and dg are

Intg < adg (1.6a)
Autg — 0g. (1.6b)

Remark that the sense of the arrows is important. By definition dg is the Lie algebra of Aut g, then there exist
some algebras g and g’ with Aut g # Autg’ but with dg = dg’, because the equality of two Lie algebras doesn’t
implies the equality of the groups. The case of Int g and ad g is very different: the group is defined from the
algebra, so that adg = ad g’ implies Int g = Int ¢’ and Intg = Int ¢’ if and only if adg = ad g’.

Proposition 1.3.
The group Int(a) is a normal subgroup of Aut(a).

Proof. Let us consider a s € Aut(a). The map og: Aut(a) — Aut(a), os(g) = sgs~! is an automorphism of

Aut(a). Indeed, consider g, h € Aut(a); direct computations show that os(gh) = 0s(g)os(h) and [os(g),0s(h)] =
0s([g, h]). From this, (dos)e is an automorphism of d(a), the Lie algebra of Aut(a). For any D € d(a) we have

(dos)eD = %[sp(t)s*]tzo — sDs™L. (1.7)

Since s is an automorphism of a and ad(a), a subalgebra of gl(a),
sad Xs™ = ad(sX) (1.8)
for any X € a, s € Aut(a). Since ad(a) < d(a), we can write (1.7) with D = ad X and put it in (1.8) :
(do)ead X = sad Xs~ ! = ad(s - X).

We know from general theory of linear operat01lrs on vector spaces that if A, B are endomorphism of a vector
space and if A™! exists, then AeBA~T = eABA™ | We write it with A = s and B =ad X :
adX _ coadX —1 _ sadXs™' _ jad(sX)

Js '€ )

sot that
o - eadX _ ead(sX)- (19)

Ont the other hand, we know that Int(a) is connected, so it is generated by elements of the form e2dX

for X € a. Then Int(a) is a normal subgroup of Aut(a); the automorphism s of a induces the isomorphism
g — sgs~! in Int(a) because of equation (1.9). O

2See proposition ??
3ls it true ?7?
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More generally, if s is an isomorphism from a Lie algebra a to a Lie algebra b, then the map g — sgs~!

is an isomorphism between Aut(a) and Aut(b) which sends Int(a) to Int(b). Indeed, consider an isomorphism
s:a— band g € Aut(a). If g € Int(a), we have to see that sgs—! € Int(b). By definition, Int(a) is the analytic
subgroup of GL(a) which has ad(a) as Lie algebra. We have g = ¢2d4, then sgs~! = €2d(54) which lies well in
Int(b).

Lemma 1.4.
The adjoint map is an homomorphism ad: g — GL(g). In other terms for every X, Y € g we have

[ad(X),ad(Y)] = ad ([X, Y]) (1.10)
as operators on g. In particular the algebra acts on itself and g carries a representation of each of its subalgebra.

Proof. Using the fact that ad(X) is a derivation and Jacobi, for Z € g we have

[ad(X),ad(Y)]Z = ad(X)ad(Y)Z —ad( )ad(X)Z (1.11a)
=[XY z]+ [V [X, 2]] - [[v. X]. 2] - [X, [Y Z]] (1.11D)
=ad ([X,Y])Z. (1.11c)

0

1.2 Adjoint representation

Let G be a Lie group and g € G; one can consider the map I: G x G — G given by I(g)h = ghg™'. Seen as
I(g): G — @G, this is an analytic automorphism of G. We define :

Ad(g) = dI(g)e-
Using equation p(exp X) = exp dp.(X) with ¢ = I(g),
geX g™ = exp[Ad(g)X] (1.12)

for every g € G and X € g. The map g — Ad(g) is a homomorphism from G to GL(g). This homomorphism is
called the adjoint representation of G.

Proposition 1.5.
The adjoint representation is analytic.

Proof. We have to prove that for any X € g and for any linear map w: g — R, the function w(Ad(g)X) is
analytic at ¢ = e. Indeed if we take as w , the projection to the ith component and X as the jth basis vector
(g seen as a vector space), and if we see the product Ad(g)X as a product matrix times vector, (Ad(g)X); is
just Ad(g);;. Then our supposition is the analyticity of g — Ad(g);; at g = e. *

Now we prove it. Consider f € C*(G), analytic at g = e and such that Y f = w(Y) for any Y € g. Using
equation (1.12),

d

Slreron] = Llsere ] (113)

w(Ad(g)X) = (Ad(g)X)f =

which is well analytic at g = e. (|

Proposition 1.6.
Let G be a connected Lie group and H, an analytic subgroup of G. Then H is a normal subgroup of G if and
only if b is an ideal in g.

Proof. We consider X, Y € g. Formula exptX exptY exp —tY = exp(tY +#2[X, Y] +o(t3)) and equation (1.12)
give

exp (Ad(etX)tY) = exp (tY +12[X, Y] + o(tg)).
Since it is true for any X, Y € g, Ad(e!*)tY = tY + 2[X,Y]; thus

Ad(e'*) = 1 +¢[X, Y] + o(t?). (1.14)

4L'analicité de Ad, elle vient par prolongement analytique depuis juste un point ?
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Since we know that d Ad.: g — gl(g) is a homomorphism (Ad is seen as a map Ad: G — GL(g)), taking the
derivative of the last equation with respect to ¢ gives

dAd.(X) = ad X. (1.15)

Then Ad(eX) = 24X, Since is connected, an element of G can be written as exp X for a certain X € g°. The
purpose is to prove that gexp X¢g~! = exp(Ad(g)X) remains in H for any g € G if and only if b is an ideal in g.
In other words, we want Ad(g)X € b if and only if b is an ideal. We can write g = ¢¥ for a certain Y € g. Thus

Ad(9)X = Ad(eV)X = eV X,

Using the expansion
e =3 —(adY)", (1.16)
K

we have the thesis.
O

Lemma 1.7.
Let G be a connected Lie group with Lie algebra g. If ¢: G — X is an analytic homomorphism (X is a Lie
group with Lie algebra t), then

(i) The kernel ¢~t(e) is a topological Lie subgroup of G; his algebra is the kernel of dpe.
(i) The image ©(G) is a Lie subgroup of X whose Lie algebra is dp(g) < t.

(iii) The quotient group G/o1(e) with his canonical analytic structure is a Lie group. The map go *(e) —
©(g) is an analytic isomorphism G/p~1(e) — ©(G). In particular the map p: G — p(G) is analytic.

Proof. First item. We know that a subgroup H closed in G admits an unique analytic structure such that H
becomes a topological Lie subgroup of G. This is the case of p~!(e). We know that Z € g belongs to the Lie
algebra of p~!(e) if and only if p(exptZ) = e for any t € R. But p(exptZ) = exp(tdp(Z)) = e if and only if
dp(Z) = 0.
Second item. Consider X7, the analytic subgroup of X whose Lie algebra is dp(g). The group ¢(G) is generated
by the elements of the form ¢(exp Z) for Z € g. The group X is generated by the exp(dyZ). Because of lemma
7?7, these two are the same. Then ¢(G) = X; and their Lie algebras are the same.
Third item. We consider H, a closed normal subgroup of G; this is a topological subgroup and the quotient
G/H has an unique analytic structure such that the map G x G/H — G/H, (g, [x]) — [gx] is analytic. We
consider a decomposition g = h @ m and we looks at the restriction 1»: m — G of the exponential. Then there
exists a neighbourhood U of 0 in m which is homomorphically send by ¢ into an open neighbourhood of e in G
and such that 7: G — G/H sends homomorphically ¥(U) to a neighbourhood of py € G/H (cf. lemma ?7).
We consider U, the interior of U and B = w(U ). The following diagram is commutative :

G x G/H ®

X1 /

G/H x G/H

G/H (1.17)

with ®(g, [2]) = [g~"], (7 x I)(g, [2]) = ([g], [2]) and a([g], []) = [¢~']. Indeed,
ao (r x I)(g, [2]) = a(lg], [a]) = [ 'a].

In order to see that « is well defined, remark that if [h] = [¢] and [y] = [z] [¢g7 2] = [h~1y] because H is a
normal subgroup of G.

Now, we consider gg,xg € G and the restriction of (7 x I) to (goB) x (G/H). Since 7 is homeomorphic on
Y(U) and B = 1/1(0), on goB, 7 is a diffeomorphism (because the multiplication is diffeomorphic as well)

‘Problem and misunderstanding| 1.
Why is the m a diffeomorphism ¢ I understand why it is qn homeomorphism, but no more. This is related to
problem 77.

5Because G is generated by any neighbourhood of e and there exists such a neighbourhood of e which is diffeomorphic to a
subset of g by exp.
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This diffeomorphism maps to a neighbourhood N of ([go], [zo]) in G/H x G/H. From the commutativity,
we know that o = ® o (7 x I)71, so that « is analytic. Consequently, G/H is a Lie group. On N, « is analytic,
then «(N) is analytic.

All this is for a closed normal subgroup H of G. Now we consider H = ¢~1(e) and b, the Lie algebra of H.
From the first item, we know that the Lie algebra of H is the kernel of dy : h = dp~1(0) which is an ideal in g.

From the second point, the Lie algebra of G/H is dm(g) which is isomorphic to g/h; the bijection is
v(dm(X)) = [X] € g/b. In order to prove the injectivity, let us consider v(A) = v(B); A = dn(X), B = dn(Y).
The condition is [X] = [Y]; thus it is clear that dn(X) = dn(Y)

Let us consider on the other hand the map Z + h — dp(Z) for Z € g In other words, the map is
[Z] — de(Z). This is an isomorphism g/h — do(g), which gives a local isomorphism between G/H and ¢(G).
This local isomorphism is [g] — ¢(g) for g in a certain neighbourhood of e in G.

Since [g] — ¢(g) has a differential which is an isomorphism, this is analytic at e. Then it is analytic
everywhere.

O

Corollary 1.8.
If G is a connected Lie group and if Z is the center of G, then

(i) Adg is an analytic homomorphism from G to Int(G), with kernel Z,

(ii) the map [g] = Adg(g) is an analytic isomorphism from G/Z to Int(g) (the class [g] is taken with respect
to Z).

Proof. First item. A connected Lie group is generated by a neighbourhood of identity, and any element of a
suitable such neighbourhood can be written as the exponential of an element in the Lie algebra. So Int(g) is
generated by elements of the form exp(ad X) = Ad(exp X); this shows that Int(g) = Ad(G). In order to find
the kernel, we have to see Adg'(e) by the formula

Ad(g)X 1

e = geXg_ .
We have to find the g € G such that VX € g, Adg(9)X = X. We taking the exponential of the two sides and
using (1.12),

ge¥g™t =¥, (1.18)

Then ¢ must commute with any eX € G : in other words, g is in the kernel of G.

Second item. This is contained in lemma 1.7. Indeed G is connected and we had just proved that Adg: G —
Int(g) with kernel Z; the third item of lemma 1.7 makes G/Z a Lie group and the map [¢g] — Adg(g) an analytic
isomorphism from G/Z to Adg(G) = Int(g). O

Lemma 1.9.

Let G1 and Go be two locally isomorphic connected Lie groups with trivial center (i.e. g1 = g2 = g and
Z(G;) = {e}). In this case, we have G1 = G2 = Int(g) where Int g stands for the group of internal automorphism
of g.

Proof. We denote by Gg the group Intg. The adjoint actions Ad;: G; — Gq are both surjective because of
corollary 1.8. Let us give an alternative proof for injectivity. Let Z; = ker(Ad;) = {g € G; st Ad(¢9)X =
X, VX € g}. Since G; is connected, it is generated by any neighbourhood of the identity in the sense of
proposition ?7; let Vi be such a neighbourhood. Taking eventually a subset we can suppose that Vj is a normal
coordinate system. So we have
gexpg, (X)g™" = exp,, (X)

for every X € Vy. Using proposition ?? we deduce that grg~! = z for every x € G;, thus g € Z(G;). That
proves that ker(Ad;) € Z(G;). The assumption of triviality of Z(G;) concludes injectivity of Ad;. O

Corollary 1.10.
Let g be a real Lie algebra with center {0}. Then the center of Int(g) is only composed of the identity.

Proof. We note G’ = Int(g) and Z his center; ad is the adjoint representation of g and Ad’, ad’, the ones of G’
and ad(g) respectively. We consider the map 0: G'/Z — Int(ad(g)), 6([¢g]) = Ad’(g). By the second item of the
corollary 1.8, [g] — Adg/(g) is an analytic homomorphism from G’ to Int(g’) where g’ is the Lie algebra of G;
this is ad(g). So 0: G'/Z — Int(g’) is isomorphic.

Now we consider the map s: g — ad(g), s(X) = ad(X); this is an isomorphism. We also consider S: G’ —
GL(ad(g)), S(g) = sogos~'. The Lie algebra of S(G’) is ad(g’) = ad (ad(g)). Then S(G’) is the subset

6Note that g and b are not groups; by [X], we mean [X] = {X + h st h € h}.
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of GL(ad g) whose Lie algebra is ad (ad g), i.e. exactly Int(adg). So S is an isomorphism S: G’ — Int(ad g).
From all this,
S(eadX) _ SOeadX og ! = ead (ad X) _ Adl(eadX). (119)

With this equality, S™' 0 6: G’/Z — G’ is an isomorphism which sends [g] on g for any g € Z. Then Z can’t
contains anything else than the identity. [l

If we relax the assumptions of the trivial center, we have a counter-example with g = R? and the commu-
tations relation

[XlaXQ] = X37 [X17X3] = [X25X3] =0.

The group Int(g) is abelian; then his center is the whole group, although g is not abelian.

Note that two groups which have the same Lie algebra are not necessarily isomorphic. For example the
sphere S? and R? both have R? as Lie algebra. But two groups with same Lie algebra are locally the same.
More precisely, we have the following lemma.

Lemma 1.11.
If G is a Lie group and H, a topological subgroup of G with the same Lie algebra (h = g), then there exists a
common neighbourhood A of e of G and G on which the products in G and H are the same.

Proof. The exponential is a diffeomorphism between U c g and V < G and between U’ < h and W < H
(obvious notations). We consider an open O c § such that O ¢ U < U’. The exponential is diffeomorphic from
O to a certain open A in G' and H. Since H is a subgroup of G, the product eXe" of elements in A is the same
for H and G. (cf error 77?) O

Under the same assumptions, we can say that H contains at least the whole Gg because it is generated by
any neighbourhood of the identity. Since H is a subgroup, the products keep in H.
For a semisimple Lie group, the Lie algebras d(g) and ad(g) are the same. Then Int(g) contains at least the

identity component of Aut(g). Since Int(g) is connected, for a semisimple group, it is the identity component
of Aut(g).

1.3 Killing form

The Killing form of G is the symmetric bilinear form :
B(X,Y)=Tr(ad X oadY). (1.20)

It is invariant in the sense of
B((ad S)X, Y) = —B(X, (adS)Y), (1.21)

VX,Y, Seg.

Proposition 1.12.
If p: G — G is an automorphism of G, then

B(p(X),¢(Y)) = B(X,Y).

Proof. The fact that ¢ is an automorphism of G is written as p oad X = ad(¢(X)) o ¢, or
ad(p(X)) =poad X op L.
Then

Tr(ad(p(X)) 0 ad(p(Y))) = Tr(poad X o™ opadY op™!)

1.22
= Tr(ad X oadY). (1.22)
(|

Remark 1.13.
The Killing 2-form is a map B: G x G — R. When we say that it is preserved by a map f: G — G, we mean
that it is preserved by df : B(df-,df) = B(,").

An other important property of the Killing form is its bi-invariance.
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Theorem 1.14.
The Killing form is bi-invariant on G.

Remark 1.15.
The Killing form is a priori only defined on G = T.G. For A, B € T,G, one naturally defines

By(A,B) = B(dL,~A,dL,B). (1.23)
This assures the left invariance of B. Now we prove the right invariance.
Proof of theorem 1.14. Because of the left invariance,
B(dRyX,dRyY) = B(dL,~1dRy;X,dL,1dR;Y) = B(Ad,—+ X,Ad;1Y).
But Ad,—1 = d(Ad,1) and Ad,: is an automorphism of G. Thus by lemma ?7 and proposition 1.12,
B(Ad(g")X,Ad(g")Y) = B(X,Y). (1.24)
O

Lemma 1.16.
Let g be a Lie algebra and i an ideal in g. Let B: g x g — R be the Killing form on g and B': i x i — R, the
one of i. Then B’ = Bl|ixi, i.e. the Killing form on g descent to the ideal i.

Proof. If W is a subspace of a (finite dimensional) vector space V and ¢: V — W and endomorphism, then
Tr¢ = Tr(édlw). Indeed, if {X;,...,X,} is a basis of V' such that {Xy,...,X,} is a basis of W, the matrix
element ¢y is zero for k > r. Then

Tr¢ = Z i = Z bii = Tr(plw)-
i=1 i=1

Now consider X, Y € i; (ad X oadY’) is an endomorphism of g which sends g to i (because i is an ideal).
Then
B'(X,Y)=Tr((ad X ocadY)|;) = Tr(ad X cadY) = B(X,Y).

O

We are not going to (not completely) prove an useful formula for some matrix algebras: B(X,Y) =
2n Tr(XY') (proposition 1.17). We follow [3]. We consider a simple subalgebra g of gl(V) for a certain vector
space V and a nondegenerate ad-invariant symmetric 2-form f. Then there exists a S € GL(g) such that

f(X,Y) = B(SX,Y) (1.25a)
B(SX,Y) = B(X, SY). (1.25b)

If we consider a basis of g, we can write f(X,Y) (and the Killing) in a matricial form” as
FX,Y)=fi; XY/, B(X,Y)=B;X'Y.
Since B is nondegenerate, we can define the matrix (B%) by BY B, = §i. It is easy to see that the searched
endomorphism of g is given by SF = fi,; Bl
Using the invariance (1.21) of the Killing form and (1.25b), we find
B((adX 0 S)Y,Z) = —B((Socad X)Z,Y)

for any X, Y, Z € g. Now using (1.25a),

f((S7 ' oad X 0 8)Y,Z) = —f((ad X)Z,Y) = f((ad 2)X,Y) = f(Z, (ad X)Y'). (1.26)

Since f is nondegenerate, we find ad X 0SS = S oad X. It follows from Schurs’lemma that S = AI. Note that
f(X,Y) = AB(X,Y); this proves a certain unicity of the Killing form relatively to his invariance properties.
Now we consider f(X,Y) = Tr(XY'). This is symmetric because of the cyclic invariance of the trace and
this is ad-invariant because of the formula Tr([a, b]c) = Tr(a[b, c]) which holds for any matrices a, b, c.
The newt step is to show that f is nondegenerate; we define

gt ={Xegst f(X,Y)=0VY €g}.

"We systematically use the sum convention on the repeated subscript.
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The simplicity of g (g has no proper ideals) makes g equal to 0 or g. Indeed consider Z € g*. For any X, Y € g,
we have

0= f(Zv [XaY]) = f([Z,X],Y)

Then [Z, X] € g* and g' is an ideal. We will see that the reality is gt = 0 (cf. error ??). Let us suppose
g = g and consider the lemma 1.52 with A = B = g. We define

M={Xegst[X,glcg}=g

If X € M satisfies Tr(XY) = 0 for any Y € M, then X is nilpotent. Here, X € M is not a true condition because
M = g. Since g* = g, the trace condition is also trivial. Then g is made up with nilpotent endomorphisms of
V. Then lemma 1.30 makes all the X € g ad-nilpotent, so that g is nilpotent. (cf. remark 1.33)
By the third item of proposition 1.29, Z(g) # 0 which contradicts the simplicity of g. Then gt = 0 and f
is nondegenerate. Finally,
B(X,Y)=2Tr(X,Y) (1.27)

for a certain real number A. With a certain amount of work (in [2, 8] for example), one can determine the exact
value of A when g is the Lie algebra of n x n matrices with vanishing trace.

Proposition 1.17.
If g is the Lie algebra of n x n matrices with vanishing trace, then

B(X,Y) = 2n Tr(XY).

1.4 Solvable and nilpotent algebras
If g is a Lie algebra, the derived Lie algebra is
2¢ = Span{[X,Y] st X,Y € g}.

We naturally define 2°g = g and 2"g = 2(2"'g) this is the derived series. Each 2"g is an ideal in g. We
also define the central decreasing sequence by a’ = a, a?*! = [a, a?].

Definition 1.18.
The Lie algebra g is solvable if there exists am = 0 such that 2™g = {0}. A Lie group is solvable when its Lie
algebra is.

The Lie algebra g is nilpotent if g" = 0 for some n. We say that g is ad-nilpotent if ad(X) is a nilpotent
endomorphism of g for each X € g.

Do not confuse nilpotent and solvable algebras. A nilpotent algebra is always solvable, while the algebra
spanned by {4, B} with the relation [A, B] = B is solvable but not nilpotent.

If g # {0} is a solvable Lie algebra and if n is the smallest natural such that 2™g = {0}, then 2" !gis a
non zero abelian ideal in g. We conclude that a solvable Lie algebra is never semisimple (because the center of
a semisimple Lie algebra is zero).

A Lie algebra is said to fulfil the chain condition if for every ideal § # {0} in g, there exists an ideal b in
h with codimension 1.

Lemma 1.19.
A Lie algebra is solvable if and only if it fulfils the chain condition.

Proof. Necessary condition. The Lie algebra g is solvable (then Zg # g) and b is an ideal in g. We consider by, a
subspace of codimension 1 in h which contains 28. It is clear that h; is an ideal in h because [Hy, H] € Zb C b;.
Sufficient condition. We have a sequence

{Ob=g,Ccgp1C...Cgo=g (1.28)

where g, is an ideal of codimension 1 in g,_;. Let A be the unique vector in g,_1 which don’t belong to g,.
When we write [X,Y] with X, Y € g,_1, at least one of X or Y is not A (else, it is zero) then at least one of
the two is in g,. But g, is an ideal; then [X,Y] € g,.. Thus 2(g,—1) € g, and

Py =9" P99 9" 'gic...cg,=0.
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Theorem 1.20 (Lie theorem).

Consider g, a real (resp. complex) solvable Lie algebra and a real (resp. complex) vector space V. # {0}. If
m: g — gl(V) is a homomorphism, then there exists a non zero vector in V which is eigenvector of all the
elements of m(g).

‘Problem and misunderstanding‘ 2.

It is strange to be stated for real and complex Lie algebras. Following [2], this is only true for complex Lie
algebras while there exists other versions for reals ones.

Proof. Let us do it by induction on the dimension of g. We begin with dim g = 1. In this case, 7 is just a map
m: g — gl(V) such that 7(aX) = an(X). We have to find an eigenvector for the homomorphism 7(X): V — V.
Such a vector exists from the Jordan decomposition 1.48. Indeed, if there are no eigenvectors, there are no
spaces V; and the decomposition V' = > V; can’t be true.

Now we consider a general solvable Lie algebra g and we suppose that the theorem is true for any solvable
Lie algebra with dimension less that dimg. Since g is solvable, there exists an ideal h of codimension 1 in g;
then there exists a eg # 0 € V which is eigenvector of all the 7(H) with H € . So we have A\: h — R naturally
defined by

m(H)eg = MH)ey.
Now we consider X € g\h and e_; = 0, e, = 7(X)Pey for p = 1,2,... We will show that 7(H)e, = A\(H)e,
mod (eg,...,ep—1) for all H € h and p = 0. It is clear for p = 0. Let us suppose that it is true for p. Then
m(H)eps1 = m(H)m(X)ep
m([H, X])ep +m(X)m(H)e,
M[H, XDep + n(X)A(H ey

mod (e, ..., ep—1,7(X)eg, ..., m(X)ep—1).

(1.29)

)

But we can put 7([H, X]) and 7(X)e; into the modulus. Thus we have
m(H)ept1 = MH)epr1 mod (e, ..., ep).

Now we consider the subspace of V' given by W = Span{e,},—1,.... The algebra m(h) leaves W invariant and
our induction hypothesis works on (7(h), W); then one can find in W a common eigenvector for all the 7(H).
This vector is the one we were looking for. O

Corollary 1.21.
Let g be a solvable Lie group and m a representation of g on a finite dimensional vector space V. Then there
exists a basis {e1,...,en} of V in which all the endomorphism 7(X), X € g are upper triangular matrices.

Proof. Consider e; # 0 € V, a common eigenvector of all the m(X), X € g. We consider E; = Span{e;}. The
representation 7 induces a representation m; of g on the space V/E,. If V/E; # {0}, we have a e € V such
that (ex + E1) € V/E; is an eigenvector of all the m(X).

In this manner, we build a basis {ej,...,e,} of V such that 7(X)e; =0 mod (ey,...,¢e;) forall X € g. In
this basis, 7(X) has zeros under the diagonal. O

Theorem 1.22.
Let V' be a real or complex vector space and g, a subalgebra of gl(V') made up with nilpotent elements. Then

(i) @ is nilpotent;

(i) v # 0 in V such that VZ € g, Zv = 0;
(iii) There exists a basis of V' in which the elements of g are matrices with only zeros under the diagonal.
Proof. First item. We consider a Z € g and we have to see that ady Z is a nilpotent endomorphism of g. Be
careful on a point: an element X of g is nilpotent as endomorphism of V' while we want to prove that ad X is

nilpotent as endomorphism of g. We denote by Lz and Rz, the left and right multiplication; since we are in a
matrix algebra, the bracket is given by the commutator: ad Z = Lz — Rz. We have

(ad Z)P(X) = Zp:(—np (f) 77X 7 (1.30)

=0
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There exists a k € N such that Z* = 0. For this k, (ad Z)?**! is a sum of terms of the form ZP ‘X 7" : either
p — i either ¢ is always bigger than k. But ady Z is the restriction of ad Z (which is defined on gl(V')) to g. Then
g is nilpotent.
Second item. Let r = dimg. If r = 1, we have only one Z € g and Z* = 0 for a certain (minimal) k¥ € N. We
take v such that w = Z¥~1v # 0 (this exists because k is the minimal natural with Z*¥ = 0). Then Zw = 0.

Now we suppose that the claim is valid for any algebra with dimension less than r. Let h be a strict
subalgebra of g with maximal dimension. If H € b, ady H is a nilpotent endomorphism of g which sends b
onto itself. Thus adg H induces a nilpotent endomorphism H* on the vector space g/h. We consider the set
A = {H* st H € b}; this is a subalgebra of gl(g/h) made up with nilpotent elements which has dimension
strictly less than r.

The induction assumption gives us a non zero u € g/h which is sent to 0 by all A, i.e. (adg H)u =0 in g/b.
In other words, u € g\b is such that (ady H)u € b.

The space h + KX (here, K denotes R or C) of g is a subalgebra of g. Indeed, with obvious notations,

[H + kX, H + k' X]=[H H]+ad HKX) — ad H' (kX) + kk'[X, X]. (1.31)

The first term lies in h because it is a subalgebra; the second and third therms belongs to b by definition of X.
The last term is zero. Since b is maximal, h + IKX = g. Then (1.31) shows that b is also an ideal. Now we
consider

W ={eeV st VH € b, He = 0}.

Since dim b < r, W # {0} from our induction assumption. Furthermore, fore e W, HXe = [H, X]e+ X He = 0.
Then X - W < W. The restriction of X to W is nilpotent. Then there exists a v € W such that Xv = 0. For
him Hv = 0 because v € W and Xv = 0 by definition of X. Then Gv =0 for any G € h + KX = g.

Third item. Let e; be a non zero vector in V such that Ze; = 0 for any Z € g (the existence comes from the
second item). We consider F; = Spane;. Any Z € g induces a nilpotent endomorphism Z* on the vector space
V/Ey,. If V/E; # {0}, we take a e3 € V\E; such that es + F1 € V/E; fulfils Z*(es + E1) = 0 for all Z € g.
By going on so, we have Ze; =0, Ze; = 0 mod (eq,...,e;—1). In this basis, the matrix of Z has zeros on and
under the diagonal. O

Corollary 1.23.
Let us consider V', a finite dimensional vector space on K and g, a subalgebra of gl(V') made up with nilpotent
elements. Then if s > dimV and X; € g, we have X1 X5... X, =0.

Proof. We write the X;’s in a basis where they have zeros on and under the diagonal. It is rather easy to see
that each product push the non zero elements into the upper right corner. [l

Corollary 1.24.
A nilpotent algebra is solvable.

Proof. The algebra adg4(g) is a subalgebra of gl(g) made up with nilpotent endomorphisms of g. The product
of s (see notations of previous corollary) such endomorphism is zero. In particular g is solvable. O

We recall the definition of the central decreasing sequence: a’ = a, a?*! = [a, a?].

Corollary 1.25.
A Lie algebra a is nilpotent if and only if a™ = {0} for m > dima.

Proof. The direct sense is easy: we use corollary 1.23 with g = ad(a) (dimg = dima). Since g is nilpotent, for
any X; € g we have X7 ... X, so that a™ = 0. The inverse sense is trivial.

O
Corollary 1.26.
A nilpotent Lie algebra a # {0} has a non zero center
Proof. If m is the smallest natural such that a™ = 0, a™ ! is in the center. |

Lemma 1.27.
Ifi and j are ideals in g, then we have a canonical isomorphism : (i+3)/j = i/(i nj) given by

U([z]) =i

ifx =1+ j withi €iand j €j. Here classes with respect to j are denoted by [.] and the one with respect to
(inj) by a bar.
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Proof. We first have to see that ¢ is well defined. If " =i + j + j', ¢([z]) = i because j + j' €j. If . =4’ + j
(an other decomposition for z =i +j),i=75,5 —j=i—i €jni. Thent =14 +j —j=1".
Now it is easy to see that ¢ is a homomorphism. O

Proposition 1.28.
Let g and g' be Lie algebras.

(i) If g is solvable then any subalgebra is solvable and if ¢p: g — ¢’ is a Lie algebra homomorphism, then ¢(g)
is solvable in g'.

(i) If i is a solvable ideal in g such that g/i is solvable, then g is solvable.

(i) If i andj are solvable ideals in g, then i+ j is also a solvable ideal in g.

Proof. First item. If b is a subalgebra of g, then 2¥h = 2*g, so that b is solvable. Now consider h = ¢(g) < g'.
This is a subalgebra of g’ because [h, h'] = [¢(g), #(¢9')] = ¢([g,9']) € b. It is clear that Z(¢(g)) < $(Z(g)) and

7°(6(9)) = 2(2¢(9)) = 2(62(9)) < 629(g) = $(Z°(9))- (1.32)

Repeating this argument, 2% (h) < ¢(2*g). So b is also solvable. Note that ¢([g,']) = [¢(9), #(¢')] = 2(x(g)).
Then
P*7(g) = n(2"g). (1.33)

Second item. Let n be the smallest integer such that 2"(g/i) = 0; we look at the canonical homomorphism
7: g — g/i. This satisfies 2" (n(g)) = m(2™g) = 0. Then 2"(g) c i. If 2™i = 0, then 2™ "g = 0.

Third item. The space i/(i nj) is the image of i by a homomorphism, then it is solvable and (i + j)/j is also
solvable. The second item makes i 4+ j solvable. O

Now we consider g, any Lie algebra and s a maximum solvable ideal i.e. it is included in none other solvable
ideal. Let us consider i, an other solvable ideal in g. Then i + s is a solvable ideal; since s is maximal, i + s = s.
Thus there exists an unique maximal solvable ideal which we call the radical of g. It will be often denoted by
Rad g. If 3 is a symmetric bilinear form, his radical is the set

S={xegst B(z,y) =0Vy e g} (1.34)
The form £ is nondegenerate if and only if S = {0}.

Proposition 1.29.
Let g and g' be Lie algebras.

(i) If g is nilpotent, then his subalgebras are nilpotent and if ¢: g — g’ is a Lie algebra homomorphism, then
o(g) is nilpotent.

(ii) If g/Z(g) is nilpotent, then g is nilpotent. For recall,

Z(g) ={z€gst|z,z] =0VYz e g}

(iii) If g is nilpotent, then Z(g) # 0.

Proof. The proof of the first item is the same as the one of 1.28. Now if (g/Z(g))” = 0, then g"/Z(g) = 0;
thus g" c Z(g), so that g"*! = [g, Z(g)] = 0. Finally, if n is the smallest natural such that g® = 0, then
[g"~",g] = 0 and g"~" = Z(g). =

The condition to be nilpotent can be reformulated by In € N such that VX;, Y € g,
(adXjo0...0ad X,,)Y =0,

in particular for any X € g, there exists a n € N such that (ad X)™ = 0. An element for which such a n exists
is ad-nilpotent. If g is nilpotent, then all his elements are ad-nilpotent.
Some results without proof :

Lemma 1.30.
If X € gl(V) is a nilpotent endomorphism, then ad X is nilpotent.
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Remark 1.31.
The inverse implication is not true, as the unit matriz shows.

Theorem 1.32 (Engel).
A Lie algebra is nilpotent if and only if all his elements are ad-nilpotent.

For a proof see [2].

Remark 1.33.
The combination of these two last results makes that if g € gl(V') is made up with nilpotent endomorphisms of
V', then g is nilpotent as Lie algebra.

1.5 Flags and nilpotent Lie algebras

Here we give a “flag description” of some previous results. In particular the chain (1.28). If V' is a vector space
of dimension n < o0, a flag in V is a chain of subspaces 0 = Vo c V; ... c V,_; c V,, = g with dimV} = k.
If © € End V fulfils 2(V;) < V;, then we say that x stabilise the flag.

Theorem 1.34.
If g is a subalgebra of gl(V') in which the elements are nilpotent endomorphisms and if V # 0, then there exists
aveV,v#0 such that gv = 0.

Proof. This is the second item of theorem 1.22. O

Corollary 1.35.
Under the same assumptions, there exists a flag (V;) stable under g such that gV; c V;—1. In other words, there
exists a basis of V' in which the matrices of g are nilpotent; this basis is the one given by the flag.

Proof. Let v # 0 such that gv = 0 which exists by the theorem and V3 = Spanv. We consider W = V/Vi; the
action of g on W is also made up with nilpotent endomorphisms. Then we go on with V3 and Wy = W /V5,... O

Lemma 1.36.
If g is nilpotent and if i is an non trivial ideal in g, then i n Z(g) # 0.

Proof. Since i is an ideal, g acts on i with the adjoint representation. The restriction of an element ad X for
X € g toiisin fact a nilpotent element in gl(i). Then we have a I € i such that g/ = 0. Thus I ein Z(g). O

Theorem 1.37.
Let g be a solvable Lie subalgebra of gi(V'). If V # 0, then V' posses a common eigenvector for all the endomor-
phisms of g.

Proof. This is exactly the Lie theorem 1.20 O

Corollary 1.38 (Lie theorem).
Let g be a solvable subalgebra of gl(V'). Then g stabilize a flag of V.

Proof. This corollary is the corollary given in 1.21.
We consider v; the vector given by theorem 1.37. Since it is eigenvector of all g, Span v; is stabilised by g.
Next we consider vy in the complementary which is also a common eigenvector,. .. [l

Corollary 1.39.
If g is a solvable Lie algebra, then there exists a chain of ideals in g

O=gocg1C...Cgn =9
with dim g, = k.

Proof. If ¢: g — gl(V) is a finite-dimensional representation of g, then ¢(g) is solvable by proposition 1.29.
Then ¢(g) stabilises a flag of V. Now we take as ¢ the adjoint representation of g. A stable flag is the chain of
ideals; indeed if g; is a part of the flag, then VH € g ad Hg;  g; because the flag is invariant. O

Corollary 1.40.
If g is solvable then X € D¢ implies that adg X is nilpotent. In particular Zg is nilpotent.
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Proof. We consider the ideals chain of previous corollary and an adapted basis: {Xi,...,X,} is such that
{X1,...,X;} spans g;. In such a basis the matrices of ad(g) are upper triangular and it is easy to see that
in this case, the matrices of [adg,ad g] are strictly upper triangular: they have zeros on the diagonal. But
[adg,ad g] = adg[g,g]. Then for X € ady Zg, adg X is nilpotent. A fortiori, adgy X is nilpotent and by the
Engels’theorem 1.32, Zg is nilpotent. O

The following lemma is computationally useful because it says that if X is a nilpotent element of a Lie
algebra, then g - X is also nilpotent with (at most) the same order.

Lemma 1.41.
The following formula
ad(g- X)"Y =g-ad(X)* (g *-Y) (1.35)

holds for all g € G and XY € g,

The proof is a simple induction on n.

1.6 Semisimple Lie algebras

A useful reference to go trough semisimple Lie algebras is [1]. Very few proofs, but the statements of all the
useful results with explanations.

Definition 1.42.
A Lie algebra is semisimple if it has no proper abelian invariant Lie subalgebra. A Lie algebra is simple if it
is not abelian and has no proper Lie subalgebra.

In that definition, we say that a Lie subalgebra § is invariant if ad(g)h < b.
There are a lot of equivalent characterisations. Here are some that are going to be proved (or not) in the
next few pages. A Lie algebra is semisimple if an only if one of the following conditions is respected.

(i) The Killing form is nondegenerate.
(ii) The radical of g is zero (theorem 1.56).

(iii) There are no abelian proper invariant subalgebra.

‘Problem and misunderstanding‘ 3.
I think that in the following I took the degenerateness of Killing as definition.

The Killing form is a convenient way to define a Riemannian metric on a semisimple® Lie group.

Corollary 1.43.
An automorphism of a semisimple Lie group is an isometry for the Killing metric. Stated in other words,

Aut(G) c IsoG. (1.36)

Proof. By lemma 77, if f is an automorphism of G, df is an automorphism of G. Now, by proposition 1.12, f
is an isometry of G. |

Proposition 1.44.
Let g be a semisimple Lie algebra, a an ideal in g, and a*t = {X € g st B(X,A) = 0VA € a}. Then

(i) at is an ideal,
(ii) g = a@at,

(iii) a is semisimple,

Proof. First item. We have to show that for any X € g and P € at, [X,P]leat, or VY € a, B(Y,[X, P]) = 0.
From invariance of B,
B(Y,[X, P]) = B(P,[Y, X]) = 0.

Second item. Since B is nondegenerate, dim a + dim a+ = dimg. Let us consider Z € g and X, Y € a nat.

We have B(Z,[X,Y]) = B([Z,X],Y) = 0. Then [X,Y] = 0 because B(Z,[X,Y]) = 0 for any Z and B is
nondegenerate. Thus a n a'’ is abelian. It is also an ideal because a and a' are.

8In this case, B is nondegenerate.
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Now we consider b, a complementary of ana' in g, Z € g and T € ana’. The endomorphism F = ad Toad Z
sends anat to {0}. Indeed consider A € anat; (ad Z)A € ana’ because it is an ideal, and then (ad Toad Z)A = 0
because it is abelian.

The endomorphism FE also sends b to a n a’ (it may not be surjective); then Tr(ad7T o ad Z) = 0 and
a nat = {0}. Since B is nondegenerate, dim a + dim a' = dimg. Then a@® at = g is well a direct sum.

Third item. From lemma 1.16, the Killing form of g descent to the ideal a; then it is also nondegenerate and
a is also semisimple. O

Corollary 1.45.
A semisimple Lie algebra has center {0}.

Proof. If Z e kerg,adZ =0. So B(Z,X) =0 for any X € g. Since B is nondegenerate, it implies Z = 0. (|

Corollary 1.46.
If g is a semisimple Lie algebra, it can be written as a direct sum

0=019D...09r
where the g; are simples ideals in g. Moreover each simple ideal in g is a direct sum of some of them.

Proof. If g is simple, the statement is trivial. If it is not, we consider a, an ideal in g. Proposition 1.44 makes
g=a®a'. Since a and a are semisimple, we can once again brake them in the same way. We do it until we
are left with simple algebras.

For the second part, consider b a simple ideal in g which is not a sum of g;. Then [g;,b] = g; n b = {0}.
Then b is in the center of g. This contradict corollary 1.45. O

Proposition 1.47.
If g is semisimple then

i.e. any derivation is an inner automorphism :

Proof. We saw at page 8 that ad(g) < d(g) holds without assumptions of (semi)simplicity. Now we consider D,
a derivation: VX € g,
ad(DX) = [D,ad X].

Then ad(g) is an ideal in d(g) because the commutator of ad X with any element of d(g) still belongs to ad(g).
Let us denote by a the orthogonal complement of ad(g) in d(g) (for the Killing metric). The algebra ad(g) is
semisimple because of it isomorphic to g. Since the Killing form on ad(g) is nondegenerate, a n ad(g) = {0}.
Finally D € a implies [D,ad X] € anad(g) = {0}. Then ad(DX) =0 for any X € g, so that D = 0. This shows
that a = {0}, so that ad(g) = d(g). O

If V is a finite dimensional space, a subspace W in V' is invariant under a subset G € Hom(V, V) if sW c W
for any s € G. The space V is irreducible when V' and {0} are the only two invariant subspaces. The set G
is semisimple if any invariant subspace has an invariant complement. In this case, the vector space split into
V= ZZ V; with V; invariant and irreducible.

Theorem 1.48 (Jordan decomposition).
Any element A € Hom(V, V') is decomposable in one and only one way as A =S+ N with S semisimple and N
nilpotent and NS = SN. Furthermore, S and N are polynomials in A. More precisely :

If V is a complex vector space and A € Hom(V, V') with A1, ..., A his eigenvalues, we pose

Vi={veV st (A—X\1)*v =0 for large enough k}.
Then
(i) V=21 Vi,
(i) each V; is invariant under A,

(iii) the semisimple part of A is given by

fO’f’ v; € ‘/’U
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(iv) the characteristic polynomial of A is
det(AL —A) = (A=A ... (A= \)%

where d; = dimV; (1<i<r).

1.6.1 Jordan decomposition

If V is a finite dimensional vector space, we say that an element of End V' is semisimple when it is diagonalisable.
We know that two commuting semisimple endomorphism are simultaneously diagonalisable. So the sums and
differences of semisimple elements still are semisimple.
Let Ej; be the (n +2) x (n + 2) matrix with a 1 at position (k,!) and 0 anywhere else: (Ex;)ij = 0ri01;. An
easy computation show that
EpiEab = 010 kb, (1.37)

and
[Ekh Ers] = 5lrEks - 5skErl- (138)

Now we give a great theorem without proof.

Theorem 1.49 (Jordan decomposition).
Let V' be a finite dimensional vector space and x € End V.

(i) There exists one and only one choice of xs,x, € End(V) such that x = x5 + x,, x5 is semisimple, n, is
nilpotent and [zs, x,] = 0.

(i) There exists polynomials p and q without independent term such that x5 = p(x), x, = q(x); in particular
if y € EndV commutes with z, then it commutes with s and x,,.

(iii) If Ac B cV are subspaces of V and if x(B) c A, then x4(B) € A and x,(B) c A.

As an example consider the adjoint representation of gl(V'). As seen in lemma 1.30, if = € gl(V) is nilpotent,
then ad x is also nilpotent.

Lemma 1.50.
If x € gl(V) is semisimple, then adx is also semisimple.

Proof. We choose a basis {v1,---,v,} of V in which = is diagonal with eigenvalues a1, ..., a,. For gl(V), we
consider the basis {F;;} in which E;; is the matrix with a 1 at position (¢,7) and zero anywhere else. This
satisfies [Fgi, Ers] = 01 Exs — 05k Er;. We easily check that Ey;(v;) = 0j;05. Since we are in a matrix algebra,
the adjoint action is the commutator: (adz)E;; = [z, E;;]; as we know that x = ay Ey,

(ad SC)EZJ = ag [Ekk; E”] = (ai - aj)EZ—- (139)

which proves that adz has a diagonal matrix in the basis {E;;} of gl(V). Furthermore, we have an explicit
expression for his matrix: the eigenvalues are (a; — a;).

O

Lemma 1.51.
Let x € End V' with his Jordan decomposition x = x5 + x,,. Then the Jordan decomposition of adx is

adz = adz, +adzy,. (1.40)

Proof. We already know that ad z is semisimple and ad «,, is nilpotent. They commute because [ad zs,ad 2] =
ad[zs, 2] = 0. Then the unicity part of Jordan theorem 1.49 makes (1.40) the Jordan decomposition of adz. O

1.6.2 Cartan criterion

Let us recall a result: g = g', [Z2g, Zg] < g°; then 2*g  gF. Thus if g is nilpotent, it is solvable. On the
other hand, by the Engel theorem 1.32, Zg is nilpotent if and only if all the adgg x are nilpotent for z € Zg.
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Lemma 1.52.
Let A c B be two subspace of gi(V') with dimV < 00. We pose

M ={xegl(V) st [z, B] c A},
and we suppose that x € M wverify Tr(xz oy) =0 for all y € M. Then x is nilpotent.

Proof. We use the Jordan decomposition z = x4 + z,, and a basis in which x takes the form diag(a,...,am);
let {v1,..., v} be this basis. We denotes by E the vector space on Q spanned by {ai,...,a;,}. We want to
prove that z; = 0, i.e. E = 0. Since F has finite dimension, it is equivalent to prove that its dual is zero. In
other words, we have to see that any linear map f: E — @ is zero.

We consider y € gl(V), an element whose matrix is diag(f(a1),..., f(am)) and (E;;), the usual basis of
gl(V). We know that

(adzs) By = (a; — a;) By, (1.41a)
(ady)Eij = (f(ai) — f(a;))Eij. (1.41b)

It is always possible to find a polynomial r on R without constant term such that r(a; —a;) = f(a;) — f(a;).
Note that this is well defined because of the linearity of f : if a;—a; = ag —ay, then f(a;)— f(a;) = f(ax)— f(a).
Since ad z, is diagonal, r(ad ) is the matrix with r(ad zs);; on the diagonal and zero anywhere else. Then
r(ad zs) = ady. By lemma 1.51, ad z; is the semisimple part of ad x, then ad y is a polynomial without constant
term with respect to adx (second point of theorem 1.49).

Since (ady)B c A, y € M and Tr(zy) = 0. It is easy to convince ourself that the s, part of z will not
contribute to the trace because x,, is strictly upper triangular and y is diagonal. From the explicit forms of x4
and vy,

Tr(zy) = Zaif(ai) = 0.

This is a Q-linear combination of element of E : we have to see it as a; being a basis vector and f(a;) a
coefficient, so that we can apply f on both sides to find 0 = Y, f(a;)?. Then for all i, f(a;) =0, so that f =0
because the a; spans E. O

Theorem 1.53 (Cartan criterion).
Let g be a subalgebra of gl(V'). We suppose that Tr(zy) = 0V € Dg,y € g. Then g is solvable.

Proof. Tt is sufficient to prove that Zg is nilpotent indeed if we write 2*g c g* with Zg instead of g, 2*+1g c
(Z9)*. If 2g is nilpotent, (Zg)" = 0 and 2"*1g = 0 so that g is solvable.

Let us consider z € 2g. We have to prove that it is ad-nilpotent (see the Engel theorem 1.32). Let A = %g,
B =gand M = {z € gl(V) st [zg] € Zg}. By definition of 2g, g € M. The lemma 1.52 will conclude that
x € Pg is nilpotent if Tr(zy) = 0 for any y € M. Here we just have this equality for y € g.

A typical generator of g is [z, y] with z, y € g. Take a z € M; by the formula Tr([z, y]z) = Tr(z[y, z]), the
trace that we have to check is

Te([z, y]2) = Te(ely, 21) = T([y, 2Ja). (1.42)

But with z € M, [y, z] € g, then Tr([x,y]z) = Tr([y, z]) = 0. Thus we are in the situation of the lemma. O

Corollary 1.54.
A Lie algebra g for which Tr(adz o ady) = 0 for all x € Pg, y € g is solvable.

Proof. We consider h = ad g; this is a subalgebra of gl(V') such that a € 25 and b € b imply Tr(ab) = 0. In
order to see it, remark that a € Zb can be written as a = [adz,ady] = ad[z,y] for certain z, y € g. Then
Tr(ab) = Tr(ad[z, y] ad z) with z, y, z € g; this is zero from the hypothesis. Then § = ad g is solvable.

It is also known that ker(ad) = Z(g) is also solvable. Now we consider m a complementary of Z(g) in g :
g = Z ®m. The Lie algebra ad(m) is solvable and the homomorphism ¢: adm — m defined by ¢(adz) = x is
well defined. From the first item of the proposition 1.28, m is solvable. With obvious notations, an element of
Pm can be written as [m,m’] (because Z(g) don’t contribute to Zg). Then Pg = Pm, so that g is as much
solvable than m. O

Lemma 1.55.
The radical of a Lie algebra is non zero if and only if it has at least non zero abelian ideal.

Proof. The radical of g is its unique maximal solvable ideal. An eventually non empty abelian ideal should be
in the radical.

Let us now consider that the radical is non zero, and consider the derived series of Radg. Since Rad g is
solvable, we can consider n, the minimal integer such that 2™ Radg = 0. Then 2"~ Rad g is a non zero abelian
ideal. |
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Theorem 1.56.
A Lie algebra is semisimple if and only if its radical is zero.

Proof. Direct sense. We suppose Rad g = 0 and we consider S, the radical of the Killing form :
S={Xegst B(X,Y)=0VY € g}.

By definition, for any X € S and Y € g, Tr(ad X oadY) = 0. The Cartan criterion makes ad S solvable and the
corollary 1.54 makes .S solvable.

Now, the ad-invariance of the Killing form turns S into an ideal, so that S < Rad(g) because any solvable
ideal is contained in Rad g. From the assumptions, Rad S = 0, then S c Rad g = 0. This shows that the Killing
form is nondegenerate.

Inverse sense. We suppose S = 0 and we will show that any abelian ideal of g is in S. In this case, if A is a
solvable ideal with 2" A = 0, then 2"~ ' A is an abelian ideal, so that 2" ' A = 0. By induction, A = 0.
Let I be an abelian ideal of g, X € I and Y € g. Then ad X oadY is nilpotent because for Z € g,

(adXadYadXadY)Z = (ad X adY) ([ X, [V, Z]]) = (ad X) [V, X1] = (ad X) X2 = 0. (1.43)
=Xel =Xl

Then 0 = Tr(ad X adY) = B(X,Y) and X € S, so that ¢ S = 0.

1.6.3 More about radical

If g is a Lie algebra whose radical is t, we say that a subalgebra s of g is a Levi subalgebra if g =t ®s.
Any Lie algebra posses a Levi subalgebra®.

Lemma 1.57.
If a is an ideal in a Lie algebra g, then
Rada = (Radt) n a.

Before to begin the proof, let us recall that lemma 1.27 gives us an isomorphism %: (a + b)/a — b/(a N b)
when a and b are ideals in g.

Proof of the lemma. If v is the radical of g, then the radical of g/t is zero, so that t/v is semisimple. Let a be
an ideal in g, then (a +t)/v is an ideal in the semisimple Lie algebra gr, so that it is also semisimple. From the
isomorphism, a/(a N t) is also semisimple and a N v must contains the radical of a. Indeed if a solvable ideal of
a where not in a n t, then this should give rise to a non zero solvable ideal in a/(a N t) although the latter is
semisimple. Then a Nt = Rad a. O

Proposition 1.58.
If A is a compact group of automorphisms of the Lie algebra g, then there exists a Levi subalgebra of g which is
invariant under A.

Proof. Let t be the radical of g; we will split our proof into two cases following [t,t] = 0 or not.

The radical is abelian. In this first case we consider an induction with respect to the dimension of g. We
consider g = g/[t,t] and T = v/[r,t] : these are algebras with one less dimension that g and v. We denote by
m: g — ¢ the natural projection.

We begin to prove that T is the radical of g. It is clear from the Lie algebra structure on a quotient that ©
is an ideal because t is. It is also clear that t is solvable. We just have to see that ¥ is maximal in g. For this,
suppose that Tu X is a solvable ideal in §. Then it is easy to see that tu X is an ideal in g. Taking commutators
in T U X, we always finish in 0 € g, i.e. in [r,t]. Taking again some commutators, we finish on 0 € g because t
is solvable. This contradict the maximality of t.

Since A is made up of automorphisms, it leaves t invariant, so that it also acts on g as an automorphism
group: aX = aX for a € A and X € g. From the induction assumption, we can find a Levi subalgebra 5 in g :
5@t = g. In this case, the radical of 771(3) is [r,t]. Indeed in the one hand, T35 = 0, so that 7~ 1(tn3) = [t,t].
In the other hand 77 }(tTn5) = 7 1(¥) n71(5) = vn 7 1(5). The lemma 1.57 conclude that Rad 7—*(5) = [, ].

Now A is a compact group of automorphism which leaves invariant 7—1(5), so we have a Levi subalgebra s
of 771(5) invariant under A. We will see that this is in fact a Levi subalgebra of the whole g, i.e. we have to
prove that s @t = g. From the definition of s,

s@[r,t] = 771(3),

9Reference needed.
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and by definition of §,

Then
g=1'E) D+ [t,t] =sD[t,;1] Dr+[t,1] =sDr. (1.44)
We can now pass to the second case: [t,t] = 0.
The radical is not abelian. Let so and s be Levi subalgebras of g. For X € sy, we write

X=f(X)—|—X5

with respect to the decomposition g = s @ t. This defines a linear map f: sp — tv. For any X, Y € s,
[Xs, Xs] = [X,Y] = [X, f(y)] — [f(X),Y] because t is abelian. Since'®, [Xs, Xs] = [X, Y],

FIXY]) = [X, (V)] = [f(X),Y]. (1.45)

Now let us consider a map f: sg — t which satisfy this equation. Then the map X — X — f(X) is an
isomorphism between so and his image which is a Levi subalgebra of g. Indeed

[XaY] - [va] _f([XaY])
= [X Y] - [X, f(Y)] - [F(X),Y] (1.46)
= [X = f(X),Y = f(YV)].

Now we consider V, the space of all the linear maps so — t which fulfil the condition (1.45). We have a
bijection between V and the Levi subalgebras of g : for any Levi subalgebra we associate the map f € V given
by X = f(X) + Xs.

So our proof can be reduced to find a fixed point of V' under the action of A. In order to do that, we will
see that A is a group of affine transformations on V. Consider a ae € A and fy, f§', f* be the elements of V
corresponding to sp, § and a(s). We take a X € 5o and we denote by @(X) the so-component of a(X) with
respect to the decomposition g =t @ s¢ :

a(X) = a(X) + B(X).

This also defines 5: g — v and —3(X) is the v-component of @(X) with respect to g = t@® a(sp). Since f§ just
correspond to this decomposition, f§(@(X)) = —8(X), so that

a(X) = f5 (@(X)) + a(X)
=[5 (@(X)) + a(f(X)) = a(f(X)) + a(X).

Since X — f(X) €5, a(X) — a(f(X)) € a(s), then f&(@(X)) + a(X) is the t-component of @(X) with respect
to g =t@a(s). Then

(1.47)

fo'@(X)) + a(f(X)) = f*(@(X)) = f*(@(X)).
Since X was taken arbitrary, f¢ = f& + ao foa !. Then the map V — V, f — f is an affine transformation
with translation equals to f§* and linear part being f - ao foa.

A general result shows that a compact group of affine transformations on a vector space has a fixed point.
O

1.6.4 Compact Lie algebra

We consider g, a real Lie algebra and b, a subalgebra of g. Let K* be the analytic subgroup of Int(g) which
corresponds to the subalgebra ady(h) of adg(g).

Definition 1.59.

We say that b is compactly embedded in g if K* is compact. A Lie algebra is compact when it is compactly
embedded in itself.

The analytic subgroup of Int(g) which corresponds to adg(g), by definition, is Int(g). Then the compactness
of g is the one of Int(g).

Remark 1.60.

The compactness notion on a Lie group is defined from the topological structure of the Lie group seen as a
manifold. It is all but trivial that the compactness on a Lie group is related to the compactness on its Lie
algebra; the proposition 1.65 will however make the two notions related in the natural way.

10C’est pas clair pourquoi on a a.
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Remark 1.61.

The topology on K* is not necessary the same as the induced one from Int(g) and Int(g) has also not necessary
the induced topology from GL(g). However the next proposition will show that the compactness notion is well
the one induced from GL(g).

Proposition 1.62. N
We consider K, the same set and group as K*, but with the induced topology from GL(g). Then K is compact
if and only if K* is compact.

Note however that K* and K are not automatically the same as manifold.

Proof. K* compact implies K compact. The identity map ¢: K* — GL(g) is analytic, and then is continuous
because Int(g) is by definition an analytic subgroup of GL(g) and K* an analytic subgroup of Int(g). If we
have a covering of K with open set O; n K of K (O; is open in GL(g)), the continuity of + make the finite

subcovering of K* good for K. R
K compact implies K* compact. If K is compact, then it is closed in GL(g). As set, K* is closed in GL(g) and
by definition it is connected. Then by the theorem ??, K* is a topological subgroup of GL(g). Consequently,

K* and K are homeomorphic and they have same topology. [l
A lemma without proof!.

Lemma 1.63.
If G is a compact group in GL(n,R), then there exists a G-invariant quadratic form on R™.

Proposition 1.64.
Let g be a real Lie algebra.

(i) If g is semisimple, then g is compact if and only if the Killing form is strictly negative definite.

(i) If it is compact then it is a direct sum

g=2a]g0] (1.48)

where Z is the center of g and the ideal [g, g] is compact and semisimple.

Proof. If the Killing form is nondegenerate. We consider g, a Lie algebra whose Killing form is strictly
negative definite. Up to some dilatations (and a sign), this is the euclidian metric. Then O(B), the group
of linear transformations which leave B unchanged is compact in the topology of GL(g) : this is almost the
rotations. From equation (1.36), Aut(g) c O(B). With this, Aut(g) is closed in a compact, then it is compact.
Then Int(g) is closed in Aut(g) —here is the assumption of semi-simplicity— and Int(g) is compact.

If g is compact.  Since g is compact, Int(g) is compact in the topology of Aut(g); then there exists an
Int(g)-invariant quadratic form Q. In a suitable basis {X1,..., X,,} of g, we can write this form as

QX) =

for X = Y z;X;. In this basis the elements of Int(g) are orthogonal matrices and the matrices of ad(g) are
skew-symmetric matrices (the Lie algebra of orthogonal matrices). Let us consider a X € g and denote by
a;;(X) the matrix of ad(X). We have

B(X,X) = Tr(ad X 0ad X) = 3} 3 a4 (X)asi(X) = = i (X)? <. (1.49)

Then the Killing form is negative definite'?. On the other hand, B(X, X) = 0 implies ad(X) = 0 and X € Z(g).
Thus gt < Z. If g is semisimple, this center is zero; this conclude the first item of the proposition.
Now Z is an ideal and corollary 1.46 decomposes g as

g=Z2d@g¢. (1.50)

Let us suppose that the restriction of B to g’ x ¢’ is actually the Killing form on g’ (we will prove it below).
Then the Killing form on g’ is strictly negative definite; then g’ is compact.

11 J'ai méme pas trouvé d'énoncé de ce théoréme.
12Here we use “negative definite” and “strictly negative definite”; in some literature, the terminology is slightly different and one
says “semi negative definite” and “negative definite”.
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Now we prove that the Killing form on g descent to the Killing form on g’. Remark that Z is invariant
under all the automorphism. Indeed consider Z € Z, i.e. [X,Z] = 0. If ¢ is an automorphism,

[X,0Z] =0[c'X,Z] = 0.

Here the difference between Int(g) and Aut(g) is the fact that Int(g) is compact; then we can construct a
Int(g)-invariant quadratic form @, but not a Aut(g)-invariant one. We consider an orthogonal complement
(with respect to Q) g’ of Z:

g=g @ Z. (1.51)

The algebra g’ is also invariant because for any Z € Z,
Q(Z,0X)=Q(c7'(2),X) =0.

It is also clear that Z is invariant under ad g because (ad X)Z = 0. Finally g’ is invariant as well under ad(g).
Indeed a € ad(g) can be written as a = a’(0) for a path a(t) € Int(g). We identify g and his tangent space (as

vector spaces),
d
X = —[ tX] .
“ dt a(t) t=0

If X € g, a(t)X € ¢ for any t because g’ is invariant under Int(g)*®. Thus a(t)X is a path in g’ and his
derivative is a vector in g’.
All this make g’ an ideal in g; then the Killing form descent by lemma 1.16. Now if X € g, we have

B(X,X)=Tr(ad X ocad X) = " a;;(X)a;i(X) = = a;(X)% (1.52)

then B(X,X) < 0 and the equality holds if and only if ad X = 0 i.e. if and only if X € Z. Thus B is strictly
negative definite on g’.

Up to now we have proved that g’ is semisimple (because B is nondegenerate) and compact (because B is
strictly negative definite).

It remains to be proved that g’ = [g,g] = Z2(g). From corollary 1.46, 2g has a complementary a which is
also an ideal: g = Zg + a. Then [g,a] € Zg and [g,a] can Zg: {0}. Then a € Z, so that

g=2+ %y (non direct sum). (1.53)

Now we have to prove that the sum is actually direct. The ideal Z has a complementary ideal b : g=Z®b
and

79 = [9,0] © [9,Z] +[g,b] < b.
—
=0
Then 2g < b which implies that Zg n Z = {0} because the sum g = Z @ b is direct. Then the sum (1.53) is

direct.
O

Proposition 1.65.
A real Lie algebra g is compact if and only if one can find a compact Lie group G which Lie algebra is isomorphic
to g.

Proof. Direct sense. Since g is compact, g = Z ® Pg with 2g = g’ compact and semisimple; in particular,
the center of g’ is {0}. Since Z is compact and abelian, it is isomorphic to the torus S! x ... x S*. Since g’ is
compact, Int(g’) is compact, but the Lie algebra if Int(g’) is —by definition— ad(g’). The center of a semisimple
Lie algebra is zero; then ad X’ = 0 implies X = 0 (for X € g’). Then ad is an isomorphism between g’ and ad g'.
All this shows that —up to isomorphism— Z and [g, g] are Lie algebras of compact groups. We know from
lemma ?7? that the Lie algebra of G x H is g @ h. Thus, here, g is the Lie algebra of the compact group
St x ... x St x Int(g).
Reverse sense. We consider a compact group G and we have to see the its Lie algebra g is compact. If G is
connected, Adg is an analytic homomorphism from G to Int(g). If G is not connected, the Lie algebra of G is
T.Gy (G is the identity component of G) where Gy is connected and compact because closed in a compact. O

Proposition 1.66.
Let g be a real Lie algebra and Z, the center of g. We consider €, a compactly embedded in g. If € n Z = {0}
then the Killing form of g is strictly negative definite on €.

13 As physical interpretation, if something is invariant under a group of transformations, it is invariant under the infinitesimal
transformations as well.
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Proof. Let B be the Killing form on g and K the analytic subgroup of Int(g) whose Lie algebra is adg4(£). By
assumption, K is a compact Lie subgroup of GL(g). Then there exists a quadratic form on g invariant under
K, and a basis in which the endomorphisms ady(T) for T € ¢ are skew-symmetric because the matrices of K
are orthogonal. If the matrix of ad 7" is (a;;), then

B(T,T) = Zaij(T)aﬂ(T) = —Zafj(T) <0, (1.54)

and the equality hold only if adT = 0 i.e. if T € Z. From the assumptions, ¢ n Z = {0}; then B(T,T) = 0 if
and only if T' = 0. O

1.7 Cartan subalgebras in complex Lie algebras

About Cartan algebra, one can read [2, 4, 5, 9].
In this section g will always denotes a complex finite dimensional Lie algebra.

Definition 1.67.
When b is a subalgebra of g, the centralizer of § is the set

Z(h) = {w e g st [z, ] < b}. (1.55)
More generally if g is a Lie algebra and if a, b are two subset of g, the centraliser of a in b is
Zp(a) ={X € b st [X,a] =0}. (1.56)
If a is a subalgebra of g, its normalizer is
ng={Xegst[X,al ca}. (1.57)
One can check that a is an ideal in ng.

Definition 1.68.
A subalgebra b of a Lie algebra g is a Cartan subalgebra if it is nilpotent and if it is its own centralizer:
[z,h] € b implies x € b.

Our first task is to show that every Lie algebra has a Cartan algebra.

Lemma 1.69 (Primary decomposition theorem).
Let V' be a complex vector space and A: V. — V be linear map. Then we have the direct sum decomposition

V=@ Va(A) (1.58)
AeC

where VA(A) = {v st (A — A1)"v =0 for some n € N}

This is the result that restricts ourself to complex Lie algebras when proving that Cartan subalgebras exist.
Notice that the sum in (1.58) is reduced to the eigenvalues of A since gx(A4) = 0 when A is not an eigenvalue.
Indeed if (A — )\]l)nY =0 then (A — A1)"71Y is an eigenvector for A with eigenvalue .

For any A € C and X € g we consider the space
gA(X) ={Y egst (ad(X) — AL)"Y = 0 for some n}. (1.59)
The primary decomposition theorem implies the decomposition

g=@Par(X) (1.60)
A

for each X € g.

Lemma 1.70.
For each X € g and A\, u € C we have

[90(X), 8. (X)] € grsu(X). (1.61)
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Proof. Let X € gx(X) and X, € g,(X). Using the fact that ad(X) is a derivation we have
ad(X)[Xx, Xl = (A + ) [Xn, X,] = [ (ad(X) = p1) Xa, X, | + [ X, (ad(X) + 1) X, (1.62)

and by induction!* we find

(adZ — (A + p)1)"[Xx, X Z ( ) [(ad Z — AI)' X, (ad Z — ud )" " X 1] (1.63)
i=0

which vanishes when n is large enough. (|

We say that X is regular if dim go(X) is the smallest with respect to the others dim go(Y").
The following proposition shows that every complex Lie algebra has a Cartan Lie subalgebra.

Proposition 1.71.
If X is reqular in g then the subalgebra go(X) is Cartan.

Proof. Since X € go(X) we have ad(X)gx(X) < ga(X). Thus we see ad(X) as a linear operator on gx(X). The
operator ad(X)|4, (x) is nonsingular'® when X # 0. Indeed all the eigenvalues of ad(X) on gx(X) are equal to

A because
(ad(X) —pl)Y =0 (1.64)

implies Y € g, (X). If Y € g\(X) it only occurs when p = A since the sum (1.58) is direct.

For each eigenvalue A we have a neighborhood Uy of X in go(X) such that for all Y € Uy, ad(Y) is
nonsingular on gx(X). We consider # = (), Uy which is a non empty open set since the intersection is taken
over the eigenvalues of ad(X) that are in finite numbers.

Let us prove that the restriction to go(X) of the linear operator ad(Y") is nilpotent for each Y € Y. First we
have

go(Y) S go(X) (1.65)

because by construction ad(Y") cannot be nilpotent on the other spaces gx(X). But by hypothesis the element X
is regular, thus the inclusion (1.65) cannot be strict. Thus go(X) < go(Y") which means that ad(Y") is nilpotent
on go(X).

Now the fact for ad(Y") to be nilpotent means the vanishing of a polynomial determined by the coefficients
of the matrix of ad(Y’). Since this polynomial vanishes on the open set U, it vanishes identically, so that ad(Y)
is nilpotent on go(X). It results that go(X) is a ad-nilpotent algebra and the Engel’s theorem 1.32 concludes
that go(X) is nilpotent.

We still have to prove that go(X) is its own centralizer. Since go(X) is a subalgebra we have the inclusion

90(X) € Z(go(X)). (1.66)

Let Z € Z(go(X)). For each Y € go(X) we have [Z,Y] € go(X). In particular with ¥ = X we have
ad(X)Z € go(X). Thus

ad(X)"Z = ad(X)" tad(X)Z (1.67)
—_———
€go(X)
and there exists a n such that ad(X)" tad(X)Z = 0. O

If g is a Lie algebra, the group of inner automorphism is the subgroup of Aut(g) generated by the elements
of the form ¢*X) with X € g. This definition is motivated in the context of matrix groups by the fact that
when g = e¥ € G and X € g we have

gXg ' =M X, (1.68)
Example 1.72.
If
cos(t) sin(t) O 0 a b
g=|—sin(t) cos(t) 0], X=[—a 0 0], (1.69)
0 0 1 -b 0 0
then one checks that g = e¥ with
0 t 0
Y=|-t 0 0 (1.70)
0 0 0

14this is made more explicitly in the proof of theorem 1.78.
15it means that ad(Y') is invertible.
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and
0 a b cos(t)
gXg~t =MV x = —a 0 —bsin(t) |. (1.71)
—bcos(t) bsin(t) 0
¢
Theorem 1.73.
The group of inner automorphisms of g acts transitively on the set of Cartan subalgebras.
For a proof, see [10]. In particular they have all the same dimension and the definition of the rank as the
dimension of its Cartan algebra make sense. In [10] we have a more abstract definition of the rank, see page

II1-2.

Proposition 1.74.
If b is a Cartan subalgebra of the complex Lie algebra g, there exists a reqular element X € g such that b = go(X).

For a proof, see [10].

Proposition 1.75.
A Cartan subalgebra is a mazximal nilpotent subalgebra.

Proof. Let h be a Cartan subalgebra of g and n, a nilpotent algebra which contains h. Let {X7,...,X,} be a
basis of g chosen in such a way that the p first vectors form a basis of i while the r first, a basis of n (r > p of
course). As notational convention, the subscript ¢, j are related to h and u,t to n© .

Let us first suppose dimn = dimf + 1 and let X,, be the basis vector of n which is not in h. Since b is
Cartan, we can find X; € b such that Y = [X,, X;] ¢ h. Then Y has a X,-component and this contradict the
fact that ad X; is nilpotent.

The next case is n = h @ X, @ X;. In this case we can find a X; € h such that Y = [X,,, X;] ¢ b. The fact
to be nilpotent makes that ¥ has no X,-component, so that it has a X;-component. Now it is clear that for
any X; € b, [Y, X;] still has no X,,-component (because (ad X; o ad X;) has to be nilpotent), but has also no
X;-component. Then for any X € b, [V, X] € h with Y ¢ . There is a contradiction.

Now the step to the general case is easy: if dimn = dimb + m, we consider X;i,...,X,, € h and A =
(ad X7 oad X,,)X,. This is not in h although [A, X] € b for any X € b. O

Proposition 1.76.
If g is a semisimple Lie algebra, a subalgebra by is Cartan if and only if the two following conditions are satisfied:

(i) b is a mazimal abelian subalgebra

(ii) the endomorphism ad(H) is diagonalizable for every H € b.

1.8 Root spaces in semisimple complex Lie algebras

In this section we particularize ourself to complex semisimple Lie algebras. A very good reference about complex
semisimple algebras including the reconstruction via the Cartan matrix and Chevalley-Weyl basis is [10].

1.8.1 Introduction and notations

Real and complex Lia algebras deserve quite different treatment with root space. We review here the main steps
in both cases, emphasising the differences. We restrict ourself to semisimple Lie algebras. See [1].

1.8.1.1 Complex Lie algebras

If g is a complex semisimple Lie algebra, we choose a Cartan subalgebra h and the root spaces are given by
go = {X egst [H,X]=aH)XVH € h}. (1.72)
The dimension of § is the rank of g. Then the root space decomposition reads

1= D ga (1.73)

aed

where ® is the set of roots.



30 CHAPTER 1. LIE ALGEBRAS

1.8.1.2 Real Lie algebras

If g is a real semisimple Lie algebra we consider a Cartan involution and the Cartan decomposition g = £¢@® p.
Then we choose a maximally abelian subalgebra a in p and we define

gy ={Xegst [J,X]=a(J)XVJEa}. (1.74)
The rank of g is the dimension of a. The root space decomposition then reads
g=00® @ ax (1.75)
AeX

where X is the set of A € a* such that A # 0 and gy # 0.

1.8.1.3 Notations

We summarize the notations that will be used later. Let h be a Cartan algebra in the complex semisimple Lie
algebra g. An element o € h* is a root if the space

go ={X egst ad(H)X = o(H)z,YH € b} (1.76)
is non empty.
(i) @ is the set of all the roots. We consider an ordering notion on ® and ®* = II is the set of positive roots.
(ii) An element in ®* is simple if it cannot be written as the sum of two positive roots.

(iii) A is the set of simple roots'. The simple roots are denoted by {a,...,q;}.

1.8.2 Root spaces

We are considering a complex semisimple Lie algebra g with a Cartan subalgebra b.

Definition 1.77.
For each o € b* we define

go ={z€gstVheh, (adh— a(h))nz =0 for some n € N}. (1.77)
If g is not reduced to 0, we say that a is a root and g, is a root space.

Corollary 1.85 will provide an easier formula for the root spaces when the algebra g is complex and semisimple.

Theorem 1.78.
Let g be a complex Lie algebra with Cartan subalgebra b. If o, 8 € g* then

(i) [8a,98] = 8a+5;
(i) go =b.

Proof. For z€e b and z, y € g we have

(adz = (a +B)(2))[z,y] = [(ad z = a(2))z, y] + [z, (ad 2 — B(2))y]- (1.78)

Now suppose that for some n,

(adz — (o + 8)(2) "[r.u] = 3 (’“) (’“) [(ad = — ()" (@), (ad 2 — B(=))" * ()] (1.79)

= \n/\n
If we apply (adz — (8 + a)(z))™ to this equality, we find
(adz — (B +a)(2))" " [2,y]

= (fj) ([(ad 2 — a(=2)) (ad = — a(2))* (2), (ad 2 = ()" ()]

k=1
1.80
+ (adz—Q(Z))(adz—OZ(Z))’C(;E),(adz_ﬂ(z))n—k+1(y)]) ( )
n+1 k
= Z ( 1) [(adz—a(z))k(x),(adz—5(2))n+17k(y)].
o\
16The symbol A has not a fixed signification in the literature. As example, in [11] the symbol A is the set of roots while in [3] it

denotes the set of simple roots.
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This formula shows that [ga, 83] € ga+s. Indeed let = € g, y € gg and n be large enough,

(adz — (a+ B)(2))" [x,y] = 0. (1.81)

Now we turn our attention to the second part. Let us apply the Lie theorem 1.20 to the action of g on
the quotient go/h. There exists [Xo] € go/b such that h[Xo] = A(h)[Xo] where the bracket stand for the class.
Since b is nilpotent on gy we have A\ = 0 identically. Looking outside the class, the existence of a non vanishing
[Xo0] € g/b such that h[Xo] = 0 means that there exists Xy € go\h such that [h, Xo] € b for every h € h. This
contradicts the fact that b is its own centralizer. O

Proposition 1.79.
The complex Lie algebra decomposes into the root spaces as

0= @ g (1.82)

a€eh*

Proof. Let H € hh. We consider the primary decomposition (1.60) with respect to the operator ad(H):

g =@ o\(H). (1.83)
X

If H' € b the operator ad(H') acts the space g)(H) because H' € go(H) so that
[H',gx(H)] = gx(H). (1.84)
Thus we can write the primary decomposition of gx(H) with respect to the operator ad(H’) knowing that
(ox(H)) ,(H') = {X € gxa(H) st (ad(H') — p)" X = 0} = ga(H) N g (H"). (1.85)

What we get is the decomposition

a=PPor(H)gu(H). (1.86)
A b

We continue the decomposition with H”, H” ... until each ad(H) with H € h has only one eigenvalue on each
of the summand of the decomposition
9= @ on(H) ... 0gy(H). (1.87)
PYRNY
For each l-uple (A1,...,A\;), the eigenvalue of H; on g, n ... N gy, is A;. Thus we can see A as a 1-form on b
and write
g=Doax (1.88)
A
with
gr = {X egst (ad(H) — MNH))"X =0}. (1.89)
O

Corollary 1.80.
If Xo € g and Xg € gg with a + 8 # 0, then B(X4,Xg) = 0.

Proof. From the second point of proposition 1.78, we have ad X, oad Xg: g, — guta+s. If a4+ B # 0, the fact
that the sum (1.88) is direct makes the trace of ad X, o ad Xz zero. O

Since g is semisimple, the restriction of the Killing form on b is nondegenerate!”. Thus we can introduce,
for each linear function ¢: h — C, the unique element ¢, € b such that

¢(h) = B(tg, h) (1.90)
for every h € h. This element is nothing else that the dual ¢* with respect to the Killing form. Indeed
ty(h) = B(ty, h) = ¢(h), (1.91)

so that t;‘) = ¢. Incidentally, this proves that when ¢ runs over a basis of h*, the vector ¢4 runs over a basis of
h. The space h* is endowed with an inner product defined by

(@, ) = Blta,tg) = B(ta) = altp). (1.92)

17Because the Killing form is zero on each space go with a # 0.
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Lemma 1.81.
If Xegy andY €g_,, then
[X,Y]=B(X,Y)t,. (1.93)

Proof. By theorem 1.78(i), [X,Y] € go = h. Now we consider h € j and the invariance formula (1.21). We find:
B(h,[X,Y]) = —=B([X,h],Y) = a(h)B(X,Y) = B(h,ta)B(X,Y) = B(h, B(X,Y)ta). (1.94)
The lemma is proven since it is true for any h € h and B is nondegenerate on f. O

The elements t, allow to introduce an inner product on h* and hence on the roots by defining

(a, B) = Blta,ts). (1.95)
Lemma 1.82.
If a and B are roots we have the formula
(@, ) = Y, (dimg,) (@, )(8,7). (1.96)
yeP

Proof. We consider for g a basis in which all the elements are part of one of the root spaces and we look at the
endomorphism ad(t,) of g. This is diagonal and has zeros on the entries corresponding to ). The other entries
on the diagonal are of the form 7(t,). Thus

Bltarts) = 3 (dim g )1 (fa) (). (1.97)
Thus we have (o, ) = B(ta,t3) = Zve‘b(dimgv)(a,y)(ﬂ,y). O

Proposition 1.83.
Let « and 8 be roots. We have

(i) (o, ) € Q,
(i) (a, ) = 0.
The proof comes from [11] page 826.

Proof. Let a, 8 € ® and consider the space

V= @ 98+ma- (198)

MEZ

If X, €9, and X_, € g_, with [X,, X_,] = t, we have, for all ve V|

[Xo,v] eV (1.99a)
[X o, 0]eV (1.99b)
[ta,v] € V. (1.99¢)

Thus we can consider the restrictions to V' of the operators ad(X,), ad(X_,) and ad(t,). Since ad is an
homomorphism we have, as operator on V,

ad(te) = [ad(Xa),ad(X_4)], (1.100)

and then Tr (ad(ts)]v) = 0.
(i)

Let us compute that trace on the basis {v,(f)} where v;’ € gg4ka- Since

ad(ta)v\”) = (8 + ka)(te )\ (1.101)
we have
0 =Tr (ad(ta)|v) (1.102a)
=, dimggina(B + ka)(ta) (1.102b)
k€eZ
= Z dimgka (o, B) + (a, @)) (1.102¢)

keZ
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and

<Z dimgﬁ+ka> (o, 8) = —(a, @) <Z kdimgﬁ+ka> . (1.103)

keZ keZ

“ J “

v v
AeN BEZ

If (o, ) = 0 then we have (8,a) = 0 for every 8 € ®, hence B(tqs,t3) = 0 which contradicts non degeneracy of
the Killing form. We conclude that (o, ) # 0. By the formula of lemma 1.82 we get

(o, ) = 2 dim gs(a, 3)?. (1.104)
Bed

Replacing in that formula the value of («, 8) taken from formula (1.103) we found
B2 9
(o, ) = 2 dlmgﬁﬁ(oz,oz) (1.105)
BED

and then (a,a) € QT. The fact that («, 8) is rational follows.
Notice that the sign of B is not guaranteed because it’s not sure because we do not know whether there are
more positive or negative terms in the sum of the right hand side of (1.103). O

Proposition 1.84.
Let o be a root of the complex semisimple Lie algebra g. Then

(ii) the only integer multiple of v to be roots are t+a.

Proof. Let X, € g and consider the vector space

V=Cta ®CXo ® P gma- (1.106)

m<0

Let y € g_, be chosen in such a way that [Xa,y] = t4; by lemma 1.81 this is only a matter of normalization.
The space V is invariant under ad(X,) and ad(y). Indeed

(i) ad(Xa)ta = —a(ta)Xa € CX,;
(if) ad(Xa)Xa = 0;

(iil) ad(Xa)gma € Gm+1)a; if m < =1, (m+1) <0, while if m = —1 we know that the commutator [X4, g—a]
is included in Ct, € V;

(iv) ad(y)ta € g-a
(v) ad(y)Xa = —tq by definition;
(VI) ad(y)gma < g(m—-1)a-
Since ad: g — GL(g) is an homomorphism (lemma 1.4) we have

[ad(X..),ad(y)] = ad(ta) (1.107)

and then Tr (ad(ta)) = 0 because the trace of a commutator is zero'®. Since V is an invariant subspace, the
trace of ad(ts) restricted to V is also vanishing. Let us compute that trace on the basis {Xa,ta, X}atm<o
where 7 takes as many values as the dimension of g,,q.-

We have ad(to)X o = —a(ta)X—a, ad(ta)ta = 0 and ad(t4)X},, = ma(te)Xma, thus the trace is

o0
0=a(ta)<—1+ 3 mdimgma). (1.108)
m=1
Notice that the sum is in fact finite since the dimension of g is finite. We know that a(ty) = B(ta,ta) # 0, so
that equation (1.108) is only possible with dim g, = 1 and dim g,,, = 0 for m # 1. O
A very similar proof can be found in [11], page 827.

18From the cyclic invariance of the trace.
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Corollary 1.85.
In the case of semisimple complex Lie algebra,

(i) the root spaces are given by
go={XegstVheh[h X]|=ah)X} (1.109)

(ii) for every x, € go, and for every h € b, we have

[h,za] = a(h)z,. (1.110)

Proof. Let X € g, we have
(ad(h) —a(h))"X =0, (1.111)
(ad(h) — a(h) (ad(h) - a(h))”*l)g =0. (1.112)

~-
v

In particular the vector v = (ad(h) — a(h))nilX belongs to g,. Since the latter space has dimension one, the
vector v is a multiple of X and consequently equation (1.112) shows that

(ad(h) — a(h))v = (ad(h) — a(h))X = 0. (1.113)
The second point is only an other way to write the same. O

Lemma 1.86.
If H is an element of b with «(H) = 0 for every root, then H =0

Proof. Consider the decompositions (not unique) H =3, .4 @ata and H' = 3 5. ajts. Then

acd
B(H,H') = )} aaajyB(ta,tg) (1.114a)
= ga’ﬁﬁ(aa,ta) (1.114b)
- %B%ﬁ(m (1.114c)
= o[? (1.114d)

Such an element is thus Killing-orthogonal to the whole space h but we already know the b is orthogonal to
each space g, (o # 0). By non degeneracy of the Killing form we must have H = 0. O

Proposition 1.87.
The set of roots of a complex semisimple Lie algebra spans the dual space h*.

Proof. Consider a basis {H;} of h with {Hy,..., H,,} = Span(®) and {H,,+1, ..., H,} be outside of Span ®. A
root reads a = 3" apHf. Thus a(Hy,41) = 0, which implies that H,,11 = 0 by lemma 1.86. O

Corollary 1.88.
A Cartan algebra b of a complex semisimple Lie algebra is abelian.

Proof. Let H', H" € h and counsider H = [H', H"], a root « and X, € go. On the one hand we have
[[H',H"), Xo] = —a(H")[Xa, H] + a(H')[Xa, H"] = 0 (1.115)

and on the other hand we have [[H', H"], X, | = [H, X,] = a(H)X,. We deduce that a(H) = 0 for every root
and then that H = 0 by lemma 1.86. O

We denote by ® the set of roots. These are the elements A € h* such that g is non trivial. We suppose to
have chosen a positivity notion on h*, so that we can speak of ®*, the set of positive roots.
A positive root is simple is it cannot be written as the sum of two positive roots.
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1.8.3 (Generators

We are going to build the Chevalley basis of the complex semisimple Lie algebra g. That will essentially be a
choice of a basis vector in each of the root spaces. We are following the notations summarized in point 1.8.1.3.

Now, for each root «, we pick e, € go. We will see that, up to renormalization, we can set the in nice
commutation relations.

Lemma 1.89.
If a and B are roots such that o+ 8 # 0, then

B(eq,es) = 0. (1.116)
If fo € g—a we also have B(eq, fo) # 0.

Proof. By definition B(eq, e3) = Tr (ad(eq)oad(es)). If we apply ad(eq)oad(eg) to an element of e, (including
go = h), we get an element of go+54~. Thus the trace defining the Killing form is zero and B(eq,eg) = 0 when
a+p=0.

Since the Killing form is nondegenerate, we conclude that B(eq,e—q) # 0. O

Corollary 1.90.
Let g be a semisimple complex Lie algebra and by be a Cartan subalgebra of g. Let « be a root of g and
bo = [8a,9—a].- There exist an unique H, € by such that a(Hy) = 2.

Proof. We have [eq, fo] = B(€a, fa)ta and the lemma 1.89 shows that the Killing form is non zero. Multiplying
by a suitable number provides the result. O

The element H, € § defined in this lemma is the inverse root of a.

Lemma 1.91.
Let {f1,..., 581} be a choice of elements in b* such that the set {tg,,...,tg} is a basis of h. Thus the roots can

be decomposed as
1

a= > arb (1.117)

k=1
with a € Q.

Proof. Let a = 22:1 arBr. We know that the vectors ¢, form a basis of h, so we have the decomposition
ta = X akts,. Indeed

B(h, Y ats,) = Y axB(h,tg,) = Y arfi(h) = a(h). (1.118)
k k k

For each k =1,2,...,] we have
l

(g, Z k(o aj). (1.119)

This is a system of linear equations for the [ variables as. Since the coefficients (ay, @) and (au, «j) are rational
by proposition 1.83, the solutions are rational too. O

Remark 1.92.
The lemma 1.91 deals with a quite general basis of . We will see in the proposition 1.102 that in the case of
the basis of simple roots, the coefficients ay are integers, either all positive or all negative.

1.8.4 Subalgebra sl(2);

For each nonzero root « € h*, we choose e, € g, and f, € g_,, in such a way to have

2

Blea, fo) = 57— 1.120
(ear fo) = B (1.120)
and then we pose
2
ha = m——ta. 1.121
B(ta,ta) ( )

Notice that these choices are possible because the Killing form is non degenerated on b.
The following comes from page 82 of [3]
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Proposition 1.93.
For each root, the set {eq, fo, ha} generates an algebra isomorphic to s((2,R), i.e. they satisfy

[has €a] = 2eq (1.122a)
[has fa]l = =2fa (1.122D)
[eas fa] = ha (1.122¢)
(1.122d)

Proof. Since a(ty) = B(ta,ta) we have a(hy) = 2. Now the computations are quite direct. The first is
[hasea] = alhy)eq = 2e,. (1.123)

For the second,

[P, fo] = —a(ha)fo = —2fa- (1.124)

For the third, we know that [eq, fo] € b; thus B(X, [ea, fa]) = 0 whenever X € g, with A # 0. Let h € h. Using
the invariance of the Killing form,

B(h’ [eoza foz]) = B([haea]a foz) = a(h)B(ea; foz) = B(taatoz)B(eaafa) = B(B(eoufa)touh)- (1'125)

Thus
[eaa f(l] = B(eayfa)fa = ha. (1126)
O

Remark that we used the non degeneracy of the Killing form in a crucial way. The copy of s[(2,R) formed
by {ew; fa, ha} is denoted by sl(2,R),.

Proposition 1.94.
In the universal enveloping algebra,

h-,f-]H'1 =—(k+ Da;(h; f-]H'1 1.127
JrJa J7J1
as generalisation of the previous one.

Proof. We use an induction over k. Since ad(h;) is a derivation in U(g), the induction hypothesis and the
definition relation [h, f;] = —a;(h)f; with h = h;, we have

ad(hj)fzk+1 = (ad(h’])fzk)fl + fzk ad(hj)fl
= —ka +i(hy) fF fi = cvi(hy) [ (1.128)
= (kDo)

2

O

Now the Lie algebra g can be seen as a sl(2, R)-module. As an example, for each choice of 8 € ®, the algebra
5[(2), acts on the vector space

V=@ gssha- (1.129)
keZ

The vector space g carries thus several representations of s[(2); this fact will be used in a crucial way during
the proof of proposition 1.100.

1.8.5 Chevalley basis

The Chevalley basis corresponds to an other choice of normalization of the element e, h,. If we set

H, = Kt (1.130a)
E., = Nyeqo (1.130b)
with 9
K, =
(a, @)
(1.131)
2
N, =

Blea,e—o)(a, )’
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then we have the Chevalley relations:

[Eu, E_o] = Ha, (1.132a)
[Ha, Es] = 2((; f)) Es (1.132D)
[Ha, Hs] = 0. (1.132¢)

The last relation is nothing else than the fact that the Cartan subalgebra b is abelian. Notice that we don’t give
relations between E, and Eg. Of course [Eq, Eg] ~ Eq4p but the spaces g, and gg being Killing orthogonal,
the Killing does not provides a natural relative normalisation between F, and E3.

If {a;}i=1,...1 is the set of simple roots, we consider the notation X;r =F.,, X] =E_,,, H = H,, and we
introduce the Cartan matrix

Ay = % (1.133)
Reduced to the simple roots the relations (1.132) become
[X;ran_] = 0i;H;
[Hi, X7 = +A45; X5 (1.134)
[H;, H;] =0.

The first relation comes from the fact that a; — o; is not a root when «; and «; are simple roots.

Remark 1.95.
The idea behind the Chevalley relations is that the algebra g is generated by the elements Xii', H; and the
commutation relations (1.134). Even if these elements do not form a basis (while the elements E,, Hy do), one
can define a function on g by giving its values on Xii and H; providing one has a canonical way to extend it
on commutators.

The definition 7?7 of standard cobracket works in this way.

Remark 1.96.
Notice that these relations do not give the value of

[EavEﬁ] = Na,ﬁEa+ﬁ (1135)

when o+ B is a root.

‘Problem and misunderstanding‘ 4.

It has to be possible to compute Ny g, but I do not know how. The answer is given in equation (1.365) but I
don’t know where I got them. Maybe there are some hints in [11] (Il faut ajouter Cornwell d la bibliographie et
enlever le probléme 77).

Problem and misunderstanding| 5.

1t seems that A;j is the larger integer k such that oy + ko is a root. This is the justification of the other Serre’s
relations that read

ad' = (XH)XF = 0. (1.136)

That relation has to be written with the Chevalley’s ones.

One can choose the coefficients in a more scientific way[10]. Let « be a positive root, let H, be the inverse
root of o and e, € g,. We have

Ng.g€a if i t
[ea,e5] = | Youpcars HLa+ s aroo (1.137)
0 if a + 8 is not a root.
We are going to find a multiple F, of e, in such a way to have in the same time
[Eo, E_o] = Hy (1.138a)
Nopg=—N_q 5. (1.138b)

Let o be an involutive automorphism of g such that o, : —id. First we have o(g) = g—o because

[h,o(eq)] = o[o(h),eq] = —ca(h)eq = —a(h)o(eq) (1.139)
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for every h € h and e, € go. From corollary 1.90 there exist a number a,, such that

[ea,0(ea)] = anHa. (1.140)
We pose
E L (1.141a)
a = [S%e .
[—a,
E_, = —0d(E,). (1.141b)

With that choice we immediately have [E,, E_.] = H,. We also have Ny 3 = —N_, _3; in order to see it,
consider

[0Ea, 0Eg] = 0[Eq, Eg] = Na,go(Ea+p) = —NagE-a—p. (1.142)
But the same is also equal to
[~E-a,—E-p] = [Eea, B3] = Nea,~pE 0,5 (1.143)

Proposition 1.97.
With these choices we have

Napg==x(p+1) (1.144)

where p is the largest integer j such that 3 — ja is a root.

Problem and misunderstanding‘ 6.

I don’t know a proof of that, but [10] gives a reference.

From proposition 1.81 we know that ¢, € b, so that H, is a multiple of H,. The proportionality factor is
easy to fix since

a(Hy) =2 definition of H, s
a(te) = (a,@) definition (1.92). (1.145)
Thus Ho = ﬁta and
- _ 2 _ 2(a,p)
[Ho Ep] = 5(Ho)Eg = (=5 Blta) = 7 5 (1.146)

again by the definition (1.92).

1.8.6 Coefficients in the Cartan matrix

In this section we search to give the form of the coefficients in the Cartan matrix. We will show that the values
of (o, 8) are quite restricted.

Remark 1.98.
The notations are not standard. Here the symbol A denotes the set of simple roots while the set of all roots is
denoted by ®. In the book [11], the symbol A is the set of all roots. This makes quite a difference !

Definition 1.99.
If a and B are roots of the complex semisimple Lie algebra g, then the a-string containing [ is the set of roots

of the form a + kf with k € Z.
Among other things, the following proposition shows that a string has no gap.

Proposition 1.100.
Let a, B € ®. Then there exits integers p,q such that { + ka}_p<k<q is the a-string containing 8. The numbers
p and q satisfy

p—q= 2((;5)) (1.147)
and the form
B— Q(f’;))a (1.148)

s a nonzero root.
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Proof. We consider the vector space

V=@ gs+ra (1.149)
keZ

and the Lie algebra sl(2), = {eq, fa, hay defined in subsection 1.8.4. The latter acts on V. Simple computation
using the fact that 8(hs) = 2(e, 8)/(a, ) shows that

(@, B)
(o, )

Thus the matrix of ad(%ha) is diagonal and has no multiplicity in its eigenvalues. We deduce that the repre-
sentation if irreducible. From general theory of irreducible representations of s[(2) we know that there exists
an half-integer number j such that the diagonal entries of ad(%ha) take all the values from —j to j by integer
steps. Thus the a-string containing § has the form {5 + ka}_,<r<q Where p and g satisfy

1
[5h0”6ﬁ+ka] = ( + k) €R+ka- (1150)

EZZ; —p=—j (1.151a)

853 +q=3j. (1.151b)
Summing we get

= 2((;5)) (1.152)

If X is an eigenvalue of ad(3ha), then —) is also an eigenvalue (this is still from the irreducible representation
theory of 5[(2)). The number (o, 8)/(«, 8) is obviously an eigenvalue (with k = 0), thus the string contains a k

such that
@)\ po (@B (1.153)
(a, @) (a, @)
The solution is k = —2(a, 8)/(«, @) and we deduce that
(a, 8)
-2 1.154
P aa)” (154
is a root of g. |
Proposition 1.101.
Let o, B be two roots. Then we have
2
(@8 _ o 41,42 +3. (1.155)
(a, )
Proof. First, equation (1.147) shows that 2((;‘5) is integer. If & = +43, the result is 2. If o # 13, the vectors t,
and tg are linearly independent and the Schwarz inequality shows
(@, 8)” = [B(ta, tp)| < Blta,ta)B(ts, ts) = (@, a)(5, B). (1.156)
Thus 5 5 A
(a,a) [] (8,8) (a, B)
Consequently the number |2(a, 8)/(c, @)| being integer can only take the values 0, 1, 2 and 3. Notice that the
inequality in (1.156) and (1.157) are strict since «; is not collinear to a;. O

1.8.7 Simple roots

As seen before, ® admits an order inherited from b;. A root a > 0 is simple if it cannot be written as a sum
of two positive roots.

Theorem 1.102.

Let {aa,...,q;} be the set of simple roots. Then every root B € ® can be decomposed into
l
B= Z niay (1.158)
i=1

where non vanishing the numbers n; € 7 are either all positive or all negative.



40 CHAPTER 1. LIE ALGEBRAS

Proof. Let 8 be positive. If it is not simple, the one can decompose it into two positive roots:
B=v+06 (1.159)

with v,6 > 0. If v and/or § are not simple, they can be decomposed further. This process has to be finite,
indeed if the process is not finite, the decomposition of at least one positive root has to contains itself (because
there are finitely many of them) while it is impossible to have v = v + a with a > 0. O

Two corollaries: a root is either positive or negative (this is part of the definition of positivity) and when a
root is positive, its decomposition into simple roots has only positive coeflicients.

Lemma 1.103.
If o — B are simple roots with oo # 3, then B — « is not a root and B(hq, hg) < 0.

Proof. Define v = 8 —«a € A (and not ® because a # ). If v > 0, the fact that § = v + « contradict the
simplicity of S while if v < 0, in the same way a = 8 — « contradict the simplicity of a.
Since 8 — « is not a root, B, = 0 and S > 0 thus formula 25(hy) = (8o — %) a(hs) gives

2B(ha7hﬁ) = (ﬂa - ﬂa) B(hayha)- (1160)
<0

Now proposition 1.146 gives the result. O

Lemma 1.104.
The simple roots are linearly independent.

Proof. In the definition of a simple root, we need an order notion on A which is then seen as a subset of hR.
But the roots are real thereon. Then the right notion of “independence” for the simple root is the independence
with respect to real combinations.

If one has a combination c'a; = 0 (sum over i) with at least one non zero among the ¢*’s by putting the
negative c¢'’s at right, one can write

a'a; = b aj

with a’,b7 > 0. Let us consider v = a’a; and h.,. For every h € b, we have
B(h,hy) = y(h) = a'a;(h,).
but h, = a’hg, then
B(hy, hy) = a'a’ ;(ha,) = a'a’ B(ha,, ha,). (1.161)

Since the «; are all simple roots, the right hand side is negative, but proposition 1.146 makes the left hand side
positive. Thus v = 0. O

Theorem 1.105.
If {a1,...,a.} is the set of all the simple roots, then dimbr = r and every 5 € ® can be decomposed as

T
B = Z iy
i=1

where the n; are integers either all positive either all negative.

Proof. Let $ be a non simple positive root. Then it can be decomposed as § = v + ¢ with v, > 0.We can
also separately decompose v and ¢ and continue so until we are left with simple roots. We have to see why
the process stops. Since there are only a finite number of positive root, if the process does not stop, then the
decomposition of (at least) one of the positive roots v contains + itself. So we have a situation v = v + « for a
certain positive a.. This contradict the notion of order.

In particular Spany{«;} = {positive roots}. Thus it is clear that

Spang {a;} = ®.
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1.8.8 Weyl group

References about Weyl group: [12]. See also [11], page 530.
If o is a root of g we define the symmetry of « as

Sat f)*-)[)*

(1.162)
B B—pB(Ha)a
where H, € b is the inverse root of a. Since a(H,) = 2 we have so(a) = —a. The group generated by the
symmetries and the identity is the Weyl group.
From what is said around equation (1.145) and the definition («, 8) = a(tg), we have
2(e, B)
(B =5 — 1.163
sal8) = - 72 (1.163)

We know from proposition 1.100 that s,(8) is a root while there are only finitely many roots; thus the Weyl
group is finite since there are only a finite number of maps from a finite set to itself.
The symmetries associated to roots are involutive:

s2 =id. (1.164)
Indeed
Si(ﬂ) = Sa (ﬂ - ﬂ(Ha)O‘>
= ﬂ - ﬂ(Ha) - (ﬂ - ﬂ(Ha)O‘> (Ha)a (1'165)
-5

if we take into account a(H,) = 2.
Relative to the symmetry s,, we have the symmetry s; on h defined by

Sl(h) =h— Oéi(h)Hi (1.166)
where h € h and H; is the inverse root of a;.

Remark 1.106.
The simple roots «; are not orthogonal.

Let A be a reduced abstract root system on a real finite dimensional vector space V. The group W generated
by the sq : @ € A is the Weyl group.

Proposition 1.107.
The elements so, are isometries of h™*, i.e.

(50 (@), 50, (8)) = (a, B)- (1.167)
Proof. For the sake of shortness, let us write
Mo = ?iaaa)) (1.168)
We have tsai (@) =ta — Niata,- Thus
Blts, (@) tsa, () = Blta = niata;s ts — nipta,) (1.169)

distributing and taking into account the fact all the relations like B(ta,ta;) = (o, «;), the right hand side
reduces to B(tqa,ts) = (o, 8). O

When @ is the root system, one can chose many different notions of positivity; each of them bring to different
simple systems. It turns out that the action of the Weyl group on a simple system produces the simple system
of an other choice of positivity on ®.

Lemma 1.108.
If sq,a0 = Sq, 3, then a = .
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Proof. The hypothesis sq; (o — ) = 0 provides

2(a—ﬁ,0éj)
0=a—f— ———"q; (1.170)
(O‘j’O‘j) !
so that o = 8 + zay; for some z € C. Thus we have
Saj (Oé) = SOtj (B) + zSOzj (a]) = SO(]' (CY) - ZOCJ (1171)
Thus z =0 and a = . |

Proposition 1.109.
Let a; a simple root. The set @ \{«;} is stable under s,,, i.e.

Sa, (P \{i}) = "\ {as}. (1.172)

Proof. Let A € @1 be a positive root. By theorem 1.102 we have
A= >aja, (1.173)
J

with a; > 0. Since A # a; we have a; > 0 for some j # i. Indeed the only multiple of o; to be a root are 0 and
+a;. Since A € @ and \ # «;, none of these three solutions are taken into consideration.
Let’s apply s4, on both sides of (1.173):

50, (\) = s, (D5 0505)

= 3050, () + ai 50, ()

2(a,
= Z a0 — Z a]—ﬁai — ;0
i i iy g

Since a root is either positive or negative, the coefficients are either all positive or all negative. Since all the
coefficients (apart for the one of a;) are the same as the ones of A, the root (1.174) is positive.
We still have to prove that so,(\) # ;. Indeed if sq, (X) = o; we have

A= Sa;Sa; ()‘) = Sq; (az) = —Qy, (1.175)

which contradicts the positivity of A.
Up to now we proved that sq, (2F\{oi}) € @"\{os}. If A € @F\{q;}, then

0 = Sa,(A) € s, (PT\{ai}) € 2\ {ai} (1.176)
and so,(0) = A, so that A is the image by s, of o € ®T\{a;}. O

Theorem 1.110.
The map sq;: ®T\{a;} = ®T\{a;} is bijective.

Proof. Surjectivity is proposition 1.109 while injectivity is lemma 1.108. O

Lemma 1.111 ([11], page 533).
We consider the half sum of the positive roots:

5:% > e (1.177)

aedt

We have
(i) If oy is a simple Toot, 54,0 = 6 — .

(i) If aj is a simple root, (6, ;) = 3 (0, oj).
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Proof. We compute s,,d dividing the sum into two parts:

1 1
50,0 = 3 Z Sa,(a) + 55%(%) (1.178a)
aedt
aFta;
1 1
aedt
aFtag

The second inequality is from the fact that s, is bijective on ®*\{a;} by theorem 1.110. Adding a subtracting

Qy
-5 we get

1 . .
S0,0 = 5 Za—%—%=5—aj (1.179)
aedt

Using the proposition 1.107, we have
(6,05) = (50,0, sa;05) = (6 — o, —aj) = —(6, o) + (5, ), (1.180)

consequently, 2(d, aj) = (o, ;) and the result follows. O

1.8.9 Abstract root system

The material about abstract root system mainly comes from [12].

Definition 1.112.
An abstract root system in a finite dimensional vector space V' endowed with an is a subset ® of V' such that

e ® is finite and Span® =V,
o For every a € ®, there is a symmetry s, of vector a leaving ® stable.
e For every a, B € ®, the vector so(B) — B is an integer multiple of c.

The abstract system is reduced when a € ® implies 2a ¢ ®. It is irreducible is ® doesn’t admits non trivial
decomposition as ® = &' U ®” with («, 8) = 0 for any o € ' and 5 € ®”. We use the notation ® := & U {0}.
The following is a consequence of all we did up to now.

Theorem 1.113.
The root system of a complex semisimple Lie algebra is a reduced abstract root system.

The Weyl group of ® is the subgroup of GL(V') generated by the transformations s, with a € ®.

1.8.9.1 Link with other definitions

The definition 1.112 is not the “usual” one (in [1], page 14 for example). We show now that we retrieve the
usual features of an abstract.

Lemma 1.114.
An abstract root system admits a bilinear positive symmetric non degenerate form which is invariant under its
Weyl group.

Proof. 1f (.,.)1 is a bilinear positive non degenerate symmetric form on the vector space V, the form

(@, 8) = D] (we,wh) (1.181)
weWw
is invariant under the Weyl group. This construction is possible since the Weyl group is finite. O

Definition 1.115.
Let V' be a vector space and v € V a mon vanishing vector. A symmetry of vector v is an automorphism
s: V=V such that

(1) s(v) = —v;
(i) the set H = {weV st a(w) =w} is an hyperplane in V.

A symmetry of vector v induces the decomposition V = H @ Rv. The symmetries are of order 2: s? = id.
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Lemma 1.116.
let v be a nonzero vector of V and A be a finite part of V' such that Span(A) = V. Then there exists at most
one symmetry of vector v leaving A invariant.

Proof. Let s and s’ be two such symmetries and consider u = ss’. We immediately have u(A) = A and u(v) = v.
Let us prove that u induce the identity on the quotient V /Rw. A general vector in V' can be written (in a non
unique way) under the form

h+h+v (1.182)

with h € H and h' € H'. Let h = h} + Bv be the decomposition of h in H' @ Rv and h' = hy + yv be the
decomposition of k' with respect to the direct sum V' = H @ Rv. Then we have

ss'(h+ 1 + av) = ss'((h} + Bv) + 1/ + av) ( )
= s((h} — Bv) + I + aw) ( )
= s(h —2Bv + h1 +yv + aw) (1.183c)
=h+2Bv+h —yv+av ( )
=h+h + (a—2y+26)v. ( )
Thus at the level of the quotient, u leaves invariant h + h'.
It is not guaranteed that u is the identity, but the eigenvalues of u are 1. For each x; € A, there exists n; € N
such that u™z; = x. If n is a common multiple of all the n; (these are finitely many), we have u"(x) = z for
every ¢ € A. Since A generates V, we have u" = id and then u is diagonalizable.

We already mentioned the fact that the eigenvalues of u are 1. Since u is diagonalizable, it is the identity
and s = s'. O

The invariant form give to V' a structure of euclidian vector space for which the elements of the Weyl group
are orthogonal matrices. Thus the symmetries read

sa(z) =2 —2 (z,0) (1.184)
(a, )
This is the only transformation which makes s,(«) = —« in the same time as being implemented by an orthog-

onal matrix. The symmetry s, is nothing else than the orthogonal symmetry with respect to the hyperplane
orthogonal to a.
The expression (1.184) has the consequence that

(8, @)

(o, )

sa(B) =B =~ a. (1.185)

By the definition of an abstract root system, the latter has to be an integer multiple of «, so

2(8,a)

(a, )

e Z. (1.186)

Definition 1.117.
Two abstract Toot systems ® on V and ®' on V' are isomorphic is there exists an isomorphism of vector space
P: V= V' such that (®) = &' and

S0.8) _, (6(0), ¥(8) .
(,0)  (¥(a),9(a))
for every a, B € .
1.8.9.2 Basis of abstract root system
The part about basis of abstract root system comes from [10].
Definition 1.118.
Let ® be an abstract root system. A part S € ® is a basis of ® if
(i) S is a basis of V' as vector space;
(ii) every 5 € ® can be written under the form
B= > maa (1.188)

a€eS

where me, are all integers of the same sign.
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The set A of simple roots of the root system of a complex semisimple Lie algebra is a basis.
We are going to build a basis of an abstract root system. Let h € V* be such that a(h) # 0 for every a € ®
and define
¢ = {ae ® st a(h) > 0}. (1.189)

We have & = @Z U —@;. We say that an element o € @Z is decomposable if there exist 5,7 € <I>f: such that
a = [ +v. We write 5;, the set of undecomposable elements in <I),JLF.

Lemma 1.119.
Any element in @,‘:‘ is a linear combination with positive coefficients of elements of Sh,.

Problem and misunderstanding‘ 7.

It seems to me that Serre’s book[10] has a misprint here. At page V-11 he writes :
Tout élément de R} est combinaison linéaire, a coefficients entiers > 0 des éléments de S.

Shouldn’t he have written Sy.

Proof. Let I be the set of a € <I>f: that cannot be written under such a decomposition. We choose o € I such
that a(h) is minimal. If « is undecomposable, then a € Sj, and the condition « € I is contradicted. Thus « is
decomposable. Let 3, € ®; be such that o = 3 + . Since a(h) is minimal,

h) < alh
pln) (") (1.190)
v(h) < a(h).
Thus we have 8(h) = a(h) —y(h) < 0 which contradicts 3 € ®*. We conclude that I is empty. O

Lemma 1.120.
If a, 8 € Sp, then (o, 8) < 0.

Proof. Tf (a, 8) = 0, then proposition 1.126(v) shows that ¥ = « — § is a root. There are two possibilities:
v e £ . If y € ®;f, then a = y+ 3 is decomposable; contradiction. If v € —®;", then 8 = a— is decomposable;
contradiction. n

Lemma 1.121 (Lemme 4 page V-12).
Let he V* and A C 'V be a subset satisfying

(i) a(h) >0 for every ac€ A;
(i) (o, B) <0 for every a, € A.
Then the elements in A are linearly independent.

Proof. Let us consider a vanishing linear combination of elements in A:

> maa = 0. (1.191)

acA

We can sort the terms following that m,, is positive or negative and cut the sum in two parts:

DlysB= > 2 (1.192)

BeEAL YEA2

with yg, 2y = 0 and where A; and Ay are disjoint subsets of A. Let us consider A = ZﬂeAl yg and compute

AN = 3 552 (8,7): (1.193)
BEA;
YEA2

By hypothesis (3, ) is lower than zero and by construction the product yg, z, is positive. Thus the right hand
side of equation (1.193) is negative. We conclude that A = 0. Thus

0=Ah)= . ysB(h). (1.194)

BeAL

Since all the terms in the sum are larger than zero we have yg = 0. In the same way we get z, = 0. The
vanishing linear combination (1.191) is then trivial and the elements of A are linearly independent. O
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Proposition 1.122.
The elements of Sy form a basis of ® in the sense of definition 1.118. Conwversely, if S is a basis of ® and if
h e V* is such that a(h) > 0 for every a € S,we have S = Sj,.

Proof. The set S}, satisfies the conditions of lemma 1.121 since by definition a(h) > 0 for every a € Sj, and by
lemma 1.120 the inner products are all negative. Thus S}, is a free set. It is generating by lemma 1.119. Again
by lemma 1.119, every element in ® can be written as sum of elements of S;, with all coefficients of the same
sign. Here we use the fact that v is positive if and only if —v is negative and that every vector is either positive
or negative.

For the second part, let S be a basis and h € V* such that a(h) > 0 for all « € S. Let

O+ = { )] moa with mq € N}, (1.195)

a€eS

We have &+ < & and —®* c —®;". Since ® = &+ U —P* we also have &+ = ®;. Since elements of S are
indecomposable in ®*, they are indecomposable in <I>Z and we have S c S},
The sets S and Sj, have the same number of elements because they both are basis of V', thus S = 5}, |

Lemma 1.123.
If h and ' are elements of V* related by a(h) = (wa)h', then w(Sy) = S (if these space can be defined).

Proof. Let a € Sj,. The element w(a) belongs to ®;, because
w(a)h' = a(h) >0 (1.196)

because « € <I>f:. We still have to check that w(a) is undecomposable in @;,. If w(a) = B+~ with 8,7 € <I>,;L,,
we have o = w8 + w™'y. From the link between h and h' we have

(w™'B)(h) = (ww™'B)A" = B(h') > 0. (1.197)
Thus w8 € <I>f: which is a contradiction because we supposed that « is undecomposable. O

Lemma 1.124.
If a,8€ ® and if we W, then s,3) =wosg ow L.

Proof. Using the fact that the symmetries are isometries of the inner product,

suw(p)(@) = a — %w(ﬁ) —a-— %wﬁ. (1.198)
Applying that to w(«a) instead of a and applying w1, we have
w sy (w(a)) = w™! (wa - %wﬁ) (1.199a)
- Eg:g;w_lwﬁ (1.199b)
= s5(a). (1.199¢)

The following theorem is from [10], page V-16.

Theorem 1.125.
Let W be the Weyl group of the abstract root system ®. Let S a basis of ® and Wy the subgroup of W generated
by sq with a € S. Then

(i) for every h e V*, there exists w € Wg such that (wa))(h) = 0 for every ac € S.
(i) If S" is a basis of @, the there exists a w € Wg such that w(S’) = S.
(iii) For every B € ® there exists w € Wg such that w(f) € S.

(iv) The group W is generated by the symmetries s, with a € S.
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Proof. For item (i), consider h € V*and § = 5 3, g 7. Let w € Wy be such that w(é)h is the largest possible'?.
If a € S we have

w(0)h = wse(d)h = w(d)h — w(a)h, (1.200)

so that w(a)h = 0 for every a € S. This proves our first assertion.
We pass to point (ii). Let A’ € V* be such that o/(h') > 0 for every o € S’. By the first item there exists
w € Wy such that

(wa)(h') =0 (1.201)

for every o € S. In fact we even have wah' > 0 for every a € S. Indeed war can be decomposed as Y, /o Mo’
where all the m,s have the same sign. In this case

(wa)h' = Zmaza'(h') #0 (1.202)

because each of o/ (h') is strictly positive while all the terms of the sum have the same sign. This means, by the
way, that S’ = S following the proposition 1.122.
We define h € V* by the relation

alh) = (wa)(h'). (1.203)

By what we said in equation (1.202) we have «(h) > 0 for every o € S, so that we have S = S;. Finally by
lemma 1.123, w(Sp) = Sp.
We prove now the point (iii). For v € ® we consider the hyperplane

Ly = {heV* st y(h) = 0}. (1.204)

Consider a particular 3 € ® the hyperplanes L., with v # +/ do not coincide with Lg and there is only finitely
many of them, so there exists a hg € Lg such that hy do not belong to any L., for any v # +4.

In particular we have 8(hg) = 0 and v(hg) # 0 for every v € ®, v # +6. If we choose e small enough, there
exists h near from hg such that

B(h)=¢>0 (1.205a)
{ [v(h)] > € if v # +5. (1.205h)

Let Sp, be the basis associated with this h. We have 8 € S;,. Indeed first S(h) =€ > 0 and if 8 = v + p, we
would have

v(h) = B(h) = p(h) = € = p(h) <0, (1.206)

so that 3 is undecomposable in ®;. Now from point (ii) there exists w € Wg such that w(S;) = S. In particular
w(B) € S.

We turn our attention to the item (iv). We are going to prove that W = Wg. Since W is generated by the
symmetries sg (8 € ®), it is sufficient to prove that Wy generates the symmetries sg.

Let 8 € ® and consider the element w € Wg such that o = w(3) € S. From lemma 1.124 we have

Sa = Sw(g) =Wosgow ', (1.207)
so that
sg=w 'os,0we Ws. (1.208)
O
What this theorem says in the case of complex semisimple Lie algebras is that if {«1,...,q;} is the set of

simple roots, the symmetries s,, generate the Weyl group. Now, since any root can be mapped on a simple
one using the Weyl group, any root can be recovered from a simple one acting with the Weyl group that is
generated by the simple ones.

Thus one can determine all the roots from the data of the simple ones by computing s.,a; and then acting
again with the s,, on the results and again and again. This is the fundamental reason from which the root
system can be recovered for the Cartan matrix.

19We can consider that w because W is finite.
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1.8.9.3 Properties

The main properties of an abstract root system are given in the following proposition.

Proposition 1.126.
If ® is an abstract root system in a vector space V, one has the following properties:

(i) If « € O then —a € P.
(i) If o € ®, the multiples of o which could also be in ® are either ta, or +a and +2a or +a and + %

(iii) If aff € @ then 2((;‘5) can take the nonzero values £1, +2, +3 or +4. The case +4 can only arise if
B = t2a.

w) If a, B € ® are not proportional each other and if || < |B|, then 2(B.a) equals 0 or 1.
(8.8)

(v) If a, € ® and (o, ) > 0, then o« — B € @ and if (o, ) <0, the a + S € .

(vi) If a, 8 € ® and neither o + 8 neither o — 3 belongs to ®, then («, 8) = 0.

(vii) If « € ® and B € O, the n € Z such that f + na € ® fulfils —p < n < q for certain p,q = 0. Moreover
there are no gap,
Y
() 7
and there are at most four roots in the set {8 + na}_p<n<q-

(viii) If ® is reduced,

(a) If o € @, the only multiples of « to lies in ® are

(b) If e € ® and B € @, then (( ’B)can be equal to 0, £1, +2 or +3.

The proof will not use the fact that ® spans V.

Proof. (i) sqa = —a.
(ii) If 8 = ca with |c| < 1, then
2
(2 8) =2c
(a, @)
must belongs to 7Z, then ¢ = 0 . If || > 1, we use exactly the same with a = —B, SO that =0; % Now if

2 is a root, it is clear that 1 50 can 't be.

If & is reduced the fact that s € ® implies that o ¢ ®, so that %a is excluded if o € ®, under the same
assumption, 2« is also excluded. Thls proves (viii)a.

(iii) The Schwartz inequality |(«, 8)| < |a|8] gives

‘( 8) 28, 0|
(a, @) (B,5)

The equality only holds for 8 = ca. In this case, we just saw that ((0‘ ﬁ)) = 2¢ with ¢ = 2 at most. If the equality

is strict, then ((aaf)) and ((ﬁ’ )) are two integers whose product is < 3. The possibilities are 0, +1, +2, +3.
(iv) If || < | 5], then the following integer inequality holds:

)| [200.0)
(@.0) | <[T5.5)

Since the product of the two is < 3, the smallest is 0 or 1.
(v) If 8 = ca, then ¢ = i;, +2, +1. All the cases are easy. If (o, 8) > 0, then ¢ > 0 and a—f = a—%a =
ora—pf=a—2a=—a.

Then we can suppose that « and § are not proportional each other. We consider «, 5 € ® and (o, ) > 0

1
50&

(the other case is proved in much the same way). We just saw in (iv) that 26:9 ¢ould be equals to 0 or £1,

(8,8)
then the fact that (a, 8) > 0 imposes 2((5’;)) =1, so that sg(a) = o — 5.

If |5] < |a], we use

sa(B) =B — 2

a=f0-a, (1.209)
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(vi) is an immediate consequence of the previous point.

(vii) Let —p and ¢ be the smallest and the largest values of n such that 8 4+ na € ®. They exist because
® is a finite set. Suppose that there is a gap between r and s (r < s — 1), i.e. S+ra € ®, §+ sa € ®, but
B+(r+1)a,B+(s—1ag¢d.

By the point (v), (8 +ra,a) =0 and (8 + sa, a) < 0. Making the difference between these two inequalities,

(r—s)|al* >0,

then r > s, which contradict the definition of 7 and s. So there is no gap. Now let us compute

2
so(B +na) = B +na — @Bt
(a, )
2
=B+ na— ( ((a,ﬁ)) + 2n> a (1.210)
Qa,
2
=05 —na— (a’B)aed).
(a, )
Then for any n in —p < n < g,
2(a, B)
—g<n+ SP-
(a, )
With n = ¢, the second inequality gives 2((;‘5)) < p — g while the first one with n = —p gives p — ¢ < _Q(Sf))'

The last point is to check the length of the string of root. We can suppose ¢ = 0 (i.e to look the string of
B — ga instead of the one of «; of course this is the same), then the length is p + 1 and

If o« and B are not proportional, the point (iii) makes it equals at most to 3. If they are proportional, then the
possibilities are a = 14, i%ﬂ, +28. The string 8 + na with a = § is at most {3,208}, if a = %ﬁ, this is just
{B} and if a = 2, this is {5, —5}.

The proof is complete. [l

When we have the Cartan matrix A of a semisimple complex Lie algebra, the first point is to find the norm
of the roots by finding the diagonal matrix D. We have («y, «;) = D;;. For the other products we write

2(a, o)
Ay =277 1.211
J D'Lz ’ ( )

thus DA
(i, ) = 2 2, (1.212)

1.8.10 Abstract Cartan matrix

The following proposition summarize the properties of the of the Cartan matrix.

Definition 1.127.
A matriz (Aij)i<ij<i satisfying the following conditions is an abstract Cartan matriz

(i) Aij €L,
(i) A = 2,
(i) Ag; <0 ifi# j,
(tv) Ai; =0 if and only if Aj; =0,

(v) there exists a diagonal matriz D with positive coefficients such that DAD™! is symmetric and positive
defined.

The classification of abstract Cartan matrix will be performed in subsection 1.8.11. The data of an abstract
Cartan matrix defines an abstract root system. For a proof, see [13].

Proposition 1.128.
The Cartan matriz of a semisimple complex Lie algebra is an abstract Cartan matriz.
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Proof. The first two points are already done. For the point (iii), note that the sign of («, 8) is not sure when
« is any root. However here we are speaking of simple roots. Let us consider the root
2(ay, o
A=q; — Mai (1.213)
(aia Oéi)
Since it is a root, proposition 1.102 says that the coefficients in the decomposition in simple roots have to be
all integer and of the same sign. Thus the combination (e, a;)/(ev, ;) has to be negative.

The point (v) is also non trivial. Consider the diagonal matrix D = diag ((c, O‘i))i=1 ;- We have
(DAD™);; = >\ Dix A (D7) (1.214a)
Kl
v s
- (as, @) (1.214D)

(cviy i)'/ (0, 05) 2

This is a symmetric matrix. In order to proof that this is positive defined, we are going to provide a matrix
B such that DAD™! = BB!. Let {\;} be an orthonormal basis of h* and consider the matrix b given by the
decomposition of the simple roots in this basis:

o = Zb”)\] (1.215)
J

In particular we have (o, ;) = Y, birbjr. Then we consider the matrix

5= i (1.216)

B

which is non degenerate since the a; are simple and thus a re linearly independent. Small computation shows
that

bik bk
£ i j
(BB )’LJ - Zk: (Oéi,ai)l/Q (Oéj,O[j)l/Q (1217&)
(O‘iaaj)
— 1.217b
(ar.00 P (ay. 0,17 (1-217)
= (DAD™Y),;. (1.217c)
But BB! is positive defined, then DAD™! is. O

1.8.11 Dynkin diagrams

The sources for Dynkin diagrams is [1, 3].

We are going to associate to each abstract Cartan matrix, a diagram that will uniquely correspond to an
abstract root system. In other words what we are going to do is to classify the matrix satisfying the conditions
of definition 1.127.

If A is an abstract Cartan matrix we build the Dynkin diagram of A with the following rules.

(i) We put [ vertices (one for each root)
(ii) The vertex ¢ and j are joined with A;; A;; lines.

A step by step construction is available in [1].
In the following we are considering an abstract Cartan matrix A and its associated abstract root system

{ai}.

Lemma 1.129.
A abstract Cartan matriz with its abstract root system and its Dynkin diagram have the following properties.

(i) If one remove the ith line an column of an abstract Cartan matriz, one still has an abstract Cartan matriz.
(i) Two vertices are linked by at most three lines.
(iii) Each Dynkin diagram has more vertices than linked pairs.

(iv) A Dynkin diagram has no loop.
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(v) A vertex in a Dynkin diagram has at most three lines attached (including multiplicities). Note: this is a
generalization of point (ii).

(vi) Two root linked by a simple edge have equal weight, that is (a;, ;) = (aj, o ).

(vii) If the two roots a;, o; are connected by a simple edge, we can collapse them, removing the connecting edge
and conserving all the other edges.

Proof. For point (ii) we have
(ai; o) (o, i)
(i, i) (o, a5)
by Cauchy-Schwarz inequality. We insist on the fact that the inequality is strict since o; and o; are not collinear:
they are simple roots.

For point (iii) consider the form

AijAji =4 <4 (1218)

l
Z (i, )2 (1.219)

Since the simple roots are linearly independent, this sum is nonzero and we have 0 < (y,7). We have

-2 2]

OéZ,OéZ CY],OéJ

= Z (2, 25) + number of nodes (1.220)
i<j Oé“az aJ7aJ

=— Z(AijAji) /2 4 number of nodes.
1<J

Since for each linked pair (4, j) we have a term A;;A;; > 1, the positivity of the sum shows that

number of nodes > Z A;;Aj; > number of pairs. (1.221)

ij

For item (iv), suppose that a loop is given by the roots ai,...,a,. Since any sub-Dynkin diagram is a
Dynkin diagram (from point (i)), we can consider only the loop. This is a diagram with n vertices and n pairs,
which contradicts point (iii).

We pass to item (v). Let ag be a root linked to n simple lines, m double lines and p triple lines. For
notational convenience, we write v; = a;/(a;, @;), {vi}1<i<n is the set of “simply” linked roots to ag, {v}}1<i<m
the set of “doubly” linked and {v/}1<i<p the set of “triply” ones. Consider the vector

n m p
y=v0+ Y fivi+ ) giv) + > hiv (1.222)
=1 =1 1=1

where f;, g; and h; are constant to be determined. In order to compute the norm of «, notice that since there
are no loops, no lines join v;, v; and v] together, so we have (v;,v}) = (v;,v]) = (v,v) = 0 and from the

number of lines, (vg,v;) = —1/2, (vo,v}) = —1/4/2 and (vo, v!) = —/3/2. Thus we have

(727) = 1 D5 (7 = fi) + 2(67 = N200) + 3 (] — V/3hi). (1.223)

i=1
The minimum is realised with f; = 1/2, g; = \/2/2 and h; = 1/3/2 and for these values we have

n+2m+ 3p

0 (1.224)

(v7) =1~
Since the inner product has to be positive we must have n +2m + 3p < 4, the is the number of lines issued from
ap has to be lower or equal to 3.

In order to proof (vi), remark that if @; and «; are connected by a simple edge, then A;; A;; = 1, which is
only possible with A;; = Aj; = —1. In particular we have 2(a;, a;)/ (e, ;) = 2(ej, au)/(ej, o), which proves
that (o, ;) = (o, o).

Proof of item (vii). Since the two roots have same weight, the item (vi) says that up to permutation the
Cartan matrix has a block 2 x 2 looking like

2 -1
(_1 ) ) : (1.225)



52 CHAPTER 1. LIE ALGEBRAS

The proposed move consist to replace that block with the 1 x 1 matrix (2). As an example,

2 -1 0 O

2 -1 -1
-1 2 -1 -1 — | -1 2 0 . (1.226)
0o -1 2 0 1 0 9
0O -1 0 2
It is clear that the obtained matrix is still an abstract Cartan matrix. O

From these properties we can deduce much constrains on the Dynkin diagrams. First, the only diagram
containing a triple edge is

aq

s (1.227)

Let pass to the diagrams with only simple and double edges. If there is a double, there cannot be a triple
point: the following is impossible

as (1.228)

e

o]

AN

Q6

Q2

since collapsing the roots asg, az and a4 should create a point with four edges. Thus a diagram with a double
edge is only possible inside a straight chain. Let us study the diagram

(€3]

(65) Qa3

Qg

as (1.229)

Once again we denote v; = «;/|a;| and we consider the (non vanishing) vector
v = w1 + buy + cvg + dvg + evs (1.230)

whose norm is given by
(7,7) = 1+ b? + 4+ d*> + €% — b —/2bc = cd = de. (1.231)

Equating all the partial derivative to zero provides the point

3 1
b=2 c=-—% d=2 e=—. 1.232
2 NG (1.232)
One check that with these values (v,7) = 0 which is impossible. The diagram (1.229) is thus impossible. By
the collapsing principle, all the diagrams of the form

aq

o — oy o y (1.233)

are impossible. The only possible diagrams with double edge are thus

a ap =—— a3 oy (1.234a)
a o . ay (1.234b)
(o731 (6%} N A —— (O]. (1.234(3)

The diagrams (1.234b) and (1.234c) are the same. They however do not completely determine the abstract
Cartan matrix because the diagram (1.234c) induces an asymmetry between o7 and ag. The so written Dynkin
diagram cannot distinguish between the matrices

-1 2 -1) and (-2 2 -1 (1.235)

Thus we split the diagram (1.234c) into

(o7 (6%} N A ——> (. (1.236&)

(0%} [e%) e -] <—— (O]. (1236b)



1.8. ROOT SPACES IN SEMISIMPLE COMPLEX LIE ALGEBRAS 53

In which the arrow points to the biggest root. The first one means that |an| = ... = |ay_1| = 1, oy = 2 while
the second diagram means |a1| = ... = |2 = || =1, oy—1 = 2.

We'll have to come back on this point later in subsection 1.8.12. Notice that this is the only diagram on
which that problem occurs.

We are left to study the diagrams with only single edge. The following diagram is the simplest possible one:

o Q2 e . (1.237)

We have to know under what conditions one can have a triple point. We already know that there can be only
one triple point.
If a diagram has a triple point, then one of the branch is of length 1. Indeed if not we would have the

following diagram:

[6%) (673 (1238)

ar

Q4

aq

Q6

&%)

Looking at the vector v = 3v1 + 2(vs + v3 + v4) + vs5 + vg + vy provides (,7) = —3 which is impossible. Thus
the diagrams with a branch are straight chains with one unique triple point which has a branch of length one.
The question is: where can happen that branch ? The diagram

aq o5 a3 0y Qs O ay (1.239)

as

cannot happen since the corresponding vector v; + 2vy + 3vs + 4vy + 3vs + 2v6 + vy + 2vg has norm zero. Thus
on a triple point, one branch has one branch of length 1 and at least one other to be of length 1 or 2. It turns

out that all the diagrams of the form
Q)1

aj—2

N

aq

(1.240)

aq

are possible. We are thus left with diagrams with a triple point with a branch of length 1 and a branch of length
2:
oy Q2 a3 as e o (1.241)

Q4

The diagram with a branch of length 5

oy Q2 a3 Qs % Qg og (1.242)

Q4

does not exist. We achieve the proof of that fact using for example this code for sage:

| Sage Version 4.7.1, Release Date: 2011-08-11 |
| Type notebook() for the GUI, and license() for information. |
sage: a=[var(’a’+str(i-1)) for i in range(1,11)]

sage: 1=9

sage: a[1]=1


http://www.sagemath.org
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sage: squares = sum( [a[i]#**2 for i in range(1,1+1)] ) # The sum goes to 1

sage: lines = sum( [a[i]l*a[i+1] for i in range(1,1-1) ] )+a[3]*a[9] # The sum goes up to 1-2
sage: f=symbolic_expression(squares - lines)

sage: X = solve( [f.diff(a[i])==0 for i in range(2,1+1)],[ ali] for i in range(2,1+1) 1 )

sage: print X[0]

[a2 == 2, a3 == 3, a4 == (5/2), ab == 2, a6 == (3/2), a7 == 1, a8 == (1/2), a9 == (3/2)]

sage: f(  *tuple( [ X[0][i]l.rhs() for i in range(0,1-1) 1 ) )

0

This proves that the vector v + 2vs + 3as + %U4 + 2v5 + %Us +v7 + %Ug + %’Ug has vanishing norm, which is
impossible.

Problem and misunderstanding| 8.

This code raises a deprecation warning that I'm not able to solve.

We are finally left with the diagrams with one triple point with one branch of length 1, one branch of length
2 and the third branch with length 1, 2, 3 or 4 :

a Qo Qg ay (1.243a)
Qs

aq Q3 Qs Qy Qs (1.243Db)
o

a1 Qg a3 Qy Qs Qg (1.243c¢)
Qg

o Q2 a3 0y Qs % a7 (1.243d)
ag

In order to list all the possible complex semisimple Lie algebra, we have to check each of the left Dynkin
diagrams if they give rise to an abstract Cartan matrix.

1.8.12 Example of reconstruction by hand

We turn now our attention on the difference between the two diagrams (1.236). The Cartan matrix of the
ap =——> 3 is given by

diagram a1

2 -1 0
A= 2 ) (1.244)
0o -1 2
The diagonal matrix D of definition 1.127 is
1
D= 1 (1.245)
2
and the length of the roots are ||ay|| = |az| = 1 and |as| = 2. Let us compute the angles between the roots. In
order to compute (a1, as) we look at Ajs:
App = 1 = ol0102). (1.246)
(alv a?)
and the same computation with A,z provides
1
(a1, 2) = 5 (1.247a)

(a2, a3) = —1 (1.247D)



1.8. ROOT SPACES IN SEMISIMPLE COMPLEX LIE ALGEBRAS 55

We compute all the roots using the theorem 1.125 which basically says that acting with the “simple” Weyl
group Wg on the simple roots generates all the roots. On the first strike we have

Sl(ag) = Q9 + 82(041) = 1 + Qo Sg(al) = (1 248)
s1(asz) = aas so(ag) = az + 2as  s3(ag) = as + as. ’

We discovered the roots as + a1, as + 2a9 and as + as. Acting again on these roots by sa,, Sa, and sq, the
only new results are
si(ag +az) = a1 + ag + as

(1.249)
s1(as + 2a0) = 201 + 200 + as.

Acting again we find only one new root:
Sas (01 + ag + ag) = ag + 202 + ag. (1.250)

We check that acting once again with the three simple roots on this last one does not brings new roots. Thus we
have 9 positive roots. Adding the negative ones, we are left with 18 root spaces of dimension one. The Cartan
algebra has dimension 3, so the algebra we are looking at has dimension 21.

Now take a look at the similar Dynkin diagram and its Cartan matrix:

2 -1 0
oy g <= (3 A=|-1 2 -1 (1.251a)
0o -2 2
The inner products are
loa| = [as| =1, |ag| =2 (1.252)
(1,00) = —1/\/5, (g, a3) = —1
and the roots are
a (1.253a)
Qs (1.253b)
Qs (1.253c¢)
o1 + oo (1.253d)
ag + a3 (1.253e)
a9 + 203 (1.253f)
a1 + ag + ag (1.253g)
o1+ as + 203 (1.253h)
a1 + 2as + 2a3. (1.253i)

We see that the inner products are already not the same. Notice that the roots are really different: it is not
simply a renaming as < as.

Thus the two Dynkin diagrams (1.234c) are describing two different Lie algebras.
1.8.13 Reconstruction

The construction theorem is the following.

Theorem 1.130.
Let R be an abstract root system in a complex vector space V* and {aq,...,an} be a basis of R. We denote by
H; € V the inverse root of a;(i.e. a(H,) =2). We define the Cartan matriz

Aij = CY](Hl) (1254)

Let g be the Lie algebra defined by the 3n generators X;,Y;, H; and the relations

[Hi,H;] =0 (1.255a)
[X:,Y;] = 6, H, (1.255b)
[Hi, X,;]= A ]X (1.255¢)
[H,Y;] = — A (1.255d)
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and, fori # 7,
ad(X;)™T(X;) =0 (1.256a)
ad(Y;) 4 (y;) = 0. (1.256D)
Then g is a semisimple Lie algebra in which a Cartan subalgebra is generated by Hy, ..., H, and its root system
is R.
A complete proof can be found in [10] at page VI-19. We are going to give some ideas.

We consider g, the Lie algebra generated by the elements H;, X; and Y;. We denote by h the abelian Lie
algebra generated by the elements H;.

Lemma 1.131.
The endomorphism ad(X;) and ad(Y;) are nilpotent.

Proof. Let V; the subspace of g of elements z such that ad(X;)*z = 0 for some k& € N. The space V; is a Lie

subalgebra of g because
ad(X;)[z,2'] = —[z,ad(X;)2'] + [2/,ad(X;)z]. (1.257)

Acting with ad(X;)" we get terms of the form [ad(X;)*z, ad(X;)'2'] with k +1 = n. If n is large enough, all the
terms vanish.

From the relation (1.256a) we see that X; € V; for every j. Since [X;, H;] is proportional to X; we also
have H; € V; and then Y; € V; because [X;,Y;] = 6;;H; € V;. Thus the Lie algebra V; contains all the Chevalley
generators and then V; = g. |

For X € h* we define
gr = {zegst ad(h)z = A(h)zVh € b}. (1.258)

Then one prove that dim go, = 1 and dim g, = 0 if m # +1,0. This corresponds to the fact that we have
a reduced root system, which is always the case in complex semisimple Lie algebras?’. We denote by ® the
subset of A € h* such that gy # 0.

It turns out that we have the direct sum decomposition

g= b@@ga- (1.259)

aed

One of the key ingredients in this building is the following lemma.

Lemma 1.132.
If X and p are related by an element of the Weyl group, then dimgx = g,,.

Proof. Lemma 1.131 allows us to introduce the automorphism
91’ — ead(Xi)e—ad(Yi)ead(Xi) (1260)

of g. We see that the restriction of 6; to b is the symmetry associated to a; (see (1.166)). Indeed the first

exponential reduces to
XD = Hy, — A X (1.261)

where Ay; = «;(Hy). The second exponential gives

1
=YD (Hy — Ay Xi) = Hy — Api Xi + (= AR Yi — A Hy) + = (2A1:Y;
€ ( k ki z) k ki<\q ( kilq ki z) 2( ki z) (1262)
= Hy — Api H; — Api X5
Notice the simplification of Ay;Y;. The third exponential then provides the result (after some simplifications):

D) (Hy — ApiH; — ApiXi) = Hy — ApiH; = Hy, — oy (Hy) Hi. (1.263)

We proved that 0;(Hy) = s;(Hy). We deduce that 0;e, € g, (o) Whenever e, € go. Since 6; is an automorphism
of g we have
[Hy,0iea] = 0;[07 " Hy, 0] (1.264)

Since 6; reduces to the involutive automorphism s; on h we have 6 YHy, = 60,Hy, = s;(Hy). Then we have

[Hi,0ieq] = 0i[si(Hy), ea] = HiOz(Si(Hk))ea. (1.265)

20However, at this point we have not proved yet that g is semisimple and has that root system.
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The eigenvalue of 0;¢e,, for ad(Hy) is thus oz(si(Hk)). Using the definition and Ay; = «;(Hy) we have

oz(si(Hk)) = a(Hy) — o;(H)o(H;)

= (o — a(H;)a;) Hy, (1.266)
= Su, (a)Hy.
At the end we got
[Hka eiea] = Sq, (Hk)eiea (1267)

and then 0;e, € g, (). Thus the automorphism 6¢; transforms g into g, when p = s;()\) and

dim gy :dimgsi(k)- (1.268)

From here we prove that dim g, = 1 for every root a?!.

Now if o + f = v + p, the elements [E,, Eg] and [E,, E,] are proportional since they belong to the one-
dimensional space gq3.

Remark 1.133.

A linear map ¢: g > V from g to a vector space V' can be defined on the generators X;, Y; and H; among with
a formula giving ¢([X,Y]) in terms of ¢(X) and ¢(Y).

‘Problem and misunderstanding‘ 9.

This remark could be made more precise. I'm thinking to the proposition 77 giving the standard bialgebra
structure on a Lie algebra.

21710] page VI-23. Be careful: this is not the statement of page VI-2.
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The classification of complex semisimple Lie algebras is the following:

A osl(l+1,C) dim=I(1+2) [=12,... a1 6% oq
(1.269a)
By o2l +1,C) dim=I2l+1) 1=23,... 0 =—=> Q2 Q-1 o
(1.269b)
C sp(l,C) dim=1(20+1) 1 =3,4,... o Qo a1 —— .
(1.269c¢)
D 0(21,C) dim=1(21—-1) 1=4,5,... a1
(5] (6%} e (o))
&%)
(1.269d)
Eg dim = 78 l=1,... Qg
aq a2 as % a5
(1.269¢)
Er dim = 133 l=17,... Qr
(o %1 e % a3 Q4 Qs Q6
(1.269f)
FEg dim = 248 l=8,... as
o (e} (o %) (a7} Qs Qe (6%
(1.269¢)
Fy dim = 52 l=4,... a1 Q2 —— Q3 Qy
(1.269h)
G dim = 14 l=2... ai a2
(1.2691)

1.8.14 Cartan-Weyl basis

Let us study the eigenvalue equation
ad(4)X = pX. (1.270)

The number of solutions with p = 0 depends on the choice of A € g.

Lemma 1.134.
If A is chosen in such a way that ad(A)X = 0 has a mazimal number of solutions, then the number of solutions
is equal to the rank of g and the eigenvalue o = 0 is the only degenerated one in equation (1.270).

We suppose A to be chosen in order to fulfill the lemma. Thus we have linearly independent vectors H;

(i =1,...1) such that
[A, H] =0 (1.271)
where [ is the rank of g. Since [A, A] = 0, the vector A is a combination A = A*H;. Since ad(A) is diagonalisable,

one can find vectors E, with
[4, Ea] = aEa, (1.272)
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and such that {H;, E,} is a basis of g. Using the fact that ad(A) is a derivation, we find
[Aa [Hia Ea]] = O‘[Hia Ea]v (1273)

The eigenvalue a = 0 being the only one to be degenerated, one concludes that [H;, E,] is a multiple of E,:

[Hi, Eo] = i Eq. (1.274)
Replacing A = \'H;, we have . '
aE, = [NH;, Ey] = N Ey, (1.275)
thus @ = Ma; (with a summation over i = 1,...,1).

Before to go further, notice that the space spanned by {H;};=1,. ; is a maximal abelian subalgebra of g, so
that it is a Cartan subalgebra that we, naturally denote by h*. Thus, what we are doing here is the usual root
space construction. In order to stick the notations, let us associate the form o, € h* defined by o, (H;) = .
In that case,

0a(A) = 0o (NH;) = Moy =« (1.276)

and we have
[A,E,] = 0a(A)E,. (1.277)

On the other hand, we have [H;, E,] = a;Eo = 04(H;)E,, so that the eigenvalue « is identified to the root «,
and we have E, € g,.
Let us now express the vectors t,, in the basis of the H;. The definition property is B(to, H;) = a(H;) = «;.
If to, = (to)" H;, we have
a; = Blta, Hi) = Bu(ta)" (H:)' = Byi(ta)". (1.278)
——

:6_5_
If (B¥) are the matrix elements of B~!, we have
(Io)! = a; B = o (1.279)
where ! is defined by the second equality. Using proposition 1.81, we have

[Ew,FE_o] = B(Ey, E_,)a' H. (1.280)

Thus one can renormalise F, in such a way to have

[Hia HJ] =0,

Eo, E_o] = iHi

[ I=a (1.281)
[HiaEa] = aiEoz = a(Hi)Ea
[Eo, Eg] = NagEass

where the constant N, s are still undetermined. A basis {H;, E,} of g which fulfill these requirements is a basis
of Cartan-Weyl.

1.8.15 Cartan matrix

We follow [14]. We denote by II the system of simple roots of g. All the positive roots have the form
D7 kac (1.282)
a€ell

with k. € N.

Theorem 1.135.
Let o and B be simple roots Thus

(i) o — 3 is not a simple root

(i) we have

B (1.283)

where p is a strictly positive integer.
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Partial proof. We are going to prove that Q(S‘f)) is an integer. Let a and v be non vanishing roots such that

a + 7 is not a root, and define

El

y—ja

=ad(E_o)"E, € gy a- (1.284)

Since there are a finite number of roots, there exists a minimal positive integer g such that ad(E_,)?" ' E, = 0.
We define the constants py, (which depend on v and «) by

(Far B ol = 12,1y (1.285)
Using the definition of Efk,m and Jacobi, one founds
MkE’IY—(k—l)Oz = [E;, [E*a’ E'Iy—(k—l)a]] = Oéi [Hh E;_(k_l)a] + 'ukflE;—(k—a)ou (1286)
so that i = a’y; — (k — 1)ata; + pr_1, and we have the induction formula
pr = (a,y) — (k= 1)(a, ) + pr—1 (1.287)

for k > 2. If we define g = 0, that relation is even true for ¥ = 1. The sum for Kk = 1 to k = j is easy to
compute and we get

pj = jla,y) = @(a,a)- (1.288)

Since pg+1 = 0, we have
(o, 7) = g(a, @) /2, (1.289)

and thus _ -

— + ,
Let 8 be any root and look at the string 8 + ja. There exists a maximal j > 0 for which S + ja is a root while
B+ (j + 1)« is not a root. Now we consider v = § + ja with that maximal j. Putting v = a + j5 in (1.289),

one finds 9
(0, 8) = L= 2D 2) 32)(05,@), (1.291)
and finally,
2
(@ B8) _ o (1.292)
(@, q)
which is obviously an integer.
O
From the inner product on h*, we deduce a notion of angle:
co8(0a.5) = _ (@B (1.293)
(a, @) (B, B)
The length of the root « is the number /(a, «).
Lemma 1.136.
If a and B are roots, then
2
(@:8) o g, (1.294)
(a,q)
and )
g_2xh) (1.295)
(@, q)

s a root too.
If a and B are non vanishing, then the a-string which contains B contains at most 4 roots. Finally, the ratio

2
(2, 8) (1.296)
(a, )
takes only the values 0, £1, £2 or +3.
Let IT = {aq,...,q;} be a system of simple roots. The Cartan matrix is the [ x [ matrix with entries
2 iy g
Ay = o), (1.297)

(i, ;)

Notice that, in the literacy, one find also the convention A;; = 2(w, oj)/(¢j, ), as in [15], for example.
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Lemma 1.137.
There exist positive rational numbers d; such that

diAij = djAji (1.298)
where A is the Cartan matriz.
Proof. The numbers are given by
4 = ai) (1.299)
(a1, 1)

The relations (1.298) are easy to check using the definition (1.297). The fact that d; is a strictly positive rational
number comes from (1.283). O

‘Problem and misunderstanding‘ 10.

I think that there is a property saying (something like) that A;; is the larger integer k such that oy + kaj is a
T00t.

1.9 Other results

1.9.1 Abstract Cartan matrix

As before if we chose a basis {1 ...¢;} of V, we can consider a lexicographic ordering on V. A root is simple
when it is positive and can’t be written as as sum of two positive roots. As in a non abstract case, abstract
simple root also have the following property:

Proposition 1.138.
If dimV =1, one has only | simple roots aq,...,q;; they are linearly independent and if B € ® expands into
B =Y cjay, the ¢;’s all are integers and the non zero ones all have the same sign.

An ordering on V gives a notion of simple roots. The [ x | matrix whose entries are

2(0&1', Oéj)

Ay =
’ (aiaai)

is the abstract Cartan matrix of the abstract root system and the given ordering.

Theorem 1.139.
The main properties are

(i) Aij € Z,

(ii) Ay =2,
(iit) if i # j, then A;; <0 and A;; can only take the values 0,—1,—2 or —3,
(iv) if i # 7, AijAj; <4 (no sum),

(v) A;j =0 is and only if Aj; =0,

(vi) det A is integer and positive.

Proof. The last point is the only non immediate one. The matrix A is the product of the diagonal matrix with
entries 2/|a;|? and the matrix whose entries are (c, ;). The fact that the latter is positive definite is a general
property of linear algebra. If {e;} is a basis of a vector space V', the matrix whose entry ij is given by (e;, e;)
is positive definite. Indeed one can consider an orthonormal basis {f;} and a nondegenerate change of basis
e; = By, fi.. Then (e;,e;) = (BB");;. It is easy to see that for all v € V, we have (BB?);;v'v? = Y, (v'B;,)? > 0.

The fact that the determinant is integer is simply the fact that this is a polynomial with integer variables. [

If we have an ordering on V we define ®*, the set of positive roots. From there, one can consider II, the
set of simple roots. Any element of ® expands to a sum of elements of II. Note that the knowledge of II is
sufficient to find ®* back because o > 0 implies o = Y, ¢;a; with ¢; > 0.

We can make this reasoning backward. Let us consider I = {a1, ..., a;} be a basis of V such that any a € ®
expands as a sum of «; with all coefficients of the same sign. Such a II is a simple system. From such a II,
we can build a ®* as the set of elements of the form a = | ¢;a; with ¢; > 0.
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Proposition 1.140.
The so build ®* is the set of positive roots for a certain ordering.

Proof. If we consider on V' the lexicographic ordering with respect to the basis II, a positive element a = Y’ ¢;cv;
has at least one positive coefficient among the ¢;. If « € ®, we can say (by definition of II) that in this case all
the coefficients are positive, then the positive roots exactly form the set ®+. [l

From now when we speak about a ®*, it will always be with respect to a simple system. The advantage is
the fact that there are no more implicit ordering.

Lemma 1.141.
Let 1 = {a1, ..., o1} be a simple system and o € ®*. Then

—o; ifa=q
Sa; =
>0 ifa# .

Proof. The first case is well know from a long time. For the second, compute

2¢;
Sa; (Z cjaj) = 2 ciay + cioy — 2c;0; — 2 ﬁ(aj, ai)ai
g SaEN (1.300)
2% .
= 2 + —Z W(aj,ai) + ¢ | .
J#i i#j Ut

We see that between Y cpax and s, (D] ckax), there is just the coefficient of ; which changes. Then if o # v,

the positivity is conserved.
O

Proposition 1.142.
Let TT = {au, ..., a1} be a simple system. Then W is generate by the su,’s. If a € ®, then there exists a a; € 11
and s € W such that sa; = a.

Proof. We denote by W’ the group generate by the s,,’s; the purpose is to show that W = W’. We begin to
show that if @ > 0, then o = sa; for certain s € W’ and «; € II. For this, we write a = Y, ¢ja; and we make
an induction with respect to Level(a) = > ¢;. If Level(o) = 1, then o — a; and s = id works. Now we suppose
that it works for Level < Level(«). We have

0<(a,a) = Zci(oz,ozi).

Since all the ¢; are positive, it assures the existence of a 49 such that (a,a;,) > 0. Then from the lemma,
B = Sa,, (@) > 0 (a # a;, because Level(a) > 1). The root 3 can be expanded as

B= ) ca;+ <Cio - |ac_j|2(a,aio)> Qig- (1.301)

J#i0 J#io0

Since (@, j,) > 0, it implies Level(3) < Level(a) and thus 3 = s’a; for a certain s’ € W'. So a = s, s'a;
with s,, s" € W'. This conclude the induction. For a < 0, the same result holds by writing —a = sa; and
Q= 854, 0.

Now it remains to prove that W’ € W. For a « € ®, we write o = sa; with s € W’. Then

Sa = SSa, s tew'.

O
1.9.2 Dynkin diagram
Proposition 1.143.
If a and 8 are simple roots, then the angle 0, 5 can only take the values 90°, 120°, 135° or 150°.
Proof. No proof. O

In order to draw the Dynkin diagram of a Lie algebra, one draws a circle for each simple root, and one
joins the roots with 1, 2 or 3 lines, following that the value of the angle is 120°, 135° or 150°. If the roots are
orthogonal (angle 90°), they are not connected. If the length of a root is maximal, the circle is left empty. If
not, it is filled.

One easily determines the number of lines between two roots by the following proposition.
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Proposition 1.144.
If « and B are two simple roots with (o, ) < (5, 8), then

1 if 0,5 = 120°
=32 iflhp=135° (1.302)
3 if O = 150°.

(@, )

(8, 8)

Proof. No proof. [l

If M is a weight of a representation, its Dynkin coeflicients are

2(M, o
v, = 2 ) (1.303)
(ai, ;)
and we can compute the Dynkin coefficients from one weight to another by the simple formula
(M - aj)i = Mi - Aij- (1304)

A weight is dominant if all its Dynkin coefficients are strictly positive.

1.9.2.1 Strings of roots

Let a, 3 be two roots with respect to h and suppose 8 # 0. We denote by o the largest integer m such
that o + mp is a root and by ag the one such that a — mf is a root. Let = € g,; since the Killing form is
nondegenerate, there exists a y € g such that B(x,y) # 0. Using the root space decomposition (1.450) for y and
corollary 1.80, B(z,y) = B(x,y_s) . Then

Vx € go, Iy € g_o such that B(x,y) # 0.

In particular if « is a root, —« is also a root and the restriction of B to h x b is nondegenerate because h = go.
So
Ve h*,3h, € b such that Vh € g, B(h, h,) = p(h).

This is a general result about nondegenerate (here we use the semi-simplicity assumption) bilinear forms on a
vector space. If B(z,y) = B;jz'y’ and a(z) = a;z¢, then a vector v such that B(z,v) = a(z) exists, is unique
and is given by coordinates v¥ = B*a; where the matrix (B%) is the inverse of (B;;).

We will sometimes use the following notation if o and 8 are roots:

(O‘aﬁ) = B(houhﬁ)a |a|2 = (aaa)'

By proposition 1.152, the roots come by pairs (a, —a). For each of them, we choose 24 € go. Our choice of
Z_4 is made as following. From discussion at page 63 we can find a x_,, € g_, such that B(x_,,z,) = 1. Note
that this choice is unambigous: if we had chosen first x_,, € g_,, this construction would have given the same
Zq than our starting point. Note also that h_, = —h,. These z,, fulfil [x4,2_o] = ha-

Problem and misunderstanding‘ 11.

Here the notation A does not follow our convention of subsection 1.8.1.3.

Let A be the set of non zero roots. We define an antisymmetric map ¢: A x A — C as following. If o, 5 € S
are such that o + 8 ¢ A, we pose ¢(,5) =0. f a+ S € A,

[za, 28] = (e, B)Ta+s- (1.305)
It is easy to see that c(a, 8) = —c(8, a).

Proposition 1.145.
If o, B, + B € A, then

(1)
C(—Oé,Oé + ﬁ) = C(CY + Ba _ﬁ) = C(_Ba —CY),
(i) If o, B,v,0 € A and o+ B+ + 0 = 0 wile 0 is neither —«, nor —f nor —v, then

c(a, B)e(y,8) + ¢(B,7)c(a, ) + (v, a)e(B, ) =0, (1.306)
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(i) if B # «a # —p, then
C(O[,ﬂ) + C(—Od, _B) = C(O[, —/B)C(—Oé, /6) - B(h’av h’ﬁ)v

(iv) if a« +f #0 then
2¢(a, B)e(—a, =B) = BY(1 + Ba)a(ha). (1.307)

Proof. From our choice of z,, we find that B(zg,2_5) = B(z_qa, Ta) = B(Xa+8, Ta—p) = 1, but

B(e(=a,a+ Bag,v-p) = B(a-a,cla+ 5, —H)ra) (1.308)
= B(xa+ﬁvc(_ﬂa _O‘)z*a*ﬁ) |

This proves (i). In order to prove (ii), suppose that

(e De(r,0) = B([[zar 5] 2,]. 25) (1.309)

Then the Jacobi identity gives the result:

0= B([[xa, zg], xv],x(;) + B([[:I:ﬂ, z], xa],x(s) + B([[mv,xa], xﬂ],x(;)
= c(a, B)c(,0) + c(B, v)e(e, 8) + (v, a)c(B, 6),

Here, we used the hypothesis —y # 6 # —f by supposing that (1.309) still hold after permutation of «, 3, 7.
Now we show the (1.309) is true. The assumptions imply a + 8 = —(y + §) # 0, then

B([[xow xﬂ]a ‘T’Y]’x5) = B([.Ta, 'TB]’ [‘T’Ya wa])
= (@, B)e(3, ) Bltaspr 515) (1.311)
= c(a, B)e(7, 0).
Now we turn our attention to (iii). If a and S fulfil the condition 8 # « # —f, we can apply (ii) on the
quadruple (a, 8, —a, —f8) to get c¢(a, B)c(—a, —8) = —B([:ca,xg], [Z_q, J:_B]). If we replace 8 by —3 and if we
make the difference between the two expressions,
C(Oé, B)C(—Oé, _ﬁ) = _B(['TOU :Cﬂ]a [:L'—Ou .’L'_ﬂ]) + B([:L'Ou :C—B]a [:E—Ou ZCﬂ])
= B([:Ea, [xfﬁ, z,a]], xﬁ) - B([z,a, [:Ca, x*ﬁ]]v :Cﬁ)
= —B([x,a,:ca], [5675, 1‘5])
= —B(hq, hg).

(1.310)

(1.312)

In order to prove (iv), we consider o + 8 # 0 and we pose

d(a, 8) = c(a, B)e(—a, =) — %Ba(l + Ba)a(ha).

Our aim is to prove that it is zero. We will do it by induction on g¢. First 8¢ = 0 means that § + « = 0, so
that ¢(a, 8) = 0 and d(«, 8) = 0. Now we suppose that % > 0 and that (iv) is yet checked for lower cases.
Note that 8 + « € A and (8 + «) + « # 0 because —2« is not a root. Then S = 2« is not possible. From the
fact that (8 + a)® = 8% — 1, we conclude d(«, 8 + «) = 0. Then

(s + Be(—a, —a — B) = e(, —a = B)e(—a,a + B) = Blhas hass)-
On the other hand, (i) and the antisymmetry of ¢ give
c(—a,a + B) = o(—B, —a) = —c(—a, —B) (1.313a)
and
(o, —a— B) = e(B, @) = —c(a, B) (1.313b)
With all this
(0, 5+ 0) = cla, 0+ fe(—a,~a— B) = £ (@ + )" (1 + (@ + Fa)alha) L)
= (o, B)e(—a, —B) — k(a, B)

where k(, 8) = B(ha, ha+s)+ 35 (a+8)* (1+(a+B)a)(hg). But hay g is definied in order to have B(h, hot5) =
(o + B)(h) for any h € . Then using 28(ha) = (Ba — B%)a(ha), we find k(e 8) = 3a(ha)B%(1 + Ba).
|
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Proposition 1.146.
Let
br = Y Rhq. (1.315)

aeA
(i) Any root is real on bg,
(i) the Killing form is real and strictly positive definite on hg,
(i7)) b = br @ ihR.
The last item shows that by is a real form of h. Remark also that h can also be written as
hr = {h € bh st a(h) e RVa e ®}.

Proof. Let § € A; we looks at 3(h). From (ii) of theorem 1.152, we know that «(hs) is real and positive, and
(iii) makes B(hq) real. From the formula B(ha,hg) = >, ca 7(ha)v(hgs), the Killing form is real and positive
definite on hg x hr. If B(h,h) = 0 for a certain h € hg, we find a(h) = 0 for all @ € A. Then any © = 2%z, € g

commutes with h because
[h,z] = Z a“(ad h)z, = Zaaa(h) = 0.
acd [eY
So h is in the center of g and so h = 0 be cause g is semisimple. Thus the Killing form is strictly positive
definite on hg x hr.
Now we are going to show that h = hr @ ihr. If h € hr N ihR, it can be written as h = ih’ with h, h’' € hr.
Then
0 < B(h,h) = B(ih',ih') = =B(h', 1) < 0,
so that h = 0 because B is nondegenerate. This shows that hr N ihr = 0. It is clear that >, . Chy C b; thus
it remains to be proved that h < >, A Chg. It it is not, we can build a linear function A: h — € which is not
identically zero but which is zero on the subspace }] ., Cho. Then there exists (only one) hy € b such that
B(h,hy) = A(h) for every h € . In particular, a(hy) = 0 for every a € A because a(hy) = B(hq, hy) = AM(hq).
This implies that hy = 0, so that A = 0.
O

One interest in the third point of this proposition is that we are now able to see A as a subset of b, because
the definition of o € A on hgr only is sufficient to define o on the whole b.

If {e;} is a basis of a vector space V, we say that z = x'e; > y = y'e; if z —y = a’e; and the first non zero
a’ is positive. This is the lexicographic order on V. It is clear that it doesn’t works on a complex vector
space (because in this case we should first define a* > 0), but we can anyway get an order on A by seeing it as
a subset of h.

The following important result is the fact that a complex semisimple Lie algebra is determined by its root
system.

Theorem 1.147.
Let g and g’ be two semisimple complex Lie algebras; b and b', Cartan subalgebras. We suppose that we have a
bijection ® — @', o — o which preserve the root system:

e o/ +3 =0 if and only if o + 3 = 0,
e o + ' is not a root if and only if o + B is also not a root,
e (a+8) =da + B whenever a+ 3 is a root.

Then we have a Lie algebra isomorphism n: g — g’ such that n(h) = 4" and o/ only = a.

Proof. From the assumptions, 5% = (£)* and 8, = (") and the point (ii) of theorem 1.152 makes o (ko) =
a(hq). The fourth point of the same theorem then gives

B'(ha') = B(ha). (1.316)

Now we choose a maximally linearly independent set (a1,...,ar) of roots of g. Because of theorem 1.151, this
is a basis of h*. For notational convenience, we put h, = hq, and naturally, h;. = hqs . It is easy to see that the
set of h, is a basis of h. Indeed if a"h, = 0 (with sum over r), then B(h,a", h,) = a"a,(h) = 0 which implies
that a"a,|p = 0 but it is impossible because the «;, are free in h*.

{aq,...,a,} is a basis of h*,
{h1,...,h.} is a basis of b.
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Then the matrix (A4;;) = a;(h;) has non zero determinant. Since a;(h}) = i(h;), the set {a],...,a;} is free
and {h},...,hl} is a basis of .
{a),...,al} is a basis of h'*,
{h,...,hl} is a basis of b’.
Then can define an isomorphism 7, : h — b’ by ny(h;) = h}. If z € b is decomposed as = a”h,, from equation
(1.316) we have (o} onp)(a”"h,) = a"a/(hl.) = a;(h,). Then
o oy = o
Let a € ®; we can write a = ¢;o; and o = ¢} (with a sum over ¢). We have
ciai(hy) = a(hy) = o/ (hy) = ciai(hy). (1.317)
As the determinant of (;(h;)) is non zero, this implies ¢; = ¢}, so that
a'ony =a (1.318)

because o ony = (o} ony) = c;a; = a. Now we “just” have to extend 7y into a Lie algebra isomorphism
n: g — ¢g. As before for each o € A we choose z,, € g, such that B(za,z_n) = —1 and [z_4, 4] = ho. We
naturally do the same for z € g/,,. We also consider the function ¢ as before: [z4,23] = ¢(a, B)xa4ps. Since
h = go, these z,, form a basis of g©h and n can be defined by the date of n(z,). We set n(z4) = aq2q (without
sum).

The condition 7([za, 2] = [n(za), n(zs)]) gives

(s Baars = el #)aqas ifa+8-0 (1.319a)
and

AnG_q =1 Va e ®. (1.319b)

These two conditions are necessary and also sufficient. Indeed there are three cases of [z, y] to check: z, y € b,
one of these two is out of h or z,y are booth out of . In the third case, using (1.319a),

N([za,25]) = (@, Baarprarip = 2(d, f)aatsTarrs = aaaslra, ap] = [n(za),n(zs)] (1.320)

If z, y € b, then from theorem 1.151, n([z,y]) = 0 = [n(z),n(y)]. Using the fact that [h, 4] = a(h)zo, we find
the third case:

n([hﬁ,za]) = U(O‘(ha)xa) = n(al(hﬁ’)za) = aalhp, zar] = [n(hg), n(xa)]- (1.321)
Now we are going to find some a, € C such that
e an0_o =1 for any a,

o c(a, B)agsp = c(d, f)aqas if a4+ # 0.

We consider the lexicagraphic order on ®: this is the order on ® seen as a subset of hg on which we put the
lexicagraphic order. For a root a > 0, we will fix the coefficient a, by an induction with respect to the order
and put a_, = a,'. Let us consider p > 0 and suppose that a, is already defined for —p < o < p in such
a manner that aga_o = 1 and ¢(«, B)an+p = (&, 8')aqap for every a, 8 such that a, 8 and « + 8 are stricly
between —p and p. We have to define a, in such a way that if a_, = a;l, the second condition holds for every
«, B such that «, 8 and a + [ are no zero roots between —p and p.

If such a pair (o, §) doesn’t exist, there are no problem to put a, = a_, = 1. Let us suppose that such a
pair exists: a4+ 8 = p. Then 8% # 0 and the point (iii) of proposition 1.145 shows that ¢(c, 8) # 0; in the same
way, (ﬂ’)o" = 0% # 0 implies ¢(c/, B") # 0. We define

a, = c(a, B) te(d, Baqag, (1.322a)

a_p, =ay". (1.322b)

Since the value of the right hand side of (1.307) doesn’t change under a« — o' and 8 — ', it gives
C(CY, ﬁ)c(_aa _B) = C(O/a ﬁl)c(_ala _ﬁl) and thus
C(—Oé, _ﬁ)a’—P C(—CY, _B)C(aa ﬁ)C(O/, ﬁl)ila—aa—ﬁ
— oo, B)e(—a!, ~B)e(e’, B) " aaag (1.323)
=c(—a/,—f")a_qa_g.
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Thus the definition (1.322) fulfils the requirements for the pair (a, 8). It should be shown whether that works
as well with another pair (v,9) such that —p < v, < p and v+ § = p. If this second pair is really different
that («, ), then 0 is neither o nor §; it is allso clear that § is not —y. Then formula (1.306) works with the
quadruple (—a, —8,7,9):

C(-O{, _/8)0(/75 5) + c(_ﬂv 7)0(_055 5) + C(’Ya —O[)C(-ﬂ, 5) =0. (1324)

If a < 0, the assumption a4+ 3 = p makes 3 > p, which is in contradiction with —p < 8 < p. Then «, 3,7,0 >0

and moreover, the difference of any two of them is strictly between —p and p. Since § —a = —(y =), if y—
is a root, § — « is also a root and the induction hypothesis gives

c(’% _B)a'y—ﬂ = c(’yla _Bl)a’ya—ﬂa (13253')

c(—a,8)a_qrs = c(—a',0")a_qas. (1.325b)

If we take for the convention a, = 1 whenever p is not a root, these relations still hold if v — 3 is not a root.
In the same way,

(v, —)ay—q = c(v', —a)a_qa, (1.326a)
c(=B,8)a_pis = c(—pB',8")a_pas. (1.326b)
As § —a = —(y— B), we have a5_qa,—3 = 1 and in the same way, ay—oas—p = 1. Taking it into account and

multiplicating (1.325a) by (1.325b) and (1.326a) by (1.326a), we find:
(=B, )e(—a,8) = e(—B', 7 )e(=a, ' )a—aa—sayas (1.327a)
(7, —a)e(—B, 8) = cly/s —a)e(— ', 8')a—aa-saras. (1.327b)
We can use it to rewrite equation (1.324). After multiplication by aqaga—_ a_s,
(=, =P)e(v, 6)anaga a5 + c(=p', 7 )e(=a', &) + c(y', = )e(=f',0") = 0. (1.328)

But equation (1.324) is also true for (o/,5’,7',d’) instead of («, 3,7,d), so that the last two terms can be
replaced by only one term to give

C(_aa _ﬁ)c(’% 6)aaaﬂa—'ya—5 - c(_ala _Bl)c(’yla 6I) = 0.
Since the pair («, §) fulfils ¢(—a, —fB)a_q—p = c(—a', —f")a_qa_g, using a + § = v + 4, we find

c(v7,0)ay4s = c(v', 8" )ayas.

Corollary 1.148.
The elements xo € go can be chosen in order to satisfy

o B(xg,z_q) =1,

o [Ta, 0] = ha,

¢ c(a,B) = c(—a, =p).

These vectors x,, € g, are called root vectors.

Proof. We consider the isomorphism o — « from ® to ®; by the theorem this induces an isomorphism n: g — g
given by some constants cq:
N(Ta) = Cc—al—q

without sum on «, because of course n(x,) € g—o. We choose az,, € C in such a way that

az = —c_, (1.329a)

(o3

Aal_g =1, (1.329b)

and then we put yo, = anZy. It is immediate that B(ya,y—o) = 1, thus the redefinition z, — y, doesn’t change
the obtained relations. Acting on ¥4, the isomorphism 7 gives

N(Ya) = QalCalag = —U_aT_q = —Y_q. (1.330)
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If a, 8,0 + B € A, we naturally define ¢ (o, 8) by

[ya; yﬁ] = cl(av ﬂ)yaﬁ

Using the fact that n is a Lie algebra automorphism of g we have:

- Cl(aa B)yf(a+ﬁ) = 77(01(@; B)yoﬁ-ﬁ) = [_y—aa _y—B] = cl(_aa _B)yf(a+ﬁ) (1331)

From now we always our x, in this way.

Remark 1.149.
It is also possible to choice the x, in such a way that

e B(xg,z_q)=—1,
° C(O[,ﬂ) = C(-O{, _/8)
This is the choice of the reference [J].

Here is a characterization for Cartan subalgebras of semisimple Lie algebras. This is sometimes taken as the
definition of a Cartan subalgebra in books devoted to semisimple Lie algebras (for example in [10]).

Proposition 1.150.
A subalgebra by of a semisimple Lie algebra g is a Cartan subalgebra if and only if

e b is maximally abelian in g,

o the endomorphism ad h is semisimple for every h € b.
Here, “semisimple” means “diagonalisable”, cf. definition at page 1.6.1.

Proof. Necessary condition. We know from theorem 1.151 that b is abelian and from proposition 1.75 that it
is maximally nilpotent. Then it is maximally abelian. On the other hand, let i € h; the endomorphism ad h is
diagonalisable with respect to the decomposition g = h @ ba-
Sufficient condition.  Firstly it is clear that a maximal abelian subalgebra is nilpotent and the adh; are
simultaneously diagonalisable for the different h; € h. Let {x1,...,z,} be a basis of g which diagonalise all the
ad h;. In this basis, if (adh)s; = 0 for any h € b, then x; € h: if it was not, h U {z;} would be abelian.

Let z € g such that (ad h)x € b for every h € h. Suppose that x has a x;-component with z; ¢ h. There is a
h € b with (adh);; # 0. Then (ad h)z has a z;-component and can’t lies in b.

O

This characterization of Cartan subalgebras is used to prove the existence of Cartan subalgebra for any
complex semisimple Lie algebra.

Theorem 1.151.
The Cartan algebra of a complex semisimple Lie algebra is abelian and the dual is spanned by the roots: Span ® =

b*.

Proof. Let « be a non zero root; from the point (ii) of proposition 1.221, there exists a v € g, such that for any
x € b, [x,v] = a(z)v. Since dimg, = 1 it is in fact true for any v € g,. In particular Yv € g, and h € b, we
have [h,z] = a(h)z.

Let n c b be the set of elements which are annihilated by all the roots:

n={Hehsta(H)=0Yae ). (1.332)

First remark that
[0 1] = 0 (1.333)

because for x € g, and h € n c b, we have [h,z] = a(h)z = 0. An other property of n is
[,5]  n. (1.334)
Indeed consider a root v and z € go. We have

&, [ha hl]] = [ha [hlﬂx]] + [hl’ [wa h]] = a(h)[h',x] + a(hl)[xa h]

—a([h, W)z = |
= a(h)a(h') — a(h)a(h) = 0.

(1.335)
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o and if n € n, then

[z,n] = Z[xa,n] = Za(n)za =0.

[e3%

If z € g is decomposed as = Y} 4

In particular, n is an ideal®?. Moreover, the fact that n — h makes n a nilpotent ideal in the semisimple Lie

algebra g. Then n = 0. Equation (1.333) makes h abelian while equation (1.334) says that no element of b is
anihilated by all the roots. This implies that Span ® = h*. To see it more precisely, if & don’t span a certain
(dual) basis element e} of h*, then a basis of Span ® is at most {e;};.;. Then it is clear that a(e;) = 0 for any
root a. O

Theorem 1.152.
If a, B are roots of a semisimple Lie algebra g with respect to a Cartan subalgebra b, then

(i) if xo # 0 € go fulfils [h,x0] = a(h)zy for all h € b, then Yy € g_,

[:L'a, y] = B(:Cav y)hom
(ii) a(hy) is rational and positive. Moreover

alha) Y, (e =) = 4,
e
(1) 28(ha) = (Ba = 5°)a(he),
(iv) the forms 0,«, —a are the only integer multiples of o which are roots,
(v) dimgo=1,
(vi) any k which makes 8 + ka a root lie between —f, and 3. In other words, § + ka € ® is only true with

_ﬂagkgﬂa

Proof. The fact that y € g_, and that x € g, make [x,y] € go = h. Now we consider h € h and the invariance
formula (1.21). We find:

B(ha [xou y]) = _B([xoza h]ay) = a(h)B(xaa y) = B(ha ha)B(xaay) = B(ha B(xaay)ha)- (1336)

Since it is true for any i € h and B is nondegenerate on h we find the first point. In order to prove (ii), we
consider

U= @ gg+ma-

—Ba<m<PBe

By definition of ag and a?, each term of the sum is a root space. If z € go @ g_a, then U is stable under ad z
because the terms in ad zU are of the form [z, Z34ma] € §3+ma+a. Note however that this ad zU is not equal
to U.

Let 24 # 0 € go. There exists a y € g_, such that [24,y] = B(za,y)ha (here we use semi-simplicity). By
fitting the norm of y, we can choose it in order to get [24,y] = hq, so that

ad hy = [ad zq,ad y].
Now we look at the restriction of ad h, to U:
Tr(ad hy) = Tr(ad x4 cady) — Tr(ady o ad z4) = 0. (1.337)

Since h, € h = go, we have ad h,: U — U, so that the annihilation of the trace of ad h, can be particularised
to
Tr(ad he|v) = 0.

On the other hand, by definition ad ho — (8 + ma)(hy) is nilpotent on gg4ma. Then it has a vanishing trace:

D Tr(ad hg — (B + ma)ha) = 0.

22Ca me semble quand méme fort de prouver que c'est le centralisateur pour dire que c’est un idéal. D’autant plus que je pourais
directement dire que n est centralisateur dans un semisimple et donc nulle.
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But we had yet seen that the term with ad h,, is zero; then

D (B +ma)ha dimgayma = 0. (1.338)

_Ba smsﬂa

If we suppose that a(h,) = 0 this gives 8(hs) = 0. Since this conclusion is true for any root S, we find
B(h,hy) =0 for any h € h. In other words, a(h) = 0 for any h € h. This contradicts the assumption, so that
we conclude a(h,) # 0.

Let V =5+ (zo) + Zm<0 gma Where (z,) is the one dimensional space spanned by x,. On the one hand,
from the definition of 2, ad z4h © (24) and ad Za@ma S G@m+1)a- On the other hand, y € g_,, is defined by the
relation [Z'Q,y] = ha, then adyh c g o C Zm<0 Imas ady(xa) Cgo="bhand adyzm<0 Ima = Zm<0 I(m—-1)a-
All this make V invariant under ad z, and ady.

Since ad h, = [ad x4, ad y], the trace of ad h, is zero so that the invariance of V' gives

Tr(ad haly) = 0.

By the definition of z, particularised to h — hq, we have Tr(ad ha|(z,)) = a(hq). By the definition of go,
for any z € h and v € go, adx is nilpotent on v. Taking h, as x, we see that (adhy)h don’t contain “h-
component”. Then Tr(adhels) = 0. Finally the operator (ad h, — ma(hey)) is nilpotent on g, so that
Tr(ad halg,..) = Tr(ma(a)|g,..) = ma(hq) dim gmq. All this gives

a(hg) (1 + ) mdimgma> =0. (1.339)

m<0

As we saw that a(hq) # 0, we conclude that dim g, = 0 for m < —1 and dimg_, = 1. This proves (v).

This also prove (iv) in the particular case of integer multiples. It is rather simple to get relations such that
0w =1,0% =1, ap = 2, (—a)q = 0, and it is easy to check (iii) in the cases 8 = —«,0,a. Now we turn our
attention to the case in which § is not an integer multiple of a. By (iv) applied to @ — S + ma, we have
dim gg4+ma = 1 whenever —8, < m < 3°.

From equation (1.338), >._5 <,,<ga(B(ha) +ma(hq)) =0, then

(Ba + 8% + 1)B(ha) = (Y m)a(ha) = (Wﬁg +1) (B ;1)5‘“) a(ha). (1.340)

m

This gives (iii). Now we consider the formula of theorem 1.153 in the case © = y = h,, and we use the fact that
B(h,hy) = a(h) in the case h = hy:

B(ha, ha) = a(he) = Y. dimg,y(ha)? = >, v(ha)?. (1.341)

ved ved

Since B(ha) = 2(Ba — B*)a(hy), we find (ii). In order to prove (iv), we consider 8 = ca for a ¢ € €. By (iii),
2ca(hy) = (Ba — BY)(hq), so that ¢ is an half integer: ¢ = p/2 with p € Z. If ¢ is non zero, we can interchange
a and B and see that o = ¢! implies ¢! = ¢/2 with ¢ € Z. It is clear the pg = 4. But we had already
discussed the case of integer multiples of «, so that we can suppose that p is odd. The only odd p such that
pq = 3 with ¢ € 7Z are p = 1, —1, which are two excluded cases: they are a = +28 which lies in the case of
integer multiples.

It remains to prove (vi). By definition of 8%, the form S + (8% + 1)« is not a root. But it remains possible
that 8 + (8* + 2)a is. We suppose that ki,..., k&, are the p positive integers such that 8 + k;a € . We pose

b
W = @gﬁ+kia-

i=1

As usual we see that W is stable under ad z, and ady (because k; = 8% 4+ 2). The trace of ad g, on W is zero,
thus
P
0= (8 +kia)(ha). (1.342)
i=1
By (iii), we find
P(Ba — BY)alha) = 2(k1 + ... + kp) > p(B* +1).

This is not possible because it would gives —3% — 3, > 2. [l



1.9. OTHER RESULTS 71

Theorem 1.153.
Let g be a Lie algebra, b a Cartan subalgebra of g and B the Killing form of g. Then for all x, y € b,

B(z,y) = Y dyy(@)(y) (1.343)

ved

where g, = dim g..

Proof. We are seeing g as a h-module for the adjoint representation. In particular, proposition 1.221 makes g
a direct sum of the h-submodules g,. Then

B(z,y) = Tr(adz?) = 2 Tr(ad z|?) (1.344)
yeP
where ad x|, means the restriction of adz to g,. It is clear that ad x|, — v(z) is nilpotent, then ad |2 — ~(x)?

is also nilpotent because

adz[] —(2)? = (adz|y +(2))(ad 2|, —¥(2))
and the fact that these two terms commute. The trace of a nilpotent endomorphism is zero, then Tr(ad $|’27 —
y(x)?) =0 or for all z € g,

B(z,x) = 2 d,y(z)2. (1.345)
yeDP

on the other hand, we know that a quadratic form determines only one bilinear form. Here the form (1.345)

gives
B(z,y) = Y dyy(z)y(y).
~ed

1.9.3 Weyl: other results

Proposition 1.154.
Two immediate properties of the Weyl group are

(i) W is a finite group of orthogonal transformations of V,

(ii) if r is an orthogonal transformation of V, the spo = 18477 L.
Proof. First item. By definition of an abstract root system, W leaves A invariant; since V is spanned by V,
it implies that W also leaves V invariant. From an easy computation, (s,p, sa®) = (p, ¢). Since A is a finite
set, there are only a finite number of common permutations of elements of A a fortiori W is finite.
Second item. Tt is easy to see that s, (1) = rsap, then s, =705, 0771, O

We introduce the root reflexion s, : b, — b for a € ® and ¢ € bh; by

2(p, )
o

Sa((p) =@ -

(1.346)

Proposition 1.155.
If a € @, then s, leaves ® invariant.

Proof. If a or ¢ is zero, then it is clear that s,(¢) belongs to ®. Thus we can suppose that o € A and proof
that s, leaves A invariant. For, we use the theorem 1.152 to find

2(8,a)

|af?

saB =0 — a=L0—(Ba — B0 (1.347)
If B, — 5% > 0, we are in a case 8 — na with B, — 8% < ., so that s,/ is a root. The case % > 3, is treated
in the same way. It just remains to check that if o, 8 € A, then s,8 # 0. The problem is to show that the
equation (with a given a in A)
2

(0,5)
(a, )
has no solution in A (the indeterminate is §). The only nonzero multiples of 5 which are roots are £/, then if

we set 3 = ra, equation (1.348) gives r = 1, which is impossible.

p = (1.348)

O

Proposition 1.156.
The Weyl group permutes simply transitively the simple systems.
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1.9.4 Longest element

Let w e W. The length of w is the smallest k such that w can be written as a composition of k reflexions s,;.
That is the smallest k such that
W = S, Sa, - - Say, - (1.349)

Lemma 1.157.
If w and w' are elements of the Weyl group,

(1) l(w) = U(w™),
(i) 1(w) = 0 if and only if w = id,
(iii) l(ww') < l(w) + 1(w'),
(iv) H(ww') = l(w) —l(w'),
(v) Hw) =1 < l(wsa,) < U(w) +1.
Let n(w) be the number of positive simple roots that are send to a negative root:
n(w) = CardIl nw™* (~TI). (1.350)

Proposition 1.158.
Let A be a system of simple roots and Il the associated positive system. The following conditions on an element
w of the Weyl group are equivalent:

(i) wil = II;
(ii) wA = A;
(iii) 1(w) =
(iv) n(w) =
(v) w = id.
For a proof see page 15 in [17].

Theorem 1.159.
If w is an element of the Weyl group,
l(w) = n(w). (1.351)

Proof. No proof. [l

1.9.5 Weyl group and representations

This subsection comes from [11].

Theorem 1.160.
There exists an irreducible representation of highest weight A if and only if

Ay = 2 g (1.352)

for every simple root a. Moreover, if & is a highest weight vector and if a is a simple root, then

fh<A
ph 70 Uk (1.353)
=0 ifk> A,

Proof. No proof. O

Theorem 1.161.
If A is the highest weight of a representation and if wg is the longest element of the Weyl group, then woA is
the lowest weight.

‘Problem and misunderstanding‘ 12.

It is still not clear for me how does the proof works. Questions to be answered:
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(i) existence, unicity
(i) wo is the longest element of the Weyl group

(iii) if A is the highest weight, then wol is the lowest.

1.9.6 Chevalley basis (deprecated)

See [18].

Let ® be the finite set of roots of g. Then chose a positivity notion on h* and consider ®*, the positive
subset of ®. We also take A, a basis of the roots. An element of ®* is a simple root if it cannot be written
under the form of a sum of two elements of ®*. Every positive root is a sum of simple roots.

Let
{oq,..., 04} (1.354)

be a basis of h* made of simple roots and
{ha, ..., I}, (1.355)

the dual basis. One can choose the «; in such a way that {hi,...,h} is orthogonal with respect to the Killing
form?3. One consequence of that is that

B(hl,h) = Oéi(h) (1356)

for every h € h. Indeed, h can be written, in the basis, as h = hh; where h? = B(h;, h). Thus one has

B(hz,h) = hZ = hjéij = Oéi(hjhj) = Oéz(h) (1357)

We consider {aq,...,an}, the positive roots (the roots aq,...,q; are some of them). One knows that g,

is one dimensional, so one take e; € go, and f; € g_,, as basis of their respective spaces. If we denote by
nt = Span{ey,...,ey} and n= = Span{fi,..., fin}, we have the decomposition

g=n @bdn". (1.358)

It {«;} are the simple roots, we consider the following new basis for b:

2%
Ha, = o) ;,) (1.359)

where o is the dual of «; with respect to the inner product on h*, this means
aj(af) = (ai, o). (1.360)
Since b is abelian (proposition 1.150), we have

[Ha,, Ha,] = 0. (1.361)

Each root is a combination of the simple roots. If § = 22:1 kiai, we generalise the definition of H,, to

_2pF (v, i)
Hp = o) Zk BB H,,. (1.362)

The element Hg is the co-weight associated with the weight 3.
Using the inner product (.,.), we have the decomposition f = Y. (5, a;)a; of the roots. An immediate
consequence is that

Blaf) = (i, B). (1.363)

If B is any root, we denote by ; the result of 8 on H,,:

(1.364)

23Why ?
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Theorem 1.162 (Chevalley basis).
For each root 3, one can found an eigenvector Eg of ad(Hg) such that

[HBa H’Y] = 0
[Es, E—p] = Hp
B t(p+1)Egsy if B+ is a root 1.365
[Es, E4] = {0 otherwise e
[t 5,] = 25D,

where p is the biggest integer j such that v + jB is a root. Moreover, if oa; and o  are simple roots, the latter
becomes

[Haiinaj] = iAszia] (1366>

where A is the Cartan matriz.

An important point to notice is that, for each positive root «, the algebra generated by {H,, Eq, E_4} is
5[(2). This is the reason why the representation theory of g reduces to the representation theory of s((2).

1.10 Real Lie algebras

1.10.1 Real and complex vector spaces

If V is a real vector space, the complexification of V' is the vector space
V=V ®RC.
If {v;} is a basis of V on R, then {v; ® 1} is a basis of V¥ on C. Then
dimg V = dim¢ V©.

Let W be a complex vector space. If one restrains the scalars to IR, we find a real vector space denoted by
WR.If {w;} is a basis of W, then {w;,4w;} is a basis of W& and

1
dimg W = 3 dimg WE.

Note that (VO)R =V @iV.

A real vector space V is a real form of a complex vector space W if WE =V @iV. If V is a real form of
W, the map ¢: V® — VT given by the identity on V and the multiplication by —1 on iV is the conjugation
of V€ with respect of the real form V.

1.10.2 Real and complex Lie algebras

For notational convenience, if not otherwise mentioned, g will denote a complex Lie algebra and f a real one.
If § is a real Lie algebra and j© = §f® C, its complexification (as vector space), we endow §f* with a Lie algebra
structure by defining

[(X®a), Y ®D)]=[X,Y]® abd.

This is a bilinear extension of the Lie algebra bracket of f. It is rather easy to see that [f,{]® = [{*, j°].

Now we turn our attention to the Killing form. Let § be a real Lie algebra with a Killing form B;. A basis
of f is also a basis of f¥. Then the matrix B;; = Tr(ad X; o ad X;) of the Killing form is the same for {* than
for f. In conclusion:

Bjelix; = By.

Let us study the inverse process: g is a complex Lie algebra and g® is the real Lie algebra obtained from g
by restriction of the scalars. If B = {v;} is a basis of g, B = {v;,iv;} is a one of g. For a certain X € g we
denote by (cx;) the matrix of adg X. Now we study the matrix of adgr X in the basis B’ by computing

(adg X)v; = cipvr = [ Re(cir) + i Im(cin)|or = airvr + bir (ivr) (1.367)

if @ = Rec and b = Im c. Then the columns of adgr which correspond to the v; € B”s are given by

adng = (Z )
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where the dots denote some entries to be find now:
(adg X)(’L'Ui) = i(aikvk + bik(i’l}k» = Qi (ivk) — bk vk, (1.368)

so that the complete matrix of adgm X in the basis B’ is given by

adgn X = (Z _ab> :
So,
adgn X oadgn X' = (‘ml -t e bb,) :
Then B(X,X') = 2Tr(aa’ — bb’) while
B(X,Y) =Tr ((a +1ib)(a' + ib")) = Tr(aa’ — bb') + i Tr(ab’ + ba’). (1.369)
Thus we have
Byw = 2Re By, (1.370)

so that g® is semisimple if and only if g is semisimple.
A result about the group of inner automorphism which will be useful later:

Lemma 1.163.
If g is a complex semisimple Lie algebra, then Int g = Int g®.

Proof. If {X;} is a basis of g, then {X;,iX;} is a basis of g®. We define ¢: adg — ad g® by
P(ad(a? X;)) = ad(a’ X;).

It is clearly surjective. On the other hand, if ad(a? X;) ad(b* X)) as elements of ad g®, then they are equals as
elements of ad g. The discussion following equations (1.6) finish the proof. O

1.10.3 Split real form

Let g be a complex semisimple Lie algebra, h a Cartan subalgebra, ® the set roots, A the set of non zero roots
and B, the Killing form. From property (1.307) and the fact that c¢(—a, —3) = c(a, ), we find c(a, 8)? =
1B%(1 + Ba)|a?, so that c(a, )% = 0 which gives c(a, ) € R. We can define

IR = hO @ Rzq.
acd
Remark that g, has dimension one with respect to C, not R; then Rz, # ga, but Cz, = g and g, =
Rz, ®iRxo. Since it is clear that @ (Rzq @ iRza) = @, cp o, the proposition 1.146 gives
g =90r @IgR- (1.371)

Any real form of g which contains the hr of a certain Cartan subalgebra b of g is said a split real form. The
construction shows that any complex semisimple Lie algebra admits a split real form.

1.10.4 Compact real form

A compact real form of a complex Lie algebra is a real form which is compact as Lie algebra. Recall that a
real Lie algebra is compact when its analytic group of inner automorphism is compact, see page 24

Theorem 1.164.
Any complex semisimple Lie algebra contains a compact real form.

Proof. Let h be a Cartan algebra of the complex semisimple Lie algebra g and z,, some root vectors. We
consider the space

Uy = 2 Rihs + Z Rz — 2—a) + Z Ri(xo + 2—q) - (1.372)
acd acd aed
¢ , ¢ L2 ,

" "
A B c
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Since ug @ iug contains all the Ch,, h © 1y @ iug; it is also rather clear that ug is a real form of g (as vector
space), for example, iR (2o — 2_q) + Ri(zq + 2_4) = Riz,. Now we have to check that ug is a real form of g
as Lie algebra, i.e. that ug is closed for the Lie bracket. This is a lot of computations:

[tha,ihg] =0,
[iha, (Ta — -T—oz)] ( (ha)Ta — (—a)(ha)T—a)
ia(he) (e + - a) € C,
[tha,i(zq + 2 a)] —a(hy) (o —2_o) € B,
[(za —7-a), (x5 —2-5)] = c(a, )(-Ta+5 a+ﬁ))EB

—c(a, B)(xa-p — Tp-a) € B,
(20— o—a)si(2s + 2—5)] = ic(0s B) (Tars + T _(ars)) € C
+ic(a, =B)(Ta—p) + T—arp) € C
[iha, (25 —x—p)] = iB(ha)(zs —2xp) € C
[iha,i(zg +2_5)] = —=B(ha)(xg —x_3) € B
[i(za +2-a), (x5 + 2-p)] = —c(a, B)(Tats — T—(a+p))
— (0, =B)(@as — T—asp).
From proposition 1.64, it just remains to prove that the Killing form of ug is strictly negative definite. We
know that Bg(ga,98) = 0if o, € ® and a + 5 # 0; then A 1L Band A L C. It is a lot of computation to

compute the Killing form; we know that B is strictly positive definite on » A Rh, (and then strictly negative
definite on A) a part this, the non zero elements are (recall that if o # 0, B(x,zq) = 0 from corollary 1.80)

B((a — T—a), (Ta —2—a)) = —2B(24,T—q) = —2
Bi(xg + T—q), i(Ta, T—qa)) = —2.

What we have in the matrix of Bgly,xu, is a negative definite block (corresponding to A), —2 on the rest of
the diagonal and zero anywhere else. Then it is well negative definite and ug is a compact real from of g. O

1.10.5 Involutions

Let g be a (real or complex) Lie algebra. An automorphism o: g — g which is not the identity such that o2 is
the identity is a involution. An involution é: f — § of a real semisimple Lie algebra f such that the quadratic
form By defined by

By(X,Y) := —B(X,0Y)

is positive definite is a Cartan involution.

Proposition 1.165.
Let g be a complex semisimple Lie algebra, uy a compact real form and 7, the conjugation of g with respect to
ug. Then 7 is a Cartan involution of g®

Proof. From the assumptions, g = ug ®iug, 7, = ¢d and 74, = —id; then it is clear that Tg21R =id|gr. If Z € g,
we can decompose into Z = X + Y with X, Y € up. For Z # 0, we have

By(Z,7Z) = Bg(X + 1Y, X —iY) = By(X, X) + B4(Y,Y) = By, (X, X) + B, (Y,Y) <0 (1.373)
because B restricts itself to uy which is compact. Then

(Bgw)r(Z,2") = Bgn(Z,7Z) = —2Re B4(Z,72") (1.374)

is positive definite because (By), is negative definite. Thus 7 is a Cartan involution of g&. (|

Lemma 1.166.
If  and ¥ are involutions of a vector space V' (we denote by Viy+ and Vy— the subspaces of V' for the eigenvalues
1 and —1 of ¥ and similarly for ), then

V‘P+ = (V<p+ N Vw+) ® (Vg,+ N wa)

) :0 [
[pvl =0 if {VW_=(Vg,_mvw+>@<v¢-mvw—>,

i.e. if and only if the decomposition of V' with respect to ¢ is “compatible” with the one with respect to 1.
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Proof. Direct sense. Let us first see that ¢ leaves the decomposition V' = V,+ @V~ invariant. If x = zy+ +y—,

p(ey+) = (po)(my+) = (Yo p)(wy+).

Then p(xy+) € Vy+, and the matrix of ¢ is block-diagonal with respect to the decomposition given by 1. Thus
Vy+ and Vi, split separately into two parts with respect to .

Inverse sense. If x € V', we can write ¢ = x4y + x4 + x_4 +x__ where the first index refers to ¢ while the
second one refers to 1; for example, z,_ € Vy+ n V,—. The following computation is easy:

(pov)(z) = p(@4s + 24—y —2__)

=T44y — Ty —T_4 +x__

1.375
=@y —T4 —T 4 —7 ) ( )
= (Y o) ().

|

Theorem 1.167.
Let § be a real semisimple Lie algebra, 0 a Cartan involution on § and o, another involution (not specially
Cartan). Then there exists a ¢ € Int§ such that [0~ 0] =0

Proof. If 6 is a Cartan involution, then By is a scalar product on §f. Let w = of. By using 0?2 =602 =1,0 =0~}
and the invariance property 1.12 of the Killing form,

B(wX,0Y) = B(X,w™'0Y) = B(X,000Y) = B(X,0wY). (1.376)

Then By(wX,Y) = Bg(X,wY). This is a general property of scalar product that in this case, the matrix of w
is symmetric while the one of w? is positive definite. If we consider the classical scalar product whose matrix is
(0i;), the property is written as A;;jv;w; = v;A;jw; (with sum over ¢ and j); this implies the symmetry of A.
To see that A? is positive definite, we compute (using the symmetry):

AijAjk'Ui'Uk = UiAij'UkAkj = Z(UiAij)Q > 0.
J

The next step is to see that there is an unique linear transformation A: f — § such that w? = e, and that for
any t € R, the transformation e/ is an automorphism of f.

We choose an orthonormal (with respect to the inner product By) basis {X1,..., Xy} of f in which w is
diagonal. In this basis, w? is also diagonal and has positive real numbers on the diagonal; then the existence
and unicity of A is clear. Now we take some notations:

w(X;) = X, (1.377a)
Wi (X;) = e X5, (1.377b)
(no sum at all) where the a; are the diagonals elements of A. The structure constants are as usual defined by
[Xi, X;] = ¢f; X (1.378)
Since o and 6 are automorphisms, w? is also one. Then
w[Xi, X;] = 5w (X)) = cfe™ Xy,

can also be computed as
wQ[Xi,Xj] = [w2Xi,w2Xj] = e“ie“fcijk,

so that cfje“’“ = ck.e%e%  and then Vit € R,

ij
k _tag k _ta; ta;
;i€ = ¢jj€ e,

which proves that e*4 is an automorphism of f. By lemma ??, A is thus a derivation of §. The semi-simplicity
makes 0f = ad §, then A € adf and e*4 € Int § because it clearly belongs to the identity component of Aut .

Now we can finish de proof by some computations. Remark that w = e4/2 and [et4, w] = 0 because it can
be seen as a common matrix commutator. Since w™! = o, we have w10 = 0, or w?0 = w? and

e = g, (1.379)
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From this, one can deduce that e*40 = fe~*4. Indeed, as matricial identity, equation (1.379) reads
(er)ik = (eA)ijij =e%0;, = e “*0;.
Then for any ik such that 0;;, # 0, we find e? = e~ and then also e!* = e~ Thus (e!40);, = (e*4);50,1 =
et 0y, = Qe = (fe™4);1.. So we have
et = fetA. (1.380)
Now we consider ¢ = e/4 e Int § and 6; = php~'. We find 0,0 = e2w=! and 06! = e~ 4/2w. Since w? = A,

we have e1/2 = e=4/20,2 and thus 010 = 0.
O

Corollary 1.168.
Any real Lie algebra has a Cartan involution.

Proof. Let f be a real Lie algebra and g be his complexification: g = f©. Let ug be a compact real form of g
and 7 the induced involution (the conjugation) on g. By the proposition 1.165, we know that 7 is a Cartan
involution of g®. We also consider o, the involution of g with respect to the real form f. It is in particular
an involution on the real Lie algebra f. Then one can find a ¢ € Int g® such that [pT7p !, 0] = 0 on g®. Let
u; = oug and X € u;. We can write X = ¢Y for a certain Y € up. Then

T X = 1Y = Y = X,
so that p7¢ ! = id|,,. Note that u; is also a real compact form of g because the Killing form is not affected
by ¢. Let 71 be the involution of g induced by u;. We have

7—1|111 = 507—901:11 =id |u1-
Since ¢ is C-linear, we have in fact 7, = @1 ~!. Now we forget uy and we consider the compact real form u;
with his involution 7; of g which satisfy [71,0] = 0 on g® This relation holds also on ig®, then
[11,0] =0
on g =f". Let X €f,ie ¢X = X; it automatically fulfils

o X =X =1 X,

so that 7y restrains to an involution on f (because 71f C f). Let § = 71|;. For X, Y € f, we have
1
Byo(X,Y) = —Bj(X,0Y) = —B;(X,7Y) = E(Bgm)T1 (X,Y), (1.381)

which shows that 6 is a Cartan involution. The half factor on the last line comes from the fact that gi =
(FO™ =f@if.
O

Corollary 1.169.
Any two Cartan involutions of a real semisimple Lie algebra are conjugate by an inner automorphism.

Proof. Let o and ¢’ be two Cartan involutions of f. We can find a ¢ € inf § such that [pop~™!, ¢'] = 0. Thus it
is sufficient to prove that any two Cartan involutions which commute are equals. So let us consider 6 and ',
two Cartan involutions such that [6,6] = 0. By lemma 1.166, we know that the decompositions into +1 and
—1 eigenspaces with respect to # and 6" are compatibles. If we consider X € f such that §X = X and /X = —1
(it is always possible if 6 # 6'), we have

0 < Byp(X,X)=—B(X,0X) = —B(X, X)
0 < By(X,X)=—B(X,0'X) = B(X,X)

which is impossible. [l

Corollary 1.170.
Any two real compact form of a complex semisimple Lie algebra are conjugate by an inner automorphism.

Proof. We know that any real form of g induces an involution (the conjugation) and that if the real form is
compact, the involution is Cartan on g®. Let ug and u; be two compact real forms of g and 7y, 71 the associated
involutions of g (which are Cartan involutions of g®). For a suitable ¢ € Int g%,

T0o = <p7'1<p_1.

The fact that Int g = Int g® (lemma 1.163) finish the proof.
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1.10.6 Cartan decomposition

Examples of Cartan and Iwasawa decomposition are given in sections 7?7, 77,727 ?7 and ?7?. An example of how
it works to prove isomorphism of Lie algebras is provided in subsection ?7.

Let f be a real semisimple Lie algebra. A vector space decomposition f = ¢@p is a Cartan decomposition
if the Killing form is negative definite on € and positive definite on p and the following commutators hold:

[e,¢]ct, [tp]Syp, [p,p]ct (1.382)

If Xetand Y e p, we have (ad X oadY)t C p and (ad X oadY)p < ¢, therefore B;(X,Y) = 0.

Let 0: f — f be a Cartan involution, £ its +1 eigenspace and p his —1 one. It is easy to see that the relations
(1.382) are satisfied for the decomposition f = €@ p. For example, for X, X’ € ¢, using the fact that 6 is an
automorphism,

[X, X'] =[0X,0X'] = 0[X, X'],

which proves that [¢, €] € €. Since 6 is a Cartan involution, By is positive definite. For X € ¢,
B(X,X)=B(X,0X)=—By(X,X)

proves that B is negative definite on ¢; in the same way we find that B is also positive definite on p. Then the
Cartan involution gives rise to a Cartan decomposition. We are going to prove that any Cartan decomposition
defines a Cartan involution.

Let us now do the converse. Let f = €@ p be a Cartan decomposition of the real semisimple Lie algebra f.
We define 6 = id |¢ @ (—id)|p. If X, X’ € &, the definition of a Cartan algebra makes [X, X'] € £ and so

01X, X'] = [X, X'] = [0.X,0X],
and so on, we prove that 6 is an automorphism of F. It remains to prove that By is positive definite. If X € ¢,
By(X,X)=—-B(X,60X)=—-B(X, X).

Then By is positive definite on £ because on this space, B is negative definite by definition of a Cartan involution.
The same trick shows that By is also positive definite on p. We had seen that p and & where By-orthogonal
spaces. Thus By is positive definite and 6§ is a Cartan involution.

Let f = €®p be a Cartan decomposition. Then it is quite easy to see that €@ ip is a compact real form of

g=(f°).

Proposition 1.171.
Let £ and q be the +1 and —1 eigenspaces of an involution o. Then o is a Cartan involution if and only if
£ @®iq is a compact real form of fC.

Proof. First remark that £ @ iq is always a real form of f¥. The direct sense is yet done. Then we suppose
that Bje is negative definite on £ @ iq and we have to show that £@® g is a Cartan decomposition of . The
condition about the brackets on £ and q is clear from their definitions. If X € £, B(X,X) < 0 because B is
negative definite on £. If Y € q, B(Y,Y) = —B(iY,iY’) > 0 because B is negative definite on ig. O

1.11 Root spaces in the real case

Let § be a real semisimple Lie algebra with a Cartan involution # and the corresponding Cartan decomposition
f=t@®p. We consider B, a “Killing like” form, i.e. B is a symmetric nondegenerate invariant bilinear form on
f such that B(X,Y) = B(0X,0Y) and By := —B(X,6X) is positive definite. Then B is negative definite on
the compact real form €@ ip. Indeed if Y € p,

B(iY,iY) = —B(0Y,0Y) = B(Y,0Y) = —By(Y,Y) < 0. (1.383)

The case with X € ¢ is similar. It is easy to see that By is in fact a scalar product on §, so that we can define
the orthogonality and the adjoint from By. If A: § — f is an operator on f, his adjoint is the operator A* given
by the formula

By(AX,Y) = Bg(X, A*Y)

for all X, Y ef.

Proposition 1.172.
With this definition, when X € §, the adjoint operator of ad X is given by means of the Cartan involution:

(ad X)* = ad(0X).
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Proof. This is a simple computation
Bg((adHX)Y, Z) = —B(Y, [6X, GY]) =—-By(Y,[X,Z]) = —Bg((adX)*Y, Z). (1.384)
O

Let a be a maximal abelian subalgebra of p (the existence comes from the finiteness of the dimensions). If
H € a, the operator ad H is self-adjoint because

(ad H)*X = (—ad0H)X = [H, X] = (ad H) X, (1.385)
where we used the fact that H € p. For A € a*, we define the space
frx={XefstVHea, (ad H)X = \H)X}. (1.386)

If fn # 0 and X\ # 0, we say that X is a restricted root of f. We denote by X the set of restricted roots of f.
We may sometimes write X if the Lie algebra is ambiguous.
The main properties of the real root spaces are given in the following proposition.

Proposition 1.173.
The set ¥ of the restricted roots of a real semisimple Lie algebra | has the following properties:

(i) f=To @AEE fx,
(i) [ixFul S Frtus
(iit) Ofx =F-x,
(iv) A€ ¥ implies —\ € X,
(v) fo = a@®m where m = Z(a) and a L m.

Proof. Proof of (i). The operators ad H with H € a form an abelian algebra of self-adjoint operators, then they
are simultaneously diagonalisable. Let {X;} be a basis which realize this diagonalisation, and f; = Span X;, so
that § = ®@;f;. We have (ad H)f; = f; and then (ad H)X; = \;(H)X; for a certain \; € a*. This shows that

fi c f/\i'24
Proof of (ii). Let H € a, X € fy and Y € §,. We have
(ad )X, Y] = [[H, X],Y] + [X, [H, Y]] = (\(H) + p(H))[X, Y]. (1.387)
Proof of (iii). Using the fact that 0H = —H because H € p,
(ad H)0X =0[0H, X ]| = —0NH)X = —\(H)(0X). (1.388)

Proof of (iv). It is a consequence of (iii) because if fy # 0, then 6f, 0.

Proof of (v). By (iii), 6fo = fo, then fo = (Enfo)® (p N fo). If X € fo, then it commutes with all the elements
of a and by the maximality property of a, provided that X € p, it also must belongs to a. This fact makes
a=pnfo. Now,

m= Z¢(a) ={X etst[X,a] =0} =En fo.

All this gives fo = Z¢(a) D a. O

We choose a positivity notion on a*, we consider ¥, the set of restricted positive roots and we define
ne @
Aext

From finiteness of the dimension, there are only a finitely many forms A € a* such that fy # 0. Then, taking,
more and more commutators in n, the formula [fx,f.] S fa+, shows that the result finish to fall into a f, = 0.
On the other hand, since a c fo, we have [a,n] = n. If a1, a2 € a and nq,n9 €n,

[a1 + n1,a2 +ne2] = [a1,a2] + [a1,n2]  + [n1,a2] + [n1, n2], (1.389)
—_—— ——
=0 en en En

then [a@®n,a®n] = n. This proves the three following important properties:
(i) n is nilpotent.
(ii) a is abelian.

(iii) a@n is a solvable Lie subalgebra of f.

24pourquoi ca n'implique pas que dim fx; = 1 7 Réponse par Philippe : tu as oublié les valeurs propres nulles dans ta base ce qui doit
entrainer quelques modifs dans ton texte(par ex. adH f; = f; pas toujours )
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1.11.1 Iwasawa decomposition

Theorem 1.174.
Let § be a real semisimple Lie algebra and €, a, n as before. Then we have the following direct sum:

f=t@®adn. (1.390)
This is the Iwasawa decomposition for the real semisimple Lie algebra f.

Proof. We yet know the direct sum f = fo @,y f. Roughly speaking, in n we have only vectors of XF, in 6n,
only of ¥~ and in a, only in “zero”. Then the sum a @ n ® On is direct.

Now we prove that the sum £+ a+n is also direct. It is clear that ann = 0 because a € fy. Let X € ¢n (a@®n).
Then 0X = X. But 6X € a®6fn. Thus X € a®n n a@®n which implies X € a. All this makes X € p ®t and
X =0.

Now we prove that E@a@®n =f. An arbitrary X € f can be written as

X=H+X0+2X)\
AeX

where H € a, X € m and X € fy. Now there are just some manipulations. ..

Z X, = Z (X +X)) = Z (X +0X_\)+ Z (Xx+60X_)), (1.391)
AEX Aex+ Aex+ Aex+

but Q(Xf)\ +9X,A) =X y+60X_),then X )+ X_, €t Moreover, X,,0X ) € s then X, —0X_, € fa S n.
Then

X=Xo+ Y (Xoa+0X_0)+H+ Y (Xy—0X_)) (1.392)
Aext Aex+
where the two first term belong to €, H € a and the last term belongs to n. O

Lemma 1.175.
There exists a basis {X;} of f in which

(i) The matrices of adt are symmetric,
(i) The matrices of ada are diagonal and real,

(iii) The matrices of adn are upper triangular with zeros on the diagonal.

Proof. We have the orthogonal decomposition f = fo @, 5 fr given by proposition 1.173. Let {X;} be an
orthogonal basis of § compatible with this decomposition and in such an order that ¢ < j implies A; > A;. From
the orthogonality of the basis it follows that the matrix of By is diagonal. Thus the adjoint is the transposition.

() If X et (adX) = (ad X)* = —ad X = —ad X.

(ii) Each X; is a restricted root; then (ad H)X,; = X\;(H)X;, then the diagonal of ad H is made of \;(H)
whose are real.

(iii) If Y; € fx, with A; € ¥*, (ad ¥5) X has only components in fy, +», with A;+X; > A; because \; e ¥*. [

Lemma 1.176.
Let b be a subalgebra of the real semisimple Lie algebra §. Then b is a Cartan subalgebra if and only if bT is
Cartan in §©.

Proof. Direct sense.  If b is nilpotent in f, it is cleat that T is nilpotent in f©. We have to prove that
[2,H] < BT implies € h®. As set, f¥ = F @if (but not as vector space !), then we can write z = a + ib with
a, b € §. The assumption makes that for any h € b, there exists h’, h” € b such that

[a+ib,h] = h +ih".

This equation can be decomposed in f-part and if-part: for any h € b, there exists a b’ € b such that [a, h] = R/,
and for any h € b, there exists a h” € b such that [b, h] = h”. Thus a, b € h because b is Cartan in f.

Inverse sense. The assumption is that [2,h®] < h® implies 2 € hT. In particular consider a = € b such that
[2,h] € b. Then z € h* because [z,h%] < bT. But h® n§ = b. O

In the complex case, the Cartan subalgebras all have same dimensions because they are maximal abelian.
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1.12 Iwasawa decomposition of Lie groups

In this section, we show the main steps of the Iwasawa decomposition for a semisimple Lie group. For proofs,
the reader will see [6] V1.4 and [16] IIL,§ 3,4 and VI,§ 3. In the whole section, G' denotes a semisimple group,
and g its real (finite dimensional) Lie algebra. The two main examples that are widely used are SL(2,R) and
SO(2,n).

1.12.1 Cartan decomposition

If g is a finite dimensional Lie algebra and X, Y € g, the composition of the adjoint ad X cadY : g — g makes
sense.

Definition 1.177.
An involutive automorphism 6 on a real semi simple Lie algebra g for which the form By,

By(X,Y) := —B(X,0Y) (1.393)
(B is the Killing form on g) is positive definite is a Cartan involution.

Proposition 1.178.
There exists a Cartan involution for every real semisimple Lie algebra.

‘Problem and misunderstanding‘ 13.

The theorem 4.1 in [10] is maybe a proof of this proposition.

See [16], theorem 4.1. Since §? = id, the eigenvalues of a Cartan involution are +1, and we can define the
Cartan decomposition g
g=t®p (1.394)

into t+1-eigenspaces of 6 in such a way that § = (—id)|, @ id |¢. These eigenspaces are subject to the following
commutation relations:

[e.e]ce, [ep]cp, [pp]lct (1.395)

The dimension of a maximal abelian subalgebra of p is the rank of g. One can prove that it does not depend
on the choices (Cartan involution and maximal abelian subalgebra). We denote by a such a maximal abelian
subalgebras of p.

Lemma 1.179.
If go is a real semisimple Lie algebra and 0 a Cartan involution, then for all X € go,

(ad X)* = —ad(6X), (1.396)
where the star on an operator on g is defined by
By(X,AY) = By(A*X,Y). (1.397)

Lemma 1.180.
The set of operators ad(a) is an abelian algebra whose elements are self-adjoint.

Proof. We have to prove that (ad H)* = (ad H) and [ad H,ad I] = 0 for every H, I € a. First, note that
Heacyp, thus0H = —H,and (ad H)* = —ad(H) = ad H.
For the second, ad H oad I = ad(H o I) so that [ad H,ad I] = ad[H, I] = 0 because a is abelian. O

1.12.2 Root space decomposition

From the lemma, the operators ad(H) with H € a are simultaneously diagonalisable. That means that there
exists a basis {X;} of g and linear maps A;: a — R such that

For each \ € a*, we define
gr={Xegl|ladH)X = \NH)X,YH € a}. (1.398)

Elements 0 # A € a* such that gy # 0 are called restricted roots of g. The set of restricted roots is denoted
by 3.
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Proposition 1.181.
The restricted root together with a itself span the whole space:

9 = g0 ®xrex O, (1.399)

This decomposition is called the restricted root space decomposition.

Proof. We first prove that the sum is direct. If the sum is not so, we can find a H* € gg and X; € gy, (\; € X)
such that
H*+YX; =0 (1.400)

Let us consider
N = {H € go| the \;(H) are all differents and not zero}

A H which is not in N fulfils some relations as A;(H) = A;(H) which are linear equations, so the complement
of N is an union of hyperplanes and thus N is not empty. This allows us to consider a H € N.
We have choice the X; in gy, i.e.

for all A € a. In other words, X; diagonalise ad A with eigenvalues \;(A). Now, let us consider ad H for a
H e N. Since all the \;(H) are different and not zero, the equation (1.401) implies that all the X; (and H*) are
in separate eigenspaces of ad H. Thus they are linearly independent, hence the equation (1.400) is not possible.
The sum (1.399) is thus a direct sum. For the rest of the proof, see [16] theorem 4.2. O

Other properties of the root spaces are listed in the following proposition.

Proposition 1.182.
The spaces g, satisfy also:

(Z) [gka gu] c Ix+us
(i) Ogx = g_x; in particular, if A belongs to ¥, then —\ belongs to ¥ too,

(iit) go = a @ Z¢(a) orthogonally.

‘Problem and misunderstanding‘ 14.

1l faut définir quelque part ce qu’est cet espace Ze(a)

1.12.3 Positivity, convex cone and partial ordering

Definition 1.183.
Let V' be a vector space. A positivity notion (see [(], page 154) is the data of a subset V™ of V' such that

(i) for every monzero veV, we have ve VT xor —v e V+,

(ii) for every v, we V*t and every u € R™, the elements v +w and pv are positive.
If v € V', we say that v is positive and we note v > 0.

Definition 1.184.
A convex cone in a vector space A is a subset C' such that

(i) xe C and t € R* imply tx € C,
(i) x,y € C impliesx +y e C,
(iii) C n (—=C) = {0}.

To a convex cone C' is attached a notion of positivity by defining x > 0 if and only if € C. The converse
is also true: if we have a notion of positivity on V', we define the corresponding convex cone by

Vt={reVstz>0} (1.402)
A linear partial ordering relation is a partial ordering < such that
e A< Bimplies A+C < B+ C forall C,
e M < AB forall Ae R*.

From a positivity notion gives rise to a linear partial ordering on V by defining x > y if and only if y —x > 0.
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1.12.4 Iwasawa decomposition
Let us consider a notion of positivity on a* and denote by % the set of positive roots. We define

ni= @yex+ O (1.403)
The Iwasawa decomposition is given by the following theorem ([6], theorem 5.12):

Theorem 1.185.
Let G be a linear connected semisimple group and A = expa, N = expn where a and n are the previously defined
algebras. Then A, N and AN are simply connected subgroups of G and the multiplication map

¢0: AxNxK-—>G
(1.404)
(a,n, k) — ank
is a global analytic diffeomorphism. In particular, the Lie algebra g decomposes as vector space direct sum
g=a®ndt (1.405)

The group AN s a solvable subgroup of G which is called the Iwasawa group, or Iwasawa component of G.

Remark 1.186.
It can be proved that this theorem is independent of the choices: the Cartan involution, the maximal abelian
subalgebra a and the notion of positivity.

Notice that A, N and K are unique up to isomorphism. Their matricial representation of course depend on
choices.
This theorem from [16], chapter VI, Theorem 3.4. will be useful.

Theorem 1.187.
The Lie algebra a ® ¢ is solvable.

This theorem implies that the group AN is solvable.?> Before to go into concrete situations, let us prove an
useful property of the £ part of g :

Theorem 1.188.

Stab(k) = K
for the adjoint action of G on &.
The proof of it is given by two lemmas. [19]
Lemma 1.189.
For any ke K,
Ad(k)e = ¢,
and

Lemma 1.190.
If for any L € ¢, Ad(x)L belongs to &, then x € K.

Proof of lemma 1.189. Let us take a L € € and define M € K k = e™. We have Ad(k)L = ¢*M[. But in
general, we have the relations (1.395) which give e*™ [ € £. Then Ad(k)t c &

In order to show that ¢  Ad(k)¢, let us consider a L € . We have to find a N € ¢ such that Ad(k)N = L.
It is clear that N = Ad(k~!)L fulfils the conditions. O

Proof of lemma 1.190. Let us consider X € g such that x = eX. We have e X L € ¢ for all L € £. This implies
that all the terms of the expansion of e*4 X L are in £. In particular, [X, L] € & for all L € €. Let us consider the
Cartan decomposition of X : X = X + X,,. We need X such that

[Xi, L]+ [Xp, L] €t

for any L € €. But inclusions (1.395) make [X,,, L] € p. Then the X, part of X must vanish (because g =¢@p
is a direct sum). O

25 J'esére que ce que je raconte ici n'est pas trop débile pcq j'ai pas été fouiller 3 fond.
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1.13 Representations

Source :[7]
We are interested in the adjoint representation on a common vector space; we will not discuss the importance
of some more complicated features as the “locally convex” condition. We only mention it.

Definition 1.191.
If V is a locally convex space, a continuous representation of a Lie group G on V is a left invariant action
m: G x V. =V such that for any x € G, the map w(x): V — V is a linear endomorphism of V.

If g is a Lie algebra, a representation of g in V is a bilinear map o: g — End(V') such that
o([X,Y])v =[0(X),0(Y)]v =0(X)o(Y)v —o(Y)o(X)v. (1.406)

In other words, o: g — End V is an algebra homomorphism.

A vector space equipped with a representation of a Lie algebra g is a g-module. A complete locally convex
space equipped with a representation of a Lie group is a G-module.

Let us write down Schur’s lemma;:

Lemma 1.192.
If ¢: g — gl(V) is irreducible, then the only endomorphism of V. which commutes with all ¢(g) are multiples of
identity.

If 7 is a representation of G in a (eventually complex) vector space V', an invariant subspace is a vector
subspace W c V such that w(x)W < W for any x € G. A continuous representation in a complete locally
compact vector space V' is irreducible if {0} and V are the only two invariant closed subspaces of V.

In the case of finite dimensional vector space, any subspace is closed; in this class, we find back the usual
notion of irreducibility.

An unitary representation of G is a continuous representation 7 of G in a complex (or real) Hilbert space
H such that 7(z) is unitary for any x € G. This is: 7 is unitary if and only if Vz € G, v, w € H,

(m(z)v, w) = (v, m(x) w). (1.407)

A continuous and finite dimensional representation is unitarisable if there exists an hermitian product for
which the representation is unitary.
Now a great proposition without proof:

Proposition 1.193.
Let G be a compact Lie group®®. Then every representation on a finite dimensional vector space is unitarisable.

1.14 Other results about Cartan algebras

Lemma 1.194.
A Cartan subalgebra of a semisimple complex Lie algebra is maximally abelian.

Proof. If b is a Cartan subalgebra of g, proposition 1.74 provides Hy € g such that h = go(Hp); in particular
Hy € h. We are going to prove that if Hy, Hz € b, then for every Y € g we have B([Hy, H2],Y) = 0, so that the
non degeneracy of the Killing form will conclude that [Hy, H2] = 0.

Let X € g(Hp,\), H € h. The map ad X oad H sends g(Hop, ) to g(Ho, A + u). If we choose a basis
of g made up with basis of the spaces g(Hy, \;) (by the primary decomposition theorem) it is clear that
B(H,X) =Tr(ad H cad X) = 0. In particular with H = [Hy, H2] we get B([Hl,HQ],X) = 0.

On the other hand, § is solvable because it is nilpotent. Since the adjoint action provides a representation of h
on B, corollary 1.21 says that we have basis of ) in which all the matrices of are upper triangular. Now if A, B and
C are upper triangular matrices, ABC and BAC have same elements on the diagonal;in particular they traces
are the equal: Tr(ABC) = Tr(BAC). Let us consider Hy, Ha, H € h By Jacobi, ad[H;, Ho| = [ad Hy,ad Hs],
then

Tr(ad[Hy, Hz]ad H) = Tr(ad Hy ad Hy ad H) — Tr(ad He ad Hy ad H)
= Tr(ad Hyad Hy ad H) — Tr(ad Hy ad Hyad H) (1.408)
=0.

26\Verifie si il faut que ce soit de Lie
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Up to now we had seen that B([Hy, Hz], H) = 0 and B(H,X) =0 if X € ®x.08(Ho, A). In the latter, we can
consider [Hy, H] as H. Then
B([HlaHQ]aY) =0

for all Y € g. Then [Hy, Ha] = 0 because the Killing form is nondegenerate (g is semisimple). This proves that
h is abelian.
Now it remains to see that § is contained in no larger abelian subalgebra of g. For this, we naturally consider
a larger abelian subalgebra h’ of g. For any H' € ' and H € b, we have [H, H'] = 0. In particular [H', Hy] = 0;
the property
b = g(Ho,0) = {X € g st (ad Hy)*X = 0 for a cerain k € N}.

makes H' € b. O

Proposition 1.195.
Let g be a Lie algebra, x € g and

g"={yegstIneN: (adz)"y = 0}. (1.409)
Then g* is a subalgebra of g which is its own centralizer in g.

Proof. Since ad(x) is a derivation of g (cf. 1.1),

adz)"([u,v]) = (" adz)*u, (ad )" *o];
)" (ol) = 33 () tada'a =

x

then [g”,g%] < g*. This proves that g is a subalgebra of g. Let y € g be such that [y,g”] c g”. Clearly
[z,y] € g° (because x € g%) then (adz)"y = (ad x)" [z, y], so that y € g*. O

Lemma 1.196.
If A:' V — V is a linear operator on a finite dimensional vector space, then there exists a positive integer p such

that AP(V) = APTL(V).

Proof. We build a basis of V' in the following manner. Since A(V') is a subspace of V, we can begin our basis
with {Y;}, a basis of the component of A(V') in V. Next, A%(V) is a subspace of A(V), then we can consider
{X !}, a basis of the vector space A(V)\A%*(V), and so on. .. {X!} are vectors in A™(V) but not in A"**V. Since
the vector space has only a finite number of basis vectors, there is a p such that {X?} = &. |

Now we consider W = {u € Vstdn € N : A%u = 0} and v € V. There exists a v' € V such that
AP(v) = APTH(v). Writing v = A(v') + (v — A(v")), we find

VcAV)+W (1.410)

because AP(v) — APFL(v') =0, v — A(v') e W.

If we apply A on this, we find A(V) ¢ A?(V) + A(W). Reinserting it into the right hand side of (1.410), we
find V < A%(V + W) and repeating p times this process, we find V' = AP(V) + W and the sum is direct because
none of the elements of A?(V) is annihilated by A:

V =AP(V)®W. (1.411)

Proposition 1.197.
Let g be a Lie algebra and x € g. Then there exists a subspace g, of g such that g = g, ®g* and [¢%, 92| C gz-

Proof. We claim that the space is given by
g. = (adz)Pg (1.412)

where p is taken large enough to have (ad x)Pg = (ad x)P*1g. The lemma and the discussion below show the
correctness of the definition of g, and that g = g, @ g”. It remains to be proved that [g*, g.] € g.. For we will
prove (by induction with respect to m) for any m that (ad z)™y = 0 implies (ad y)g, < g..

For m = 1, the induction assumption becomes [z,y] = 0 and Jacobi gives adz o ady = ady o ad «, then
(ady)g, = (adx)?P(ady)g < g.. Now we suppose that (adz)™ 1z = 0 implies (ad z)g, < g, and we consider
y € g such that (adz)™y = 0 and u € g,. We are going to show that (ady)u € g,. Let f be the characteristic
polynomial of ad x:

f(t) = det (adx — 1)

where ad 2 and 1 are taken on g,. Since (ad z)u = 0, f(0) # 0 and by the Cayley-Hamilton theorem, f(ad z)u =
0. Then
(f(adz)ady)u = (f(adz)ady — (ady) f(ad z))u, (1.413)
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and, on the other hand, Vg € N,

(adz)?ady —ady(adz)? = 2 (adz)" (ad[z, y])(ad 2) 7"~ 1.
r=0

It follows that f(adx)ady — (ady)f(adx) is a linear combination of terms of the form
(ad2)*(ad[z,y])(ad 2)"

and the induction hypothesis shows that f(adz)(ady)u € g,.

Now we consider a n such that (ad z)"g® = 0; the fact that f(0) # 0 implies the existence of polynomials
g(t) and h(t) such that g(¢t)t™ + h(t) f(t) = 1. If we decompose (ady)u = v + w with respect to g = g, ® g* we
find

(ady)u = [g(ad z)(ad )™ + h(ad z) f(ad z)](ad y)u

= f(adz)(ad z)"v + h(ad z) f(ad z)(ad y)u € g. (1.414)

O

Proposition 1.198.
Let g be a Lie algebra and x € g such that g* is as small as possible. Then g* is a Cartan subalgebra.

Proof. From proposition 1.195, it is sufficient to prove that g® is nilpotent. Let y € g* and f,(t) be the
characteristic polynomial of ad y. Since it is a subalgebra, g” is stable under ad y and proposition 1.197 makes
g, also stable under ad y. Then ad y can be written under a bloc-diagonal form with respect to the decomposition
g = g, ®g®, so that the characteristic polynomial can be factorised as

fy(t) = gy (O)hy(t) (1.415)

where g, and h, are the characteristic polynomials of the restrictions of ady to g* and g,. Let (y1,...,%m)
be a basis of g” and t", the greatest power of ¢ which divide all the g, (¢) with y € g*. The coefficient of ¢" in
Geiy, (1) is a polynomial with respect to the ¢* because of the expression

Geiy, (t) = det (ad(ciyi) - t]l).

Let u be this polynomial: g, (t) = ... +u(c',...,¢™)t". By definition of n, this is not an identically zero
polynomial and there are no terms with t*~1. For the same reasons, we have a polynomial v such that

Reiy, (0) = v(ct,...,c™). (1.416)

We know that none of the non-zero elements in g, are annihilated by adx (because of the definition of
g%). Then h,(0) # 0 and v is not identically zero. With all this we can find some ¢! € © such that
u(ct, ..., c™w(ct, ..., e™) # 0. If y = cly;, the coefficient of ¢ in f,(t) is u(c)v(c) # 0, so that f,(¢) is
not divisible by "1,

But in the other hand g% has minimal dimension, then dim g¥ > m = dim g®. Moreover t1™¢" divide f,(t)
because there is a certain power of ad y which has zero as eigenvalue with multiplicity dim g¥27. Since fy(t) can
not be divided by ¢"*! this shows that n + 1 > dim g¥ and n > dim g¥ > m.

Now we consider y, any element of g*. From the fact that ¢ divide all the g,(¢) and that n > m, we see
that ¢ divide g,(t). But the degree of g,(t) is dim g® = m. Finally, g,(¢) = m and ady is nilpotent on g* for
any y € g*.

The Engel’s theorem 1.32 makes g” nilpotent. O

The following holds for complex or real Lie algebras and comes from [8] see also [2]. We denote by K the
base field of g, i.e. R or C. For X € g and A € K we define

g(X,\) ={Y egst(ad X — AL)"Y =0 for a certain n € N}. (1.417)
A first useful result is given in

Lemma 1.199.
If Z € g, then

[6(Z,N),8(Z, )] € 9(Z, A + p),

in particular by is a subalgebra of g.

27This is not a good reason.
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Proof. We consider X € g(Z, \) and X, € g(Z, ). We have

(adZ — (A + ) I)[Xx, X,] = [(ad Z — X)X, X,.]

1.418
X, (00 Z — pD) X, (1418)
By induction,
> . .
(adZ — (A + 1) "[X, X,] = )] ( ) [(ad Z — M)' X, (ad Z — pI)" " X pa]. (1.419)
i=0
It will become zero for large enough n. |
An element X € g is regular if dim g(X,0) is minimum?®. This minimum is the rank of g.
Proposition 1.200.
If X € g is a reqular element then the algebra
h=g(X,0)={Y eg st (ad X)"Y =0 for some n e N} (1.420)

is nilpotent.

Proof. We have to show that for any H € , the endomorphism ad H of § is nilpotent. Consider the characteristic
polynomial of ad X
p(t) = det(ad X —t1) = t"q(t)

where t" is the maximal factorization of ¢; in other words, ¢(¢) is not divisible by ¢ and r» = dim . In particular
h={Y egst (ad X)"Y =0}. (1.421)

Let
t={YegstqgladX)Y =0} (1.422)

From the Cayley-Hamilton theorem (??), p(ad X) = 0, then (ad X)"g¢(ad X) = 0 and g = h @ t. Moreover b
and ¢ are ad X-invariants: (ad X)h € h and (ad X)t S ¢.

Every weight of ad X are in €. As we know that b is Cartan in g if and only if h is Cartan in g*, we can
suppose that g is a complex algebra by considering g® if g is real. So all the weight are in the base field and we

can define
E= > g(X,\).
AEA

where A is the set of all the non zero weight of ad X. A property?” of the weight space is that
g=0(X; M) ®...®g(X, An)

if the \;’s are the weight of ad X. Now we prove that Y, ., g(X,\) = £. First consider aY" € g(X, \) which can be
decomposed as Y = H+ K with H € hand K € . Then (ad X —A1)"(H+K) = (ad X—A1)"H+(ad X = A1)"K
where the first term is not zero (because H € §) and lies in j while the second term lies in . Then the sum can
be zero only if H = 0.

|

Let g be a complex semisimple Lie algebra, H € g and 0 = A\g, A\1,..., A, the eigenvalues of ad H. For any
A € C, one can consider
g(H,\) = {X egst (ad H—\)FX =0}. (1.423)

From the Jordan decomposition, g(H, A) = 0 except if A is one of the A;, and

g= C—bg(H, Ai). (1.424)
i=0

An element H € g is regular if

dim ¢g(H,0) = mmdlmg(X 0).
Xeg

Let Hp be a regular element and b = g(Hy, 0).

28 Anglais ?
29Que je dois encore faire, cf Sagle
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Lemma 1.201.
The algebra § = g(Hp, 0) is nilpotent

Proof. Let 0 = A\g, A1,..., A\, be the eigenvalues of ad Hy and

T

o' =D, 9(Ho, \)

i=1

which is a subspace of g. From the lemma,
[9(Ho,0), a(Ho, Ai)] = a(Ho, \i) < g".

For each H € B, we denote H’, the restriction of ad H to g’ and d(H) = det H'. The function H — d(H)
is a polynomial on b in the sense of the coordinates on h as vector space. If H{ has a zero eigenvalue we
would have ad(Hp)X = 0 for some X € ¢g’. In this case [Ho, X] = 0, but X € g(Ho, \;), then for a certain k,
(ad Hy — \;)*X = 0, so that \;X = 0. Since g is defined by excluding Ao, X = 0. Thus H} has only non zero
eigenvalues and d(Hg) # 0.

We know that a polynomial which is zero on an open set is identically zero; then on any open set of b, d has
a non zero value somewhere. In particular,

S = {H e b st d(H) + 0}

is dense in h. We consider a H € S. The endomorphism H’ has only non zero eigenvalues, so that g(H,0) c b
from lemma 1.199; but Hj is regular, then g(H,0) < h. Thus the restriction of ad H to § is nilpotent because
it is nilpotent on g(H,0)3".
If | = dim b, then (ady H)! = 0 because ady H is nilpotent. By continuity, this equation is true for any H € h
from the density of S in h. Then b is nilpotent.
O

Here is an alternative proof (that I do not really understand) for theorem 1.78.

Theorem 1.202.
Let g be a complex Lie algebra with Cartan subalgebra y. Then go = b.

Proof. Since § is Cartan, it is nilpotent. So h < go. If v € go, there exists a n such that for any z € b,
(ad2)"v = 0. The fact that § is nilpotent makes (adz,) o ... o (adz1)v = 0 for any 2 € go and for all
21y ..., 2n € b. If we write (ad z1)v with v € go\b, we can always choose z; in order the result to not be h. Next
we can choose zo € b such that (ad z2) o (ad z1)v is also not in h and so on. .. Since go is nilpotent, we always
finish on zero. If n is the maximum of adjoint that we can take before to fall into zero; we have

[h, (ad zp—1) o (ad z1)v] = 0

for all h € hh and with a good choice of z;, it contradicts the fact that b is Cartan. |

1.15 Universal enveloping algebra

Let A be a Lie algebra. One knows that the composition law (X,Y) — [X, Y] is often non associative. In order
to build an associative Lie algebra which “looks like” A, one considers T'(A), the tensor algebra of A (as vector
space) and J the two-sided ideal in T'(A) generated by elements of the form

XY -Y®X-[X,Y]
for X, Y € A. The universal enveloping algebra of A is the quotient
UA) =T(A)/T. (1.425)

For X € A, we denote by X* the image of X by canonical projection 7: T(A) — U(A) and by 1 the unit in
U(A). One has 1 # 0 if and only if A # {0}.
A property without proof*! (see [16] page 90):

30Ce paragraphe n'est pas vraiment clair. ..
31La preuve est a partir de 21# de Lie
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Proposition 1.203.
Le V' be a vector space on K. Then there is a natural bijection between the representations of A on V and the
ones of U(A) on V. If p is a representation of A on V, the corresponding p* of U(A) is given by
p(X) = p*(X*)
(X eA).

Let {X1,...,X,} be a basis of A. For a n-uple of complex numbers (;), one defines
X*(t) = Dt X} (1.426)
i=1

On the other hand, we consider a n-uple of positive integers M = (m1 +...m,), and the notation

IM|=m1+...+my,

1.427
tI\/[:tTh___t:Lnn. ( )

When |M| > 0, we denote by X*(M) € U(A) the coefficient of t™ in the expansion of (|M|!)~*(X*(t))MI.
If [M] = 0, the definition is X*(0) = 1. Once again a proposition without proof3?:

Proposition 1.204.
The smallest vector subspace of U(A) which contains all the elements of the form X*(M) is U(A) itself:

U(A) = Span{X™*(M) : M € N"}.

Corollary 1.205.

Let A be a Banach algebra of dimension n, B a Banach subalgebra of dimension n —r and a basis {X1,..., Xn}
of A such that the n — r last basis vectors are in B. We denotes by B the vector subspace of U(A) spanned by
the elements of the form X*(M) with m = (0,...,0,my41,...,my). Then B is a subalgebra of U(A).

Definition 1.206.
Two Lie groups G and G' are isomorphic when there exists a differentiable group isomorphism between G and
G'.

They are locally isomorphic when there exists neighbourhoods U and U'of e and €' and a differentiable
diffeomorphism f: U — U’ such that

Vo,y,xy e U, f(zy) = f(2)f(y),

and
Va'.y 2ty e U, fTHay) = FH) ).
Now a great theorem without proof:

Theorem 1.207.
Two Lie groups are locally isomorphic if and only if their Lie algebras are isomorphic.

The following universal property of the universal enveloping algebra explains the denomination:

Proposition 1.208.
Let 0: G — U(G) the canonical inclusion and A an unital complex associative algebra. A linear map ¢: G — A
such that

e[ X, Y] = o(X)e(Y) — o(Y)ep(X) (1.428)
can be extended in only one way to an algebra homomorphism o: U(G) — A such that pgoo = ¢ and o(1) =1

For a proof, see [12].

1.15.1 Adjoint map in U(G)
We know that Ad(g): G — G fulfils

Ad(g)[X, y] = [Ad(g9)X, Ad(g)Y],

32 la page /23
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and we can define Ad(g): G — U(G) by Ad(g)X = X where in the right hand side, X denotes the class of X
for the quotients of the tensor algebra which defines the universal enveloping algebra.

When [A, B] is seen in U(G), we have [A,B] = A® B— B® A. Then Ad(g): G — U(G) fulfils proposition
1.208 and is extended in an unique way to Ad(g): U(G) — U(G) with Ad(g)1l = 1.

Lemma 1.209.
If D e U(G), the following properties are equivalent:

. DEZ(Q)
e DX =XQ®D forall Xeg
. eadXDszorallXeg

e Ad(g)D = D for all g € G.

1.15.2 Invariant fields

If X € g, we have the associated left invariant vector field on G given by X, = dL,X. That field is left invariant
as operator on the functions because

X, (u) = Xe(L¥u) (1.429)
as the following computation shows
Xo(L*u) = i[(L*u)(efX)] - i[u(:ce”f)] - i[u(f( (t))] = X, (u) (1.430)
¢ atLt " t=0 dt t=0 dt ’ t=0 *

because the path defining X, is ze'X.

We can perform the same construction in order to build left invariant fields based on U(g). If X and Y are
elements of g, the differential operator on C*(G) associated to XY € U(g) is given by

d d
() = g [P XY@, (1.431)
The path defining the field XY is
XY, =zX(s)Y (). (1.432)
Thus we have o .
(XY),(L*u) = (XY),u (1.433)
Lemma 1.210.
If X,Y € g we have
[ad(X),ad(Y)] = ad([X,Y]). (1.434)
Proof. Let f € g and compute the action of [ad(X),ad(Y)]:

[ad(X),ad(V)]f = ad(X)[Y [, fY] —ad(Y)(X f — fX) (1.435a)
= (XY —YX)f + f(YX — XY) (1.435b)
= ad([X,Y])f. (1.435¢)

O

1.15.3 Representation of Lie groups

Proposition 1.211.
Let G be a Lie group and G its Lie algebra. A representation ¢: G — End(V') of the group induces a represen-
tation ¢: U(G) — End(V) of the universal enveloping algebra with the definitions

(X)) = dpe(X), (1.436a)
H(XY) = ¢(X) o p(Y) (1.436D)

where e is the unit in G and X, Y are any elements of G.
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Proof. We have

B(X) = % [@(etx)“]t=o = do(X)v. (1.437)

Notice that, by linearity of the action of ¢(e!*) on v, one can leave v outside the derivation. Now, neglecting
the second order terms in ¢ in the derivative, and using the Leibnitz formula, we have

_ d tXY —tXY ]
OX. Yo = e e )] v
d tXY d —tXY
= — 1 — (1
Zle@™)p)] v+ Z[epEe)] v i)
— (XY )y — 6(Y X
= (¢(X)e(Y) — ¢(Y)6(X))v
= [¢(X), &(Y)]v,
which is the claim. |
1.16 Representations
References for Lie algebras and their modules are [2, 3, 14, 15, 18, 20, 21].
Since b is abelian, the operators Hy, (j = 1,...,1) are simultaneously diagonalisable. In that basis of the
representation space W, the basis vectors are denoted by |us) and have the property
Ha,|uay = A(Ha,)|ua), (1.439)

and, as notation, we note A; = A(H,,). The root A is a weight of the vector |us). The vector Egluy) is of
weight 8 + A, indeed,

HaiEﬁ|UA> = ([Ha“Eﬁ] + EgHai)

(20 N
uA> = ((ai,ai) +Az) Eﬁ| A>- (1440)

Thus the eigenvalue of Eglup) for H,, is, according to the relation, (1.364), 8(H,,) + A(Hy, ).
We suppose that the roots a; are given in increasing order:

ap = Qg = ... =, (1.441)

and one says that a weight is positive if its first non vanishing component is positive. Then one choose a basis
of W

|uA(1)>, RN |uA(N)> (1.442)
of weight vectors. One say that this basis is canonical if
AW > > A, (1.443)

Theorem 1.212.
A wector if weight A which is a combination of vectors of weight A% all different of A vanishes.

Proof. No proof. O

A consequence of that theorem is that, if W is a representation of dimension NN of g, there are at most N
different weights. When several vectors have the same weight, the number of linearly independent such vectors
is the multiplicity of the weight. A weight who has only one weight vector is simple.

Proposition 1.213.
The weights A and A — 2a(A, «)/(a, ) have the same multiplicity for every root .

Theorem 1.214.
Two representation are equivalent when they have the same highest weight.

Proposition 1.215.
For any weight M and root «,

2((34;‘) e 7, (1.444)
and 7
M — 2((2403‘) a (1.445)

is a weight.

Notice, in particular, that for every weight M, the root —M is also a weight.
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1.16.1 About group representations

Let 7 be a representation of a group G. The character of 7 is the function

Xr:G—C

g Tr (w(g)) (1.446)

From the cyclic invariance of trace, it fulfils x.(gzg™!) = xx(x), so that the character is a central function.
Let G be a Lie group with Lie algebra g. We denote by Z+ the subgroup of G generated by n*. The Cartan
subgroup D of G is the maximal abelian subgroup of G which has h as Lie algebra.
A character of an abelian group is a representation of dimension one.
Let T be a representation of G on a complex vector space V. One say that £ € V is a highest weight if

o T(2)¢ =¢ for every z€ Z,,
e T(g9)¢ = alg)¢ for every g € D.
The function a: D — C is the highest weight of the representation 7.

Lemma 1.216.
The function « is a character of the group D.

Proof. The number a(gg’) is defined by T'(gg’)¢ = a(gg’)¢. Using the fact that T is a representation, one easily
obtains T(gg')€ = a(g)alg)E. 0

1.16.2 Modules and reducibility

As far as terminology is concerned, one can sometimes find the following definitions. A g-module is simple when
the only submodules are g and 0. It is semisimple when it is isomorphic to a direct sum of simple modules.
The module is indecomposable if it is not isomorphic to the direct sum of two non trivial submodules.

An vector space endomorphism a: V' — V is semisimple if V' is semisimple as module for the associative
algebra spanned by A. In this text, we will not use this terminology but the one in terms of reducibility. It is
clear that g is itself a g-module for the adjoint representation. From this point of view, a g-submodule is an
ideal. Then a simple Lie algebra is an irreducible g-module and a semisimple Lie algebra is completely reducible
by corollary 1.46. This explains the terminology correspondence

stmple - irreducible
semisimple < completely reducible.

Theorem 1.217 (Weyl’s theorem).
A representation of a semisimple Lie algebra is completely reducible.

1.16.3 Weight and dual spaces

In general, when T': V — V is an endomorphism of the vector space V and A € K (K is the base field of V),
we define

Vw={veVst(T—A1)"v =0 for aneN}). (1.447)

If V(M) # 0, we say that X is a weight and V() is a weight space.

Let now particularize to the case where g is a Lie algebra, and g* its dual space (the space of all the complex
linear forms on g). Let p be a representation of g on a complex vector space V (seen as a g-module), and
v € g*. For each x € g, we have p(z): V — V and v(z) € C; then it makes sense to speak about the operator
p(x) —v(z): V - V and to define

Vy={veVstVzegIneNst (p(z)— v(x))nv = 0}. (1.448)

If V, # 0, we say that « is a weight for the representation p while V, is the corresponding weight space.
A simpler form for complex semisimple Lie algebras will be given in equation (1.109) as corollary of theorem
1.152.

Notice that a root is a weight space for the adjoint representation, see definition 1.77. We denote by ® the
set of non empty root spaces.
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Lemma 1.218.
Let End(V') be the algebra of linear endomorphism of a vector space V.. Let x1,...,%k, y1,--.,yk € End(V) and

€= Z[%,yz]

If e commutes with all x;, then it is nilpotent.
A proof of this lemma can be found in [9]

Theorem 1.219.
Let g be a Lie algebra of linear endomorphisms of a finite dimensional vector space V. We suppose that V is a
completely reducible g-module and we denote the center of g by Z. Then

(i) [8,0] 0 2 =0,
(i) L/Z has a non zero abelian ideal,

(iii) any element of Z is a semisimple endomorphism.

Problem and misunderstanding | 15.

The following proof seems me to be quite wrong.

Proof. Let A be the associative algebra spanned by g and the identity on V. It is clear that the A-stable
subspaces are exactly the g-stable ones. Then V is a completely reducible A-module and it has no non zero
nilpotent left ideal. Indeed let B be a left ideal in A such that BB = 0. In this case, B -V is a A-submodule
of V (because B is an ideal) and V = B-V @ W for a certain A-submodule W. Since B -V is a A-submodule,

B-Wc(B-V)nW

(because W is stable under A) which implies B-W =0 and B-V = B - (BV + W)0. Consequently, B = 0.

Let T be the center of A; this is an ideal, so that 7" has no non zero nilpotent elements. To see it, consider a
nilpotent element z € T. Remark that T = Az is a nilpotent ideal because AzAz = Az?>A. Now, we prove that
z is a semisimple linear endomorphism of V. By lemma 1.196, with large enough n, z™(V) finish to stabilize.
Let ¢ = 3,c The space Vi = 2™(V) is not zero because z is not nilpotent. Let W be the set of elements of
V which are annihilated by a certain power of z. Equation (1.411) makes z semisimple because V; and W are
z-stables.

By lemma 1.218, any element of [A, A] n T is nilpotent; but we just saw that it has no non zero nilpotent
elements then [A, A] n T =0, so that

[9.9]1n 2 =0.

This proves the first point.

Now we consider an ideal J such that [J,J] € Z. Then [J,J] = [J,J] n Z = 0. We looks at the abelian
ideal [g, J] of g. This is an ideal because [[g,j], ] = —[[4, k], 9] — [[R, g],j]. By the lemma, the elements of
[g, J] are nilpotent and the associative algebra generated by [G, J] is also nilpotent because [g, J] is abelian.

The elements of B are polynomials with respect to elements of [g, J], then AB ¢ BA + B because AB is
made up with elements of the form a(hj — jh)™ which itself is made up with elements ah”*;'. By commutating
4, we get

jtah® + elements of [g, J],

but J is an ideal and jl € J. By induction,
(AB)* « B*A + B*. (1.449)

Since B is nilpotent, AB is a nilpotent left ideal. Then AB = 0 which in turn implies B = 0. In particular
[g,J] =0, so that J ¢ Z. But any abelian ideal in g/Z is the canonical projection of an ideal J of g such that
[J, J] € Z. We conclude that g/Z has no non zero abelian ideal.

O

Now we are able to prove a third version of Lie’s theorem:

Theorem 1.220 (Lie).
If g is a solvable ideal, then any completely reducible g-module is annihilated by [g, g].
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Proof. Let V be such a g-module, p the representation of g on V and A = p(g) € End(V). By assumption, a is
a solvable subalgebra of End(V'); let Z be the center of a. It is clear that a/Z is solvable, so that it has no non
zero abelian ideal. But the fact that a/Z is solvable makes one of the 2%(a/Z) an abelian ideal. The conclusion
is that a/Z =0, or a = Z. Clearly this makes [a,a] = 0. O

Proposition 1.221.

Let g be a nilpotent complex Lie algebra and p, a representation of g on a finite dimensional vector space V.
Then

(1) Yy € g*, the space V, is a g-submodule of V,
(it) if v is a weight, then there exists a nonzero vector v € V., such that Vx € g, - v = vy(z)v,

(iti) V =@, Vy where the sum is taken over the set of weight.

From the third point, an element y € g can be decomposed as

Y= us (1.450)
Bed

with yg € gg.
From now, we only consider complex Lie algebras. A typical milpotent algebra is a Cartan subalgebra of a
semisimple Lie algebra.

Proof. Since p is a representation,

(p(x) —~(x)) p(y) = ply) (p(z) = v(2)) + p([x, y]).

Now let us suppose that (p(z) — 7($))mp(y) is a sum of endomorphism of the form

p((ad z)Py) (p(x) — y(x))*

with p + g = m. We just saw that it was true for m = 1. Let us check for m + 1:

p(@)p((ad 2)’y) (p(z) = 7(2))" = p([z, (ad 2)Py]) (p(z) = 7(x))"

1.451
+ p((ad 2)Py)p(x) (p(x) — v(2))". .

Then, since g is nilpotent, the space V, is a submodule of V' because for large enough m and for all y, (p(ac) —
v(x))mp(y)v =0ifveV,.

Any nilpotent algebra is solvable, then from Lie theorem 1.220, the restrictions of p(x) (with = € g) to
irreducible submodules commute. By Schur’s lemma 1.192, they are multiples of identity. But if all g is the
identity on an irreducible module, then the module has dimension one. In particular, any irreducible submodule
of Vy has dimension one®3.

Then, in the weight space V,, there is a v which fulfils p(z)v = A(z)v for all « € g. It is rather clear that it
will only works for A = v. Our conclusion is that there exists a v € V, such that p(z)v = y(x)v.

Now we consider vy, ...,7k, distinct weights. They are linear forms; then there exists a € g such that
v (2), ..., vk(x) are distinct numbers. In fact, the set {h € b st a;(h) = «;(h) for a certain pair (4, j)} is a finite
union of hyperplanes in h; then the complementary is non empty.

With this fact we can see that the sum V., + ... +V,, is direct. Indeed let v € V,, nV, ; for the chosen
x € g and for suitable m,

(o) = 7(@) ™ = (pla) —7;(2) "0 = 0 (1.452)

which implies 7;(x) = v;(x) or v = 0. In particular one has only a finitely many roots and we can suppose that
our choice of v; is complete.

For a € C, we define V, as the set of elements in V' which are annihilated by some power of p(x) — a with
our famous z. By the first lines of the proof, V, is a g-submodule of V.

For the same reasons as before?*, if V, # 0, there exists a v € V, and a weight 7; such that Vy € g,

p(y)v = vi(y)v.

33Encore que soit pas bien clair pourquoi un tel module existerait... donc I'affiramation suivante ne me semble pas trop justifiée
34Celles que je n'ai pas bien comprises
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But as v is annihilated by a power of (p(z) — a), it is clear that a = v;(x), and some theory of linear endomor-
phism?® shows that V is the sum of the V,’s:

V= Vi) (1.453)

It remains to be proved that V. ) € V,,. Let y € g and
Viia = {v € Vi, (z) st In: (p(y) —a)"v = 0}.

As usual®® if V; , # 0, there exists a v € V;, and a weight v; such that p(z)v = ~;(z)v for any z € g. Then
a = vj(y) = vi(y). But V,, (5 being the sum of the V; ,’s, we have V,, 5y = V; ;. (,) for any y € g. This makes

Vyi@evs, -
O
1.16.4 List of the weights of a representation
We consider a representation of highest weight A. For each weight M, we define
S(M)=2 > M, (1.454)
a; €I
where, as usual, M, = 2(M, «)/(«a, «). For any root «, we define
1
Y(a) = B (6(A) = 6(a)). (1.455)

Proposition 1.215 shows in particular that v(«) is an integer.

Proposition 1.222.
When M is a weight, v(M) is the number of simple roots that have to be subtracted from the highest weight A
in order to get M.

Proof. No proof. O

Let us consider the sets
AR = (M st y(M) = k}. (1.456)

That set is the layer of order k. Of course, there exists a T'(¢) such that
T(¢
Ay =A% uALu...uAl?, (1.457)

That T(¢) is the height of the representation ¢. If A is the highest weight and A’ is the lowest weight, then
we have y(A) = 0 and y(A') = T(¢).

A corollary of proposition 1.222 is that, if M € A} and if « is a simple root, then M + « € A;_l, and
M—a«ae A;H.

Let us denote by Sk (¢) the multiplicity of the layer of order k; we have

So+S1+...+5r =N, (1.458)
where N is the dimension of the representation ¢. The number
111(¢) = max Sk (o) (1.459)
is the width of the representation.

Lemma 1.223.
If A is the highest weight and A’ is the lowest weight, then 6(A) + §(A') = 0.

Proof. No proof. O

From that lemma and the definition of v(M), we deduce that 6(A) — 6(A’) = 2v(A') = T(¢), so that
§(A) =T(¢) and
§(M) =T(¢) — 2v(M). (1.460)

In particular, §(M) has a fixed parity for a given representation ¢. It is the parity (even or odd) of the
representation.

35théorie que je ne connais pas trop
36et comme d'hab, I'argument que je ne saisit pas
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Theorem 1.224.
If A is the highest weight of the irreducible representation ¢, then

T(¢) = ) raha (1.461)

a; €Il
where the coefficients ro, only depend on the algebra, and in particular not on the representation.

Proof. No proof. O

The coefficients r,,, are known for all the simple Lie algebra, see for example page 105 of [14].

1.16.4.1 Finding all the weights of a representation

The following can be found in [14, 15].

Theorem 1.225.
If Ay is the weight system of the irreducible representation ¢, then

Sk = St_k (1.462)

and
Sr=8_1=2...25=>=5 (1.463)

where r = % + 1.

The theorem says that when T'(¢) is even (let us say T'(¢) = 2r), then I1I(¢) = Sy(¢) and when T(¢) is
odd (let us say T'(¢) = 2r + 1), then
1T1(6) = 5,(6) = 5r41(6). (1.464)

Let a be a root. The a-series trough the weight M is the sequence of weights
M—-ra,...,M+qa (1.465)
such that M — (r + 1)a and M + (¢ + 1)« do not belong to Ag.

Proposition 1.226.
Let M be a weight of the representation ¢ and «, any root of g. If the a-series trough M begins at M —ra and

ends at M + qa, then
2(M, )
—— =7 - 1.466
(o) — T (1.466)

or, more compactly, My, +q =r1.

Notice that, in that proposition, ¢ and r are well defined functions of M and a.
We are now able to determine all the weights of the representation ¢. Let us suppose that we already know
all the layers Ag, cee A;_l. We are going to determine the weights in the layer AF.

An element of A;; has the form M — « with M € A:fl and «, a root. Thus, in order to determine A}, we
have to test if M — « is a weight for each choice of M € A;_l and « € II. Using proposition 1.226, if37

Mo +q>1, (1.467)

then M —a € Ay. The number M, — q(M, «) is the lucky number of the root M — «. The root is a weight if
its lucky number is bigger or equal to 1. Notice that ¢(M, ) depends on the representation we are looking at.
Since M + ka € A;_k , the value of ¢ is known when one knows the “lower” layers. We are thus able
to determine, by induction, all the layers from Ag which only contains the highest weight. For this one, by
definition, we always have ¢ = 0.
The Dynkin coefficients of one weights can be more easily computed using the following formula, which is a
direct consequence of definition of the Cartan matrix:

(M - aj)i = Mi - Aji- (1468)
1
As example, let us determine the weights of the representation o——— of su(3). The algebra su(3) has
two simple roots o and § whose inner products are (a, &) = (8,8) = 1 and («, 8) = —1/2. The highest weight
1
of p = o— is A = (e +23)/3.

37 At page 104 of [14], that condition is (I think) wrongly written M, + ¢ = 0; that mistake is repeated in the example of page 106.
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We first test if A —« is a weight. Easy computations show that A, = 0 wile ¢ = 0; thus A — « is not a weight.
The same kind of computations show that Ag =1, so that Ag = g(A, §) = 1. That shows that Aé ={A —a}.

Let now M = A — 3 = (o — f8)/3. Since M + a ¢ Ay, we have ¢(M,«) = 0. On the other hand, M, = 1,
so that M —a € Ai. The last one to have to be tested is M — 8. Since M + 8 = A, we have ¢(M, ) = 1, but
Mpg = —1. Thus Mg + q(M, ) = 0 and M — § is not a weight.

We can obviously continue in that way up to find Ag = 0, but there is an escape to be more rapid. Indeed,
using theorem 1.224 with coefficients r, that can be found in tables (for example in [14]), we find

T(¢) = 2Aa +3A5 = 2, (1.469)

thus we immediately know that AZ@ does not exist.
On the other hand, one knows the width I71(¢) = max Si(¢) because (since T'(¢) = 2r, with r = 1), we have
I11(¢) = S1(¢). Thus, once Al(¢) is determined, we know that the next ones will never have more elements.
In the example, when we know that M — « is a weight, we do not have to test M — j.

1.16.5 Tensor product of representations
1.16.5.1 Tensor and weight

Let ¢ and ¢’ be representations of g on the vector spaces R and R’ of dimensions n and m. If A € M, (R)
and B € M,,(R’), the tensor product, also know as the Kronecker product of A and B is the matrix
A® B € M,,,(R® R') whose elements are given by

Cik,j1t = Aij B (1.470)
The principal properties of that product are
(A142) ® (B1B2) = (A1 ® B1)(A2 ® Bs) (1.471a)
(AB) '=A'@B! (1.471b)
1r ® 1r = Lrgr (1.471c)

If 1 and @9 are two representations of a group G, the tensor product is defined by

(1 ® 2)(9) = ¥1(9) ® p2(g). (1.472)
If ¢ and ¢’ are two representations of a Lie algebra g, the tensor product representation is defined by
(@) (X)(v®V) = (9(X)v) @V +v® (¢'(X)v'). (1.473)

If {¢1} are the irreducible representations, a natural question that arise is to determine the coefficients I" which
decompose ¢ ® ¢’ into irreducible representations:

d@¢ = > Ti(¢,¢)bn (1.474)
k
Let W and W’ be the representation spaces and consider the following decompositions in weight spaces:
W= @ Wy, W= @ Wj. (1.475)
AeAq AeAs
By definition,

(WWy ={v®v st (p@¢)(h)(v@®V) = alh)(v@v)}. (1.476)

It (qb(h)v) v +v® ((b’(h)v’) is a multiple of v ® v, one requires that
o(h)v = ay(h)v, (1.477a)
&' (h)v = az(h)v (1.477b)

for the weights a; and ag of ¢ and ¢’. Thus we have
(W W ay+as = Way ® Wa,. (1.478)
We have in particular that the simple root system Aggg of the representation ¢ ® ¢’ is given by
Apoe = Ag + Agr. (1.479)

What we proved is®®

38The second part is not proved.
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Proposition 1.227.
If ¢ is a representation of highest weight A and ¢’ is a representation of highest weight A, then ¢ ® ¢’ is a
representation of height weight A + A’.

If, moreover, ¢ and ¢' are irreducible, then ¢ ® ¢’ is irreducible.

An irreducible representation that cannot be written under the form of a tensor product of irreducible
representations is a basic representation.

Lemma 1.228.
A representation is basic if and only if its highest weight A is such that the A, are all zero but one which is 1.

The basic representations of so(10) are given by the Dynkin diagrams of figure 1.1. All the irreducible
representations are obtained by tensor products of the basic ones. An elementary is a basic representation
which has his “1” on a terminal point of the Dynkin diagram.

(a) (b) (c) (d)

Figure 1.1: Basic representations of s0(10)

1.16.5.2 Decomposition of tensor products of representations

Proposition 1.227 allows us to decompose a tensor product of representations into irreducible representations.

1 1
Let us do it on a simple example in su(3). We consider the representations ¢ = o———o and ¢/ = o——o.
The first representation has weights
a+28 a—pB —(2a+pB)
A, = 1.480
o= {2 anf Lt (1.450)
and the second one has
2 - B —(2
Ay =127 fa-B —Qat+h] (1.481)
3 3 3

According to equation (1.479), we have 9 weights in the representation ¢ ® ¢’ (all the sums of one element of
Ay with a one of Ay). The highest one is

2a + 45
3 )
1
which is the double of the highest weight in o—— |, s0 ¢ ® ¢’ contains the representation ———o . Now, we

remove from the list of weights of ¢ ® ¢’ the list of weight of c———o ; the result is

2048 —(a—B) —(a+28)

1.482
3 7 3 ’ 3 ’ ( )
which are the weights of o—— . The conclusion is that

1 1 2 1

> Q) ¢ > = C > @ >, (1483)

That procedure of decomposition is quite long because it requires to compute the complete set of weights for
some intermediate representations.
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1.16.5.3 Symmetrization and anti symmetrization

Let ¢ be a irreducible representation. We want to compute the symmetric and antisymmetric parts of the
representation ¢®* = ¢ ®...®¢. These symmetric and antisymmetric parts are denoted by ¢®*F and ¢®*
[ S——

k times
respectively.

Proposition 1.229.
If {&1, ..., €N} is a canonical basis of ¢ and if we denote by A; the weight of the vector &;, the followings hold:

(i) the weight system of ¢®* is
Ay + A, + ..+ A, (1484)

with i > ... > 1o > 11, and the highest weight is
A+ + A (1.485)

The dimension of the representation ¢&F is
®k n
N(qba )= e (1.486)

(ii) The weight system of the representation ¢OF is
Ail + AiQ +...+ Aik (1487)

with i = ... = 1o = 11, and the highest weight is

KAy (1.488)
The dimension of the representation ¢SF is
®k n+k
N(gzﬁS ) = E ) (1.489)
Proof. No proof. O

The representations ¢®* and ¢®* might be decomposable and we denote by ¢&F and ¢®* their highest
weight parts.

Let a be a terminal point in a Dynkin diagram. The branch of « is the sequence of point of the Dynkin
diagram « = aq, ao, ..., defined by the following properties.

e The point «; is connected with (and only with) the points a;—1 and a1,

e the connexion between «; and «;41 is of one of the following forms

o Gyl
O————0

(673 Oéi_;,_l
*r—

(1.490)

Qi Q1
—

e the sequence ay,...,qx is maximal in the sense that no ay4+; can be added without violating one of the
two first rules.

Proposition 1.230.
Let o be a terminal point in a Dynkin diagram and o, ..., ar be the corresponding branch. Then we have

Po, ~ PO (1.491)

for everyr =1,2,... k.
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1.17 Verma module
Let us give the definition of [22]. When g is a semisimple Lie algebra, we have the usual decomposition
g=n @hdn", (1.492)

where each of the three components are Lie algebras. In particular, the universal enveloping algebra U(n™)
makes sense. Let p € h*. We build a representation 7, of g on V,, = U(n™) in the following way

o If Y, en™, we define

m(Ya)l =Y, (1.493a)
Tu(Yay o Yo ) =YoYa, ... Yo | (1.493b)
o if H € b, we define
mu(H)1 = p(H) (1.494a)
k
Ty Yoy - Yar) = (WH) = Y. aj(H))Ya, ... Ya,, (1.494b)
j=1
o and if X, € n*, we define
Tu(Xo)l =0 (1.495a)
0 (Xa)Yar - Yoy = Yoo (1u(Xa)Vay - Yay) (1.495b)
k
- 6Ot7041 2 a; (Ha)Yoq s Yak- (1495(3)
j=1
In the last one, we do an inductive definition.
Lemma 1.231.
The couple (m,,V,) is a representation of g on V.
Proof. No proof. O

That representation is one Verma module for g. If the algebra g is an algebra over the field K, the field K
itself is part of U(n)~, so that the scalars are vectors of the representation. In that context, the multiplicative
unit 1 € K is denoted by vg.

Theorem 1.232.
The representation (m,,V,) of the semisimple Lie algebra g is a cyclic module of highest weight, with highest
weight p and where vy is a vector of weight p.

Proof. No proof. O

The Verma module is, a priori, infinite dimensional and non irreducible, thus one has to perform quotients
of the Verma module in order to build finite dimensional irreducible representations.

1.18 Cyclic modules and representations

An example over s0(3) is given in subsection ??. The case of s0(5) is treated in subsection ??. Let g be a
semisimple Lie algebra with a Cartan subalgebra b and a basis A for its roots ® = ®* U ®~. Let W be a finite
dimensional g-module.

Lemma 1.233.
If g is a nilpotent complex algebra and if v is a weight, then there exists a v in V. such that ¢-v = y(x)v for
every x € g.

This is the proposition 1.221. Notice that a Cartan algebra is nilpotent, thus one has at least one vector of
W which is a common eigenvector of every elements of b, in other words, Iu € h* and FJw € W such that

hw = p(h)w (1.496)
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for every h e b, and w # 0. If w is such and if x € g, we have
(hx) -w = [h,z] - w + (zh) -w = a(h)z - w + zu(h)w = (o + p)(h)x - w. (1.497)

If we define
S ={weW st dueh* st hw=pu(h)w}, (1.498)

this is not a vector space, but the vector space Span.S generated by S is invariant under g because S itself is
invariant under all the g, with a € g*.

On the other hand, we suppose that g and W are finite dimensional, so that their dual are isomorphic. Since
a Cartan subalgebra is chosen, we have the decomposition

9 = b @aep* ga (1.499)

where g, = {z € g st [h, 2] = a(h)zVYg € h}. When « € h*, the two following spaces are independent of the
choice of the Cartan subalgebra b:

Wy ={veW st hv = a(h)vVhe b}

0o = {z € gst [ha] =a(h)xVhe b} (1.500)
If vo € W, and g € gg, we have
h(zgva) = ([h, xg] + zsh)va = (B(h) + a(h))zsva, (1.501)
SO £gVq € Wayg. Thus zg is a map
Ta: Wo = Wayg. (1.502)

Since W is finite dimensional, there exists a maximal « such that W, # 0. We name it A. For every 8 € &,
we have Wy, 5 = {0}. In particular, if vy € Wy,

TaTx =0 (1.503)

for every o € ®*, and, of course,
hvy = A(h)vy. (1.504)

On the other hand, for every vector v € W, and for vy in particular, the space U(g)v is invariant, so
W =U(g)vy (1.505)

by irreducibility. One say that W is the cyclic module generated by v).

1.18.1 Choice of basis

Theorem 1.234.
Let g be a Lia algebra on a field of characteristic zero. If {x;} is an ordered basis of g, then

is a basis for the universal enveloping algebra U(g) of g.

One can find a proof in [20].

1.18.2 Roots and highest weight vectors

Proposition 1.235. .
An irreducible cyclic module is generated by the elements of the form fi* - fimu,.

Proof. From theorem 1.234, the monomials of the form
( fl---fﬁ;’L)-(h{I---h{l)-(elfl---efnm) (1.507)

form a basis of 2(g). When one act with such an element on vy, the e; kill it, while the h; do not act (a part
of changing the norm). Thus, in fact, the module W is generated by the only elements fi* - fimv, O
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In very short, one can write

W = (n")"vx. (1.508)
Since frva € §a—q,, We have _ '
1 o UN € GA—(imam—.ira1)- (1.509)
The set of roots is ordered by
po < pp iff e —pn =Y ki (1.510)

with a; > 0 and with k; € N. Equation (1.509) means that

w<A\ (1.511)
for every weight u of W.

Definition 1.236.

Let g be a finite dimensional Lia algebra. A cyclic module of highest weight for g is a module (not specially
of finite dimension) in which there exists a vector vy such that zi vy =0 for every x4 € nt and hvy = A(h)vy
for every h €.

Proposition 1.237.
Every submodule of a cyclic highest weight module is a direct sum of weight spaces.

Proof. No proof. O

From the relation z v = 0, we know that all the weight spaces satisfy V), satisfy p < A, and, since a module
is the sum of all its submodules,

V=@V, (1.512)
Notice that if vy is in a submodule, then that submodule is the whole V', thus the sum of two proper submodules

is a proper submodule. We conclude that V has an unique maximal submodule, and has thus an unique
irreducible quotient.

1.18.3 Dominant weight

We know that every representation is defined by a highest weight. The following proposition[23] shows that
every root cannot be a highest weight of an irreducible representation.

Proposition 1.238.
The highest weight of an irreducible representation of a simple complex Lie algebra is an integral dominant
weight.

Proof. Let «; be a simple root and consider the corresponding copy of sl(2, C) generated by {e;, fi, h;} (see
subsection 1.8.4). The following part of L(A) is a sl(2, C);-module:

V(i) = @D Vasna, = Va®Vaca, ® Va2, ® ... ® Va—ra, (1.513)

nez

for some positive integer r. Notice that the sum over n € Z does not contain terms with n < 0 because A being
an highest weight, Vi rq, = & when k > 0. We know that in a s[(2, C)-module the eigenvalues of h run from
—m to m (see equations (??) for example). Thus here

A(hi) = —=(A —ray)(hy). (1.514)
By construction «;(h;) = 2, so A(h;) = r and the proof is finished. O

Proposition 1.239.
If A is the highest weight of the representation L(A) of the complex simple Lie algebra g and if wo is the longest
elements of the Weyl group, then wol is the lowest weight.

Proof. First remember that whenever A is a weight of a representation and w is an element of the Weyl group,
the root w is a weight®?; in particular woA is a weight of L(A). Let v € L(A)y,a; we want to show that
X, v=0.

If X, v # 0, then woA — o is a weight and wy (wOA — ai) = A —wpq; is a weight too. Here we used the fact

that w3 = id. O

39To be proved.
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‘Problem and misunderstanding | 16.
Still to be shown:

(i) wX is a weight
(ii) wg =id

1.18.4 Verma modules

Let us consider
b=h®nt, (1.515)

and take « € h*. Now, we define C,, as the vector space C (one dimensional, generated by z; € C) equipped
with the following action of b:
(h+ > @)z = a(h)z. (1.516)
n<0
The vector space C, becomes a left ¢(b)-module. On the other hand, U(g) is a free right ¢ (b)-module because
U(b) LU(g) S U(g). As U(b)-module, a basis of U(g) is given by n—, i.e. by {fi* --- fii}. The Verma module
is the cyclic module

Verm(a) = U(g) ®u(b) (Da (1517)
which has a highest weight vector vy = 1® z1. The tensor product over U(b) beans that, when X € U(g), then
(h+ Zx#)X Qup) 22+ = X ® (h + Zzu)zz+ = X Qu(g) 2a(h)z+ = a(h) X ®up) 22+ (1.518)

n Iz

The Verma module is generated by 1 ® z, and the fact that
2X(1®z24) =X ®z24. (1.519)

Proposition 1.240.
Two irreducible cyclic modules with same highest weight are isomorphic.

Proof. Let V and W be two highest weight cyclic modules with highest weight A and highest weight vectors vy
and wy. In the module V@ W, the vector vy ®wy is a highest weight vector of weight A. Let us consider the
module

Z =U(g)(vr ®wy). (1.520)

That module is a highest weight cyclic module. The projections onto V' = Z/W and W = Z/V are non
vanishing surjective homomorphisms, so V and W are irreducible quotients of Z. But we saw bellow equation
(1.512) that Z can only accept one irreducible quotient. Thus V and W are isomorphic. O

We denote by Irrg(A) the unique cyclic highest weight g-module with highest weight A.

1.19 Semi-direct product

1.19.1 From Lie algebra point of view

Here, the matter comes from [0, 24]. When a and b are Lie algebras, one can consider g = a@® b as vector space,
and define a Lie algebra structure on g by

[(av b)a (alv bl)] = ([av al]v [bv bl])

This is the direct sum of a and b.
An endomorphism D of the Lie algebra a is a derivation when

D[X,Y]=[DX,Y]+ [X,DY].
The set of the derivations of a is written Der a.

Proposition 1.241.
Let a be a Lie algebra

(i) Dera is a Lie algebra for the usual commutator,

(i) ad: a - Dera € Enda is a Lie algebra homomorphism.



1.19. SEMI-DIRECT PRODUCT 105

Proof. For the first statement, we just have to compute to see that if D, € € Dera,
[D,€][X,Y] = (D€ - ED)[X, Y] = [[D, £]X, Y] + [X, [D, €]Y].
The second comes from the fact that ad X € Dera for any X € a and ad[X,Y] =ad X adY —adY ad X. O

Let us now consider the vector space direct sum g = a@b. Let us suppose moreover that a is a Lie subalgebra
of g and that b is an idea in g. So we have that

ad |p € Der b.

By proposition 1.241, we have a homomorphism 7: @ — Derb, n(A) = ad Alp,. So if A € a and B € b,
[A, B] = m(A)B. The conclusion is that the Lie algebra structure of g is given by a, b and w. In this case,
we write g = a @, b, and we say that g is the semidirect product of a and b. The following theorem gives the
general definition of semidirect product.

Theorem 1.242.
Let a and b be two Lie algebras, and w: a — Derb, a Lie algebra homomorphism. There exists an unique Lie
algebra structure on the vector space g = a@ b such that

e the commutators on a and b are the old ones,
e [A,B] =n(A)B for any A€ a and Beb.
In this case, in the so defined Lie algebra g, a is a subalgebra and b is an ideal.
The vector space g = a® b endowed with this Lie algebra structure is the semidirect product of a and b,

it is denoted by
g=a®,b

One also often speak about split extension of a by b, with the splitting map .
Proof. The unicity part is clear: the Lie algebra structure is completely defined by the two conditions and the

condition of antisymmetry. The matter is just to see that this structure is a Lie algebra structure: we have to
check Jacobi. If in [[X, Y], Z], X,Y, Z are all three in a or b, it is trivial. The two other cases are :

e X, Yeaand Z € b. In this case, we use 7([X,Y]) = 7(X)n(Y) — 7(Y)w(x) (because 7 is a Lie algebra
homomorphism) to find

[[Xa Y],Z] = 7T([‘Xa Y])Z = _[[Yv Z]aX] - [[Za X]aY]

o The second case is X, Y € b and Z € a. Here, we use the fact that 7(Z) is a derivation of b. The
computation is also direct.

It is clear that b is an ideal because for any A € a and Be b, [B, A] = —[A,B] = —7(A)B € b.
O

The theory of split extension is often used in the following sense. We have a Lie algebra g which decomposes
(as vector space) into a direct sum a @ b. If in g the map a — ad(a) is an action of a on b, we say that g is a
split extension

g=0@aq b.

This way to use split extensions is used for example in the proof of proposition ?7.

1.19.2 From a Lie group point of view

Definition 1.243.
A subgroup H is normal in the group G if for any g€ G and a € H, gag ' € H.

If G is a group, N a normal subgroup and L a subgroup, we have LN = NL where, by notation, if A and
B are subsets of G, AB = {zy|z € A,y € B}.
If N and L are groups, an extension of N by G is a short exact sequence

e NZGWLLG (1.521)

which means that
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(i) i is injective because only ey is sent to eq,

(ii) = is surjective because the whole L is sent to e.

One often say that G is an extension of N by L. In the most common case, i is the inclusion, L = G/N and 7
is the natural projection.
We say that the extension is split when there exists a split homomorphism p: L — G such that porw = idg.

Definition 1.244.
We say that G is the semidirect product of N and L when any g € G can be written in one and only one way
as g =nl withne N andl € L.

Definition 1.245.
A Lie group homomorphism between G and G’ is a map u: G — G’ which is a group homomorphism and a
morphism between G and G’ as differentiable manifolds.

Lemma 1.246.
Any continuous (group) homomorphism between two Lie groups is a Lie group homomorphism.

We consider G, a connected Lie group; N, a closed normal subgroup; and L, a connected immersed Lie
group. Moreover, we suppose that G is semidirect product of N and L.

Proposition 1.247.
The restriction to L of the canonical projection w: G — G/N is continuous for the induced topology from G to

L.

Proof. The definition of an open set U in G/N is that 7 ~1(U) is open in G. Then it is clear that 7 is continuous.
The matter is to check it for m|. Let U be a subset of w(L). It is unclear that 7~1(U) < L, but it is true that
m| ' U) c L.

As far as the induced topology on L is concerned, A c L is open when A = O n L for a certain open set O
in G.

Let U be an open subset of 7|7, (L); this is 7! (i) is open in G. We have to compare 7~ () and 7|7 (U).
Since

| N U) = {z € L|n(x) e U},
we have 7| ' (U) = 771 (U) n L. But 771 (U) is open in G, then 7~ (U) N L is open in L. O

Proposition 1.248.
The group G is the semidirect product of N and L if and only if G = NL and N n L = {e}.

Proof. If G is semidirect product of N and L, G = NL is clear. In this case, ife # z€ Nn L, z = ez = ze,
thus z € G can be written in two ways as zy with x € N and y € L.
For the converse, let us consider n/l’ = nl. Then 2712’ =yy' "' e NnL = {e}. Thusa’ =z andy' =y. O

Now, we consider N, a normal subgroup of G. If 7: G — G/N is the canonical homomorphism, the
restriction 7|p: L — G/N is an isomorphism. Indeed, on the one hand, this is surjective because G = NL
yields [g] = [nl] = [I] = 7|r(l). On the other hand, 7| (l) = «|.(!") implies that | = nl’ for a certain n € N.
Then lI'"! =ne NnL={e}. Son=eand =1

Remark 1.249.
If N is any normal subgroup of G, there doesn’t exist in general any subgroup L of G such that G should be the
semidirect product of N and L.

l'is an automorphism of N. The

If G is the semidirect product of NV and L, for any y € L, 0y: ¢ — yzy~
point is that o,(a) € N for all a € N because N is a normal subgroup.

It is also clear that Yu,v € L, 0, = 0, 0 0,. Then o: L — Aut N*° is a homomorphism. Moreover, the
data of o, N and L determines the law in G (provided the fact that the product NL is seen as formal) because

any element of G can be written as nl; thus a product GG is (nl)(n'l') = (noy(n’))(1l")

Proposition 1.250.
Let N and L be two Lie groups and o: L — Aut N a homomorphism. With the law

(‘T’ y)(xla yl) = (xay(‘rl)a yyl)a

40Aut N is the set of all the automorphism of N.
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the set S = N x L is a group.

Proof. 1f e is the neutral of N and ¢’ the one of L, it is cleat that (e, ') is the neutral of S. It is also easy to check
that the inverse of (x,y) is (o,-1(z '),y ). The associativity is just a computation using o, (ab) = o, (a)oo,(b)
and 0, 00y = 0gy. O

The set N x L endowed with this inner product is denoted
N x4 L.

Proposition 1.251.
If G is the semidirect product of N and L, then G is isomorphic to N x, L.

Proof. The isomorphism is T: N x, L — G, T(x,y) = xy. On the one hand, it is bijective because an element
of G can be written as nl with n € N and [ € L in only one way. On the other hand, it is easy to check that
T((z, y) (@' ') = T(x,y)T(",y). 0

One can now give the final definition. Let us consider two connected Lie groups N, L and a Lie group
homomorphism ¢: L — Aut N. By , the map N x L — N, (z,y) — o,(z) is C”. So, the group structure on
N x L given by

(z,9) (@' y) = (zoy (2"),yy") (1.522)

is compatible with the C* structure of N x L (seen as a Lie group). The manifold N x L endowed with the
group structure (1.522) is the semidirect product on N and L; this is denoted by

N x, L.

1.19.3 Introduction by exact short sequence
1.19.3.1 General setting

Let Gg, G1 and G2 be tree connected Lie groups. A short exact sequence between them is two group

homomorphisms
L: GO i Gl

(1.523)
VI Gl s GQ

such that Im(¢) = Ker(n). In that case, one says that G; is an extension of Gy by Gj.
Since the group ¢(Gy) is the kernel of an homomorphism, it is normal and we write (Go) <t G1. Moreover,
1(Go) = m1(e2) and is then closed in G;. As group, we have

G2 = G1/1(Gy). (1.524)
The extension is split if there exists a Lie group homomorphism j: Go — G such that
moj=idlg,. (1.525)
This condition imposes j to be injective. In that case we have an action of Gy on Gy defined by

R: G2 i Aut(Go)

B , (1.526)
Ryy(90) = ¢ ( Ad (§(92))1(90))-
Notice that Ad (j(g2))t(g0) belongs to t(Gp) because the latter is normal.
As manifold we consider
G = GO X GQ (1527)
and we define the multiplication law
2 GExE-G (1.528)
(90, 92) - (90, 9) = (90Rg=(90), 9295)- '
For associativity we have
(90:92) - ((96,95) - (a6 99))) = (90 Rz (96 Ry (1)) 926295 ) (1.529)

while
((90,92) - (90,95)) - (905 92) = (90Rg,(90) Ryngs (90) (9592))- (1.530)
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Thus the product is associative if and only if

90Rg, (90Rg,(90)) = (90Rg:(90)) Ragy, (90)- (1.531)

That equality is in fact true because R is a morphism from G to Aut(Gp), so that Ry, Ry = R
The neutral in G is (eg, e2).
Since Ry, (go) is smooth with respect to both variables, the product is smooth. In that way, G becomes a
Lie group named the semi direct product of G> by G and is denoted by

9295 *

GO XR GQ. (1532)

All the construction is still valid when R is an homomorphism which does not comes from a split extension.
We define the product Gy x G2 — G by

90 - 92 = (9o, €2) - (€0, g2) (1.533)
The diagram
Gy (1.534)
7N
Go “9 Ga
id x& A
G
suggests us to define the map
:Go x G G
gt (1.535)
(90, 92) ¥ 1(90)(92)
This is a Lie group homomorphism because on the one hand
(90 92) - £(90: 95) = 1(90)(92) - 1(90)7(92), (1.536)
while on the other hand
¢ ((90.92) - (90, 92)) = (90 Ry, (90), 9292)
= w(gofl(Ad(j(gz))b(gé)),gzgé)
(1.537)
— (9007 (Ad(i(92))e(60) ) )1 (9295)
= 1(90)7(92)1(90)7(g5)
because ¢ and j are homomorphisms.
The Leibnitz rule on ¢(gg)j(g2) provides the differential
(dp)e = (dt)e, @ (df)e, - (1.538)
This is injective because j is injective. The kernel of ¢ is the set
Ker(y) = {(g0, 92) st e(g0) = ji(g2)"'}. (1.539)

Since 1(Go) and j(G2) have no intersections?! (a part the identity), we have that the kernel reduces to the
identity:
Ker(p) = {e}. (1.540)

The differentials provide the diagram

(db)eo (dm)ey
Go —= G1 === Ga. (1.541)

17 )eo

We have (dr)e, o (dj)e, = id |g, and the map
(de)e: Gi = Go ®Go (1.542)

is an algebra homomorphism (as differential of group homomorphism). It is also an isomorphism by dimension
counting. The inverse theorem then shows that ¢ is a local diffeomorphism: ¢(G) contains a neighborhood of
the identity and then is surjective by proposition ?7.

We conclude that ¢ is a Lie group isomorphism.

41They are transverse because j o m = id las -
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1.19.3.2 Example: extensions of the Heisenberg algebra
Let 2(V,Q) =V @RE be the Heisenberg algebra. A derivation is a map D:  — S such that
D[X,Y] = [DX,YT] +[X, DY]. (1.543)
Let us look at the derivations under the form
D (95( Z) (1.544)
where a € R, X € End(V), v € V and £ € V*. The left hand side of the condition (1.543) reads
Dlw + zE,w' 4+ 2'E] = D(Q(w,w")E) = Q(w,w")(v + aFE). (1.545)
Now, using Dw = Xw + {(w)E and D(zFE) = v + aFE, the right hand side is
(Q(Xw,v") + Q(20,0") + Qw, Xw') + Qw, 2'v))E. (1.546)
Equating (1.545) and (1.546) we find v = 0 and
QXw,w') + Q(w, Xw') = aQ(w,w'). (1.547)
If we write it as matrices, we find
X' + QX = a. (1.548)
The derivations with ¢ = 0 form the algebra
Der(J)o = sp(Q, V) x V*. (1.549)
If a # 0, we find the symplectic conform group
Conf(V,Q) = {A: V > V st Q(Av, Aw) = MN2(v, w) with A € R} (1.550)
Taking the derivative of the group condition, we find
%[Q(A(t)v,/l(t)w)]t:o - %[A(t)ﬂ(v,w)]tzo, (1.551)

which produces the condition (1.547) with X = A and a = A.
(i) If X =id and & = 0, then we must have a = 2 and we have the derivation
H=id|y ®2id |re.

(1.552)

(ii) f £ =0, a = 0 and X if exchange the Lagrangian in the decomposition V =W @ w.

1.19.4 Group algebra
Let A and B be abelian algebras and p: A — Der B be a homomorphism. We want to put a group structure on
(1.553)

the set A x B in such a way that the Lie algebra of A x B has Lie bracket given by
[(A+B), (4 + B)] = [A, B + [B, A" = p(A)B' — p(4)B.

We claim that the group law should be
(a,b)(d',b) = (a +d, " Db +b) (1.554)
whose inverse is
(a,b)™! = (—a, —e~P(9)?) (1.555)
Indeed, the general form of the commutator is
Lyl = 2 aax )y (s)]
= —— s
’ dtd 5=0
with respect to the group law. A path in A x B with tangent vector (a,b) is (at, bt). Then
d d
[(at, bt)(d's, b's)(at, bt)’l] L
£ (1.556)

[(a, b), (a', bl)] = E%
(0, —p(a)b + p(a)bt’).
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1.20 Pyatetskii-Shapiro structure theorem

Definition 1.252.
A normal j-algebra is a triple (s, «,j) where

(i) the Lie algebra s is solvable and such that ad(X) has only real eigenvalues for every X € s,
(ii) the map j: s — s is an endomorphism of s such that j2 = —1 and
(X, Y]+ j[JX, Y] +4[X,jY] - [JX,jY] =0 (1.557)
for every X,Y € s,
(iii) « is is a linear form on s such that
(a) o([jX,X])>0if X #0,
(b) o([iX,5Y]) = a([X,Y]).

If s’ is a subalgebra of s which is invariant under j, then the triple (s’, alsr, j|s/) is a also normal j-algebra
and is said to be a normal j-subalgebra of s.
A normal j-algebra has a real inner product defined by the formula

9(X,Y) = a([jX,Y]). (1.558)

If g is an Hermitian Lie algebra*?, we can build a normal j-algebra out of g in the following way. First, we
choose an Iwasawa decomposition

= a®n@t, (1.559)

and we pick s = a@®n. Let G = ANK be the group associated with the Iwasawa decomposition (1.559). The
manifold M = G/K is an Hermitian symmetric space, and we have a global diffeomorphism

R=AN - G/K
(1.560)
g— gk
which endows the group R with an exact left invariant symplectic structure and a compatible complex structure,
see section ??. We define o by Q. = da (£ is exact) and j is the complex structure evaluated at identity.
A normal j-algebra build from an Hermitian symmetric space of rank 1 (i.e. dima = 1.) is elementary.
Elementary normal j-algebra are well understood by the following proposition.

Proposition 1.253.
An elementary normal j-algebra is a split extension

Sep = a1 @aa 1 = a1 Baa (VD31) (1.561)

where ny is an Heisenberg algebra ny =V @ 31 and ay is one dimensional. Moreover, V is a symplectic vector
space and one can choose H € a1 and E € 31 in such a way that

[H,v] =v,
[v,0] = Q(v,v)E, (1.562)
[H,E] = 2E.

Any normal j-algebra is build from elementary normal j-algebras by mean of the following lemma.

Proposition 1.254.
Let (s,,7), a normal j-algebra and 31, a one dimensional ideal of 5.

(i) There exists a vector space V' such that
s1=Jn+V+su (1.563)
is an elementary normal j-algebra, and such that s is a split extension
5 =5 @aa 51 (1.564)

where s’ is, itself, a normal j-algebra.

42j e. the center of its maximal compact is one dimensional.
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(i) If 1 = a1 @aa (V D j1), then

J31+n=0a®n (1.565)
and ,

s,a =0,
[s" a1 CJlazn] (1.566)

[, V]c V.

(i) Such an ideal 31 exists in every normal j-algebra.
Let us see what are the possibilities for j. If jE = aH + b;v; + cE, then

[{E,E] = 2aE. (1.567)

We can prove that a # 0. Indeed, if a = 0, then jE = cE and —F = j2E = ¢jFE = ¢?E.
Now, we use the following Jacobi identity on [H, [jE,v]] and the commutation relations, we find b; = 0.
Now, suppose that jH = a’H + b} + ¢E. In that case,

— E =j%FE = j(aH + cE) = ad’'H + abiv; + ad'E + caH + *F. (1.568)

Since a # 0, we have b, = 0. So we have
JE=aH +cE

1.569
jH =d' H + E. ( )
Expressing that j2E = —F and j2H = —H, we find the following constrains on the coefficients:
aa' +ca=0
ad +¢& =—1
) (1.570)
*+cda=-1

de+de=0.
We check that a # 0, ¢ # 0 and @’ = —c. The remaining relation is ¢? + ¢’a = —1. Thus in the basis {H, E},

the endomorphism j reads
. —Cc a
j= (c’ c) (1.571)

with det 7 = 1.

Lemma 1.255.
An elementary normal j-algebra has no proper j-ideal.

Proof. Let i be a j-ideal of the elementary normal j-algebra s.;. Let 5o = a @aq (V @ 3). We denote by
H and FE the elements of a and 3 (which are one dimensional) who fulfill the standard relations (1.562). If
X =aH + bv; + cE € i, then [[X, v],v] € i. Using the relations, we conclude that 3 c i. By j-invariance of i,
we have j3  i. Now, the fact that [jE,v] = av implies that i = s;. O

The structure of a normal j-algebra s is thus as follows. We have the decomposition
s =5 @ua (@1 @ua (Vi ®31)) (1.572)

where s’ is again a normal j-algebra. Furthermore, dima; = dimj3; = 1 and we can choose a basis H € aj,
E € 31 such that

[H,v] =v
[H,E] = 2E
[v,v] = Q(v,v")E (1.573)
[s,\V]cV
[5’, ap @31] = 0.

for all v,v’ € V4. The algebra V7 @ 3; is an Heisenberg algebra.
The algebra s’ can be decomposed in the same way again and again up to end up with a sequence of
elementary normal j-algebra.
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