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ABSTRACT. This manuscript provides an introduction of the notion of inde-
pendence in quantum probability and the theory of quantum stochastic pro-
cesses with independent and stationary increments.
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1. INTRODUCTION

Quantum probability is a generalization of both classical probability theory and
quantum mechanics that allows to describe the probabilistic aspects of quantum
mechanics. This generalization is formulated in two steps. First the theory is
reformulated in terms algebras of functions on probability spaces. So the notion
of a probability space (€2, R, P) are replaced by the pair (L*(Q), E(-) = [, -dP)
consisting of the commutative von Neumann algebra of bounded random variables
and the expectation functional. Then the commutativity condition is dropped.
In this way we arrive at the notion of a (von Neumann) algebraic probability
space (N, ®) consisting of a von Neumann algebra N and a normal (faithful
tracial) state ®. As we have seen this includes classical probability spaces in
the form (L>°(Q2), E), it also includes quantum mechanical systems modelled by
a Hilbert space H and a pure state ¢ € H (or a mixed state p € S(H)), if we
take N = B(H) and ® the state defined by ®(X) = (¢, X)) (or ®(X) = tr(pX)
for X € B(H). Note that in this course we shall relax the conditions on N
and ® and work with involutive algebras and positive normalised functionals, i.e.
*_algebraic probability spaces.

A stricting feature of quantum probability (also called noncommutative prob-
ability) is the existence of several notions of independence. This is the starting
point of this course, which intends to give an introduction to the theory of quan-
tum stochastic processes with independent increments.



INDEPENDENCE AND LEVY PROCESSES IN QUANTUM PROBABILITY 3

2. INFINITE DIVISIBILITY IN CLASSICAL PROBABILITY

Let us first recall some definitions and facts about infinite divisibility and Lévy
processes in classical probability. See also [Sko91, Ber98, Sat99, App04, App05,
Kyp07].

2.1. Stochastic Independence. Recall that two random variables X : (2, F, P) —
(Eq,&1) and X5 @ (2, F, P) — (Es, &) are called independent if their joint law
Px, x,) is equal to the product of their marginal laws, i.e.
Pix, x,) = Px, @ Px,.
This means that
P(X; € A, Xys € Ay) = P(X) € A))P(X5 € Ay)
for all Ay € £,A5 € &s.

2.2. Convolution. Let GG be a topological semigroup with neutral element ele-
ment e and multiplication m : G x G — G. Then we can define the convolution
product 1% of two probability measures ji1, i2 as the image measure m, (11 @pz)
of their product py ® po, i.e.

(1 % p2)(A) = (1 @ p2)({(g1, 92) € G x G; 9192 € A})

for A € B(G).
If X1,X5:(Q,F,P)— (G,B(G)) are two independent random variables with
distributions Px, = p1, Px, = p2, then their product has distribution

Px,x, = mu(Px, ® Px,) = Px, % Px, = i1 % fi>.

2.3. Infinite divisibility, continuous convolutions semigroups, and Lévy
processes.

Definition 2.1. A probability measure p on a topological semigroup G is called
infinitely divisible, if for every integer n > 1 there exists a probability measure
4, such that

o= fp kK Uy
——
n times

Definition 2.2. A family (u):>o of probability measure on a topological semi-
group is called a continuous convolution semigroup (ccs) if

(i) limpo pe = 0 weakly, ie. limpg [, fre = f(e) for all f e Cy(G).
(ii) s * py = psyqe for all s, ¢ > 0.

Definition 2.3. A probability measure p is called embeddable into a continuous
convolution semigroup if there exists a continuous convolution semigroup (zi)i>o
such that u = p.
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Clearly, a probability measure that is embeddable into a continuous convolution
semigroup is also infinitely divisible. On many groups, e.g., (R?, +) the converse
is also true, but there exist also groups where the converse does not hold.

Definition 2.4. A stochastic process (X )o<s<: with values in a topological
semigroup is called a (right) Lévy process, if

(i) (increment property) Xss = e and XXy, = X as. forall 0 < s <t < w;

(ii) (independence) the increments Xy, ..., Xs,:, are independent for all
n>1andall 1 <t <5< -+ <ty

(iii) (stationarity) Px,, = Px,,, ., forall h >0 and all 0 < s <, i.e. the law

of X, depends only on t — s;

(iv) (weak continuity) (X )o<s<t is stochastically in probability, i.e. Xg L

X, in probability.

We define X; = Xy. If G is a group, then the increments can be recovered
from (Xt)tzo by Xst = Xo_lXOt.

S
A stochastic process (X;)¢>o indexed by R and with values in a group is called
a Lévy processes, if its increment processes (Xt )o<s<t with X = X 1X, is Lévy

process in the sense of Definition 2.4.

Proposition 2.5. If (X) is a Lévy process with values in a topological semi-
group G, then its marginal distributions py = Px,, form a continuous convolution
SEMIGTroUp.

Exercise 2.6. Prove this Proposition.

Conversely, given a continuous convolutions semigroup (u;):>o of probability
measures on a topological semigroup G, one can construct a Lévy process with
values in G whose marginals are equal to the convolution semigroup (fi)¢>0-

2.4. The De Finetti-Lévy-Khintchine formula on (R,,+). Let us start
with a description of infinitely divisible probability measures on the semigroup

(Rt +).

Theorem 2.7. A probability measure p on R, is infinitely divisible if and only
if there exist b > 0 and v a measure on Ry with fooo 1 A zdv(x) < oo such that
the Laplace transform of u has the form

B = [ (o) = o)
for all X > 0, with
B(N\) = b\ + /00(1 — e ) du(z).
The pair (b,v) is uniquely determmedoby I
Proof. See [Ber98]. O
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The pair (b, v) is called the characteristics or the characteristic pair of p.

Corollary 2.8. Every infinitely divisible probability measure on R is embeddable
mto a ccs.

2.5. Lévy-Khintchine formulas on cones. We also have the following gener-
alisation for proper closed cones in finite-dimensional vector spaces.

Recall that a non-empty subset K in a real or complex vector space is called a
cone if the following two conditions are satisfied,

(i) 1,29 € K implies x1 + 29 € K,
(ii) A >0, x € K implies Az € K.

A cone is called proper if K # {0} and K N(—K) = {0}, i.e. K does not contain
a straight line.

Theorem 2.9. [Sko91] Let K C R? be a proper closed cone and u a probability
measure on K. Then p is infinitely divisible if and only if there existb € K and v
a measure on K such that [, 1 \||z||dv(x) < oo such that the Fourier transform
of i has the form

i) = [ e auta) e (i) + [ (@0 - (o))

fory € R4,
In this case the Laplace transform is well-defined on the dual cone

K' ={yecR?: (y,x) > 0Vz € K}

and has the form
50) = exp (~0h = [ (1= Nano))
K
fory e K'.

2.6. The Lévy-Khintchine formula on (R%, +).

Theorem 2.10. [Sat99, App04] A probability measure  on R is infinitely di-
wisible if and only if its Fourier transform is of the form

2.1) i) = [ e ana)
exp <¢<b, u) — %(u, Au) + /R

for all u € RY.
(b, A,v) are called the characteristics of p, they are uniquely determined by p.

o =1 ) ) ).

Corollary 2.11. Any infinitely divisible probability measure on R? is embeddable
mto a ccs.
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2.7. The Markov semigroup of a Lévy processes. Recall that Markov pro-
cesses indexed by R, can be characterized — intuitively — as stochastic pro-
cesses (X¢)i>o for which for any ¢ the past and the future w.r.t. ¢ are independent
conditionally on X;. Lévy processes are Markov processes, they are even Feller
processes, i.e. their Markov semigroup maps Co(G) to itself. The independence of
the increments allows for a simple description of their Markov semigroup (73);>o,

(T.f)(9) = E(f(9X,) = /G f9)dPx(d),  geC,
for t > 0, f € Co(Q).

2.8. Hunt’s formula. Let G be a Lie group with Lie algebra g.

To a Lévy process in G we have its Markov semigroup (7}):>¢ and its infini-
tesimal generator L. Hunt’s theorem describes Lévy processes in G in terms of
their generators.

Fix a basis (X;,1 < j < n) of g and define the dense linear manifold C§(G)
by

Cy(G) ={f € Co(G); X[ (f) € Co(G), X[ XF(f) € Co(G) for all 1 <i,j <n}.

CI (@) is a Banach space with respect to the norm

112 = AL+ D NXEA+ D IXFXELL
=1

Jk=1

The space C5(G) and the norms || - ||2z are defined similarly. Note that the
smooth functions of compact support C>°(G) C CE(G) N CE(G).

There exist functions z; € C*(G),1 <i < n so that (zi,...,2z,) are a system
of canonical co-ordinates for G at e.

Theorem 2.12 (Hunt’s theorem). Let X be a Lévy process in G with infinitesimal
generator L then

(1) CH(G) € Dom(L).
(2) For each g € G, f € C¥(G),

Lf(g) = X[ f(9)+a’"X][X]f(g)
" / (Flgh) — F(g) — v (9)XFF(g))w(dh),
G—{e}

where b = (b',...0") € R", a = (a¥) is a non-negative-definite, sym-
metric n X n real-valued matriz and v is a Lévy measure on G — {e}.

Conversely, for any linear operator with such a representation there exists a Lévy
process (unique up to stochastic equivalence) with generator L.

Michael Skeide has given a C*-algebraic proof of Hunt’s Theorem for compact
Lie groups in [Ske99].
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Ezxercise 2.13. Show how we can recover the Lévy-Khintchine formular for R¢
from Hunt’s Theorem.

3. LEVY PROCESSES ON INVOLUTIVE BIALGEBRAS

In this section we will give the definition of Lévy processes on involutive bial-
gebras, cf. Subsection 3.1, and develop their general theory.

In Subsection 3.2 we will begin to develop their basic theory. We will see that
the marginal distributions of a Lévy process form a convolution semigroup of
states and that we can associate a generator with a Lévy process on an involutive
bialgebra, that characterizes uniquely its distribution, like in classical probability.
By a GNS-type construction we can get a so-called Schiirmann triple from the
generator.

This Schiirmann triple can be used to obtain a realization of the process on a
symmetric Fock space. This realization can be found as the (unique) solution of
a quantum stochastic differential equation. It establishes the one-to-one corre-
spondence between Lévy processes, convolution semigroups of states, generators,
and Schiirmann triples. We will not present the representation theorem here, but
refer to [Sch93, Chapter 2].

Finally, in Subsection 3.3, we look at several examples.

For more information on Lévy processes on involutive bialgebras, see also

[Sch93][Mey95, Chapter VII][FS99], [Fra06].

3.1. Definition of Lévy processes on involutive bialgebras. A quantum
probability space in the purely algebraic sense is a pair (A, ®) consisting of a
unital *-algebra A and a state (i.e. a normalized positive linear functional) ® on
A. Positivity in this purely algebraic context simply means ®(a*a) > 0 for all
a € A. A quantum random variable j over a quantum probability space (A, ®)
on a x-algebra B is simply a *-algebra homomorphism j : B — A. A quantum
stochastic process is an indexed family of random variables (j;)c;. For a quantum
random variable j : B — A we will call ¢; = ® o j its distribution in the state ®.
For a quantum stochastic process (j;):er the functionals ¢, = ® o j, : B — C are
called marginal distributions. The joint distribution ® o (Hte[ jt) of a quantum
stochastic process is a functional on the free product [[,., B, see Section 6.

and (jf@ B — Az)
tel tel

on B over (Ay, ®1) and (Ay, ®y) are called equivalent, if there joint distributions
coincide. This is the case, if and only if all their moments agree, i.e. if

@1 (5P (00) 380 0n)) = @2 (5 (01) -+ 52 (0n)
holds for all n € N, ty,...,t, € I and all by,...,b, € B.
The term ‘quantum stochastic process’ is sometimes also used for an indexed

family (X;);e; of operators on a Hilbert space or more generally of elements
of a quantum probability space. We will reserve the name operator process for

Two quantum stochastic processes (jt(l) B — A1>
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this. An operator process (X;)ier € A (where A is a x-algebra of operators)
always defines a quantum stochastic process (j; : C(a,a*) — A),.; on the free
x-algebra with one generator, if we set j;(a) = X; and extend j; as a x-algebra
homomorphism. On the other hand operator processes can be obtained from
quantum stochastic processes (j; : B — A);er by choosing an element = of the
algebra B and setting X; = j(z).

The notion of independence we use for Lévy processes on involutive bialgebras
is the so-called tensor or boson independence. In Section 6 we will see that other
interesting notions of independence exist.

Definition 3.1. Let (A, ®) be a quantum probability space and B a *-algebra.
The quantum random variables ji,...,7, : B — A are called tensor or Bose
independent (w.r.t. the state @), if
(1) @(]1(1)1) N ]n(bn)) = (I)(jl(b1>) s (I)(jn<bn)) for all b17 ey bn c B, and
(11) [jl(bl),jk(bQ)] =0 for all k& # [ and all bl, by € B.

Recall that an involutive bialgebra (B, A, ) is a unital x-algebra B with two
unital *-homomorphisms A : B — B® B, ¢ : B — C called coproduct or comulti-
plication and counit, satisfying

(idA)cA=(A®id)o A (coassociativity)
(d®e)oA=id=(e®id) o A (counit property).

Let ji,72 : B — A be two linear maps with values in some algebra A, then we
define their convolution j, * js by

Jixj2=mao (j1®j2) oA
Here m4 : A® A — A denotes the multiplication of A, m(a®b) = ab for a,b € A.
Using Sweedler’s notation A(b) = bay @ by, this becomes (ji % j2)(b) =
J1(bayj2(b(2)). If j1 and ja are two independent quantum random variables, then
J1*J2 is again a quantum random variable, i.e. a *-homomorphism. The fact that

we can compose quantum random variables allows us to define Lévy process, i.e.
processes with independent and stationary increments.

Example 3.2. Let (G, e) be a semigroup with identity e. We call a function
f G — C representative, if there exists a finite-dimensional representation
7 : G — M, and vectors u,v € C" such that f(g) = (v, 7(g)u) for all g € G. The
algebra

R(G) ={f : G — C a respresentative function}

is an involutive bialgebra with pointwise multiplication and conjugation, and the
coproduct A : R(G) - R(G) ® R(G) = R(G x G) and counit € : R(G) — C
defined by

Af(g1,92) = f(9192),

pour g1,¢92 € G and e(f) = f(e).
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Definition 3.3. Let B be an involutive bialgebra. A quantum stochastic process
(Jst)o<s<¢ on B over some quantum probability space (A, ®) is called a Lévy
process, if the following four conditions are satisfied.

(1) (Increment property) We have
Jrs*Jst = Jrt forall 0 <r <s< l
ju = €l forall 0 <t,

i.e. ju(b) = e(b)1 for all b € B, where 1 denotes the unit of A.

(2) (Independence of increments) The family (js¢)o<s<t is independent, i.e. the
quantum random variables jg, 4, ..., Js,t, are independent for all n € N
anda110§31§t1§32§---§tn.

(3) (Stationarity of increments) The distribution ¢4 = ® o jg of ji depends
only on the difference t — s.

(4) (Weak continuity) The quantum random variables jg converge to jgs in
distribution for ¢ ™\ s.

Ezercise 3.4. Recall that an (involutive) Hopf algebra (B, A, e, S) is an (involu-
tive) bialgebra (B, A,¢) equipped with a linear map called antipode S : B — B
satisfying

(3.1) Sxid=1oe=1id*S.

The antipode is unique, if it exists. Furthermore, it is an algebra and coalgebra
anti-homomorphism, i.e. it satisfies S(ab) = S(b)S(a) for all a,b € B and (S ®
S)oA=70Ao0S, where 7: B&B — B® B is the flip 7(a®b) = b®a. If
(B, A, ¢) is an involutive bialgebra and S : B — B a linear map satisfying (3.1),
then S satisfies also the relation

Sox*xoSox=id.

In particular, it follows that the antipode S of an involutive Hopf algebra is
invertible. This is not true for Hopf algebras in general.

Show that if (k;);>0 is any quantum stochastic process on an involutive Hopf
algebra, then the quantum stochastic process defined by

Jst =m0 ((kSOS) ®k‘t) oA,

for 0 < s < t, satisfies the increment property (1) in Definition 3.3. A one-
parameter stochastic process (k¢)¢>o on a Hopf x-algebra H is called a Lévy process
on H, if its increment process (Jst)o<s<t With jg = (ks 05)® ki) oA lis a Lévy
process on H in the sense of Definition 3.3.

Let (jst)o<s<t be a Lévy process on some involutive bialgebra. We will denote
the marginal distributions of (jst)o<s<t by wi—s = ® 0 js. Due to the stationarity
of the increments this is well defined.

Lemma 3.5. The marginal distributions (¢¢)i>0 of a Lévy process on an involu-
tive bialgebra B form a convolution semigroup of states on B, i.e. they satisfy
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(1) po =€, w5 *x 1 = sy for all s,t > 0, and limy g (b)) = €(b) for all
be B, and
(2) ¢¢(1) =1, and @(b*b) > 0 for allt > 0 and all b € B.

Proof. ¢ = ® 07y, is clearly a state, since jy; is a x-homomorphism and ® a state.
From the first condition in Definition 3.3 we get

QDOZq)OjUO:(I)(l)S:E,

and
Psye(b) = (I)(jO,s+t (Z Jos(b ]s s+t b( ))) )

for b € B, A(b) = > by ® ba). Usmg the 1ndependence of increments, we can
factorize this and get

‘ps-l-t(b) = Z(I)(]Os(b(l))) (]s s—i-t ZSOS b(l ‘Pt )
= 0@ ¢ (AD) = s *sot(b)

for all € B.
The continuity is an immediate consequence of the last condition in Definition
3.3. O O

Lemma 3.6. The convolution semigroup of states characterizes a Lévy process
on an involutive bialgebra up to equivalence.

Proof. This follows from the fact that the increment property and the indepen-
dence of increments allow to express all joint moments in terms of the marginals.
Eg., for 0 < s <t <u<wvand abc € B, the moment ®(jsu(a)jst(b)jse(c))
becomes

D (Jou(@)jst(0)gsu(€)) = @((Jst * Jeu) (@)t (D) (Gt * Jou * Juw)(c))
= cI)(jst( )Jtu( )J ( )]st(c(l )deu(C C(2 ))juv(c(3)>)
= P (ju(ambeq))im(aece)jw(cs))
= s(an bC ))Pu— t(a(z)c(z))% u(C(3))-
O O
It is possible to reconstruct process (js:)o<s<: from its convolution semigroup,
see [Sch93, Section 1.9] or [FS99, Section 4.5]. Therefore, we even have a one-

to-one correspondence between equivalence classes of Lévy processes on B and
convolution semigroups of states on B.

3.2. The generator and the Schiirmann triple of a Lévy process. In this
subsection we will meet two more objects that classify Lévy processes, namely
their generator and their triple (called Schiirmann triple by P.-A. Meyer, see
[Mey95, Section VII.1.6]).

We begin with a technical lemma.
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Lemma 3.7. (a): Let ¢ : C — C be a linear functional on some coalgebra
C. Then the series

exp, ¥(b) £ 3 %(b) = e(b) +p(b) + %¢ * () + - -

converges for all b € C.
(b): Let (p1)i>0 be a convolution semigroup on some coalgebra C. Then the
limit .
L) = lm 1 () — =)
exists for all b € C. Furthermore we have p; = exp, tL for all t > 0.

The proof of this lemma relies on the fundamental theorem of coalgebras, see
[ASWSS, Sch93].

Proposition 3.8. (Schoenberg correspondence) Let B be an involutive bial-
gebra, (¢1)i>0 a convolution semigroup of linear functionals on B and

o1
L=lm3lo—e).

Then the following are equivalent.

(1): (¢1)e>0 is a convolution semigroup of states.
(ii): L : B — C satisfies L(1) = 0, and it is hermitian and conditionally
positive, i.e.
L(b*) = L(b)
for allb e B, and
L(™b) >0
for all b € B with ¢(b) = 0.

Proof. We prove only the (easy) direction (i)=(ii), the converse will follow from
the representation theorem, which can be found in [Sch93, Chapter 2].

The first property follows by differentiating ¢;(1) = 1 w.r.t. ¢.

Let b € B, e(b) = 0. If all ¢; are states, then we have ;(b*b) > 0 for all ¢t > 0
and therefore

L(b*b) = P\mo ; (gpt(b b) —e(b b)) = ll\mo ; >0
Similarly, L is hermitian, since all ¢, are hermitian. [l [l

We will call a linear functional satisfying condition (ii) of the preceding Propo-
sition a generator. Lemma 3.7 and Proposition 3.8 show that Lévy processes can
also be characterized by their generator L = %} 1o Pt

Let D be a pre-Hilbert space. Then we denote by L£(D) the set of all linear
operators on D that have an adjoint defined everywhere on D, i.e.

there exists X* : D — D linear s.t. }

L(D) = {X : D — D linear (u, Xv) = (X*u,v) for all u,v € D
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L(D) is clearly a unital x-algebra.

Definition 3.9. Let B be a unital *-algebra equipped with a unital hermitian
character € : B — C (i.e. (1) = 1, e(b*) = ¢(b), and e(ab) = e(a)e(b) for all
a,b € B). A Schiirmann triple on (B,¢) is a triple (p,n, L) consisting of
e a unital x-representation p : B — L(D) of B on some pre-Hilbert space
D,
e a p-c-l-cocycle n : B — D, i.e. a linear map n : B — D such that

(3.2) n(ab) = p(a)n(b) +n(a)e(b)
for all a,b € B, and

e a hermitian linear functional L : B — C that has the bilinear map BxB >
(a,b) — —(n(a*),n(b)) as a e-e-2-coboundary, i.e. that satisfies

(3.3) —(n(a®),n(b)) = 9L(a,b) = e(a)L(b) — L(ab) + L(a)(b)
for all a,b € B.

We will call a Schiirmann triple surjective, if the cocycle n : B — D is surjective.

Theorem 3.10. Let B be an involutive bialgebra. We have one-to-one correspon-
dences between Lévy processes on B (modulo equivalence), convolution semigroups
of states on B, generators on B, and surjective Schiirmann triples on B (modulo
unitary equivalence).

Proof. 1t only remains to establish the one-to-one correspondence between gen-
erators and Schiirmann triples.

Let (p,m, L) be a Schiirmann triple, then we can show that L is a generator,
i.e. a hermitian, conditionally positive linear functional with L(1) = 0.

The cocycle has to vanish on the unit element 1, since

n(1) =n(1-1) = p(1)n(1) +n(1)e(1) = 2n(1).
This implies
L(1)=L(1-1)=¢(1)L(1) 4+ (n(1),n(1)) + L(1)e(1) = 2L(1) = 0.
Furthermore, L is hermitian by definition and conditionally positive, since by
(3.3) we get
L(b*b) = (n(b),n(b)) = |In(d)[]* = 0
for b € kere.

Let now L be a generator. The sesqui-linear form (-,-); : B x B — C defined
by
(a0 = L((a—e(@)1) (b - =(b)1))
for a,b € B is positive, since L is conditionally positive. Dividing B by the

null-space

N ={a € Bl{a,a)r =0}
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we obtain a pre-Hilbert space D = B/N7 with a positive definite inner prod-
uct (-,-) induced by (-,-);. For the cocycle n : B — D we take the canonical
projection, this is clearly surjective and satisfies Equation (3.3).

The *-representation p is induced from the left multiplication on B on kere,
ie.

playn(b—e()1) =n(a(b—=()1)) or  pla)n(b) = n(ab) — n(a)e(b)
for a,b € B. To show that this is well-defined, we have to verify that left multi-

plication by elements of B leaves the null-space invariant. Let therefore a,b € B,
b € N7, then we have

H(a(b— e(b)l))

2

= L((ab — aa(b)l)*(ab — ae(b)l))

= L{(b—e®)1) " (ab— az(t)1) )

= (b—e()1,a*a(b—e(b)1)),

< b — )1 |[a*a(b - (B)1]|* =0,

with Schwarz’ inequality.
That the Schiirmann triple (p, 7, L) obtained in this way is unique up to unitary
equivalence follows similarly as for the usual GNS construction. U U

Ezercise 3.11. Let (X;);>0 be a classical real-valued Lévy process with all mo-
ments finite (on some probability space (€2, F, P)). Define a Lévy process on the
free unital algebra C[z] generated by one symmetric element x = z* with the
coproduct and counit determined by A(z) =2 ® 1+ 1 ® x and £(z) = 0, whose
moments agree with those of (X;):>o. More precisely, such that

D (jse(2")) =E ((X; — X))
holds for all k € N and all 0 < s <'¢.

Construct the Schiirmann triple for Brownian motion and for a compound
Poisson process (with finite moments).

For the classification of Gaussian and drift generators on an involutive bialgebra
B with counit €, we need the ideals

K = kereg,
K? = span{abla,b € K},
K*® = span{abcla,b,c € K}.

Proposition 3.12. Let L be a conditionally positive, hermitian linear functional
on B. Then the following are equivalent.

(i): n =0,
(i): L|xz =0,
(iii): L is an e-derivation, i.e. L(ab) = e(a)L(b) + L(a)e(b) for all a,b € B,
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(iv): The states @y are homomorphisms, i.e. pi(ab) = ¢i(a)p(b) for all
a,be B andt > 0.

If a conditionally positive, hermitian linear functional L satisfies one of these
conditions, then we call it and the associated Lévy process a drift.

Proposition 3.13. Let L be a conditionally positive, hermitian linear functional
on B.
Then the following are equivalent.
(i): L|xs =0,
(ii): L(b*b) =0 for all b € K?,
(iii): L(abc) = L(ab)e(c) + L(ac)e(b) + L(bc)e(a) — e(ab) L(c) — e(ac) L(b) —
e(be)L(a) for all a,b,c € B,
(iv): plk = 0 for the representation p in the surjective Schiirmann triple
(p,m, L) associated to L by the GNS-type construction presented in the
proof of Theorem 3.10,
(v): p = €1, for the representation p in the surjective Schirmann triple
(p,m, L) associated to L by the GNS-type construction presented in the
proof of Theorem 3.10,
(vi): n|g2 = 0 for the cocycle n in any Schirmann triple (p,n, L) containing
L,
(vii): n(ab) = e(a)n(b) + n(a)e(b) for all a,b € B and the cocycle n in any
Schiirmann triple (p,n, L) containing L.
If a conditionally positive, hermitian linear functional L satisfies one of these
conditions, then we call it and also the associated Lévy process quadratic or
Gaussian.

The proofs of the preceding two propositions can be carried out as an exercise
or found in [Sch93, Section 5.1].

Proposition 3.14. Let L be a conditionally positive, hermitian linear functional
on B. Then the following are equivalent.
(i): There ezists a state ¢ : B — C and a real number A\ > 0 such that

L(b) = Mp(b) — £(b))
for allb e B.
(ii): There ezists a Schirmann triple (p,n, L) containing L, in which the
cocycle n is trivial, i.e. of the form
n(b) = (p(b) — (b)) w, for all b € B,
for some non-zero vector w € D. In this case we will also call n the
coboundary of the vector w.

If a conditionally positive, hermitian linear functional L satisfies one of these
conditions, then we call it a Poisson generator and the associated Lévy process
a compound Poisson process.
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Proof. To show that (ii) implies (i), set p(b) = (W{Z(Z)f) and \ = [|w]|%.

For the converse, let (D, p,w) be the GNS triple for (B,¢) and check that
(p,n, L) with n(b) = (p(b) — e(b))w, b € B defines a Schiirmann triple. 0 O

Remark 3.15. The Schiirmann triple for a Poisson generator L = A(¢—¢) obtained
by the GNS construction for ¢ is not necessarily surjective. Consider, e.g., a
classical additive R-valued compound Poisson process, whose Lévy measure p is
not supported on a finite set. Then the construction of a surjective Schiirmann
triple in the proof of Theorem 3.10 gives the pre-Hilbert space Dy = span {z*|k =
1,2,...} € L*(R,p). On the other hand, the GNS-construction for ¢ leads to
the pre-Hilbert space D = span {z*|k = 0,1,2,...} € L?(R, u). The cocycle 7 is
the coboundary of the constant function, which is not contained in Dj.

3.3. Examples.

3.3.1. Lévy processes on the circle T and on the real line R. Consider the invo-
lutive bialgebra

B = span{ey; A € R}
with the multiplication

ex ey = exip, A peR,
involution e} = e_, for A € R, coproduct
Aley) = ey ® ey

and counit £(ey) = 1 for all A\, u € R. Consider also the subalgebras

B, = span{ex,; k € Z}

for a > 0.

The basis elements ey can be represented as exponential functions ey : R 3
x — e € C, since this representation of B is faithful, we can view B as a
subalgebra of R(R).

The subalgebra B, is generated as a *-algebra by one unitary element e,, it
is therefore commutative and isomphic to the algebra of polynomials on the unit
circle T.

3.3.2. Additive Lévy processes. For a vector space V' the tensor algebra T (V') is
the vector space

T(V)=ver
neN
where V®" denotes the n-fold tensor product of V with itself, V¥ = C, with the
multiplication given by
(M@ U)W B QW) =11 R QU @UWI B+ ® W,

for n,m € N, vy,...,vp,w1,...,wy € V. The elements of .y V®" are called
homogeneous, and the degree of a homogeneous element a # 0 is n if a € V™.
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If {v;]i € I} is a basis of V, then the tensor algebra 7 (V) can be viewed as the
free algebra generated by v;, © € I. The tensor algebra can be characterized by
the following universal property.

There exists an embedding ¢ : V' — T (V) of V into T (V) such that for any
linear mapping R : V — A from V into an algebra there exists a unique algebra
homomorphism 7 (R) : T(V) — A such that the following diagram commutes,

v—Ls g

l /(z;

T(V)

ie. T(R)o1= R.

Conversely, any algebra homomorphism @ : 7 (V) — A is uniquely determined
by its restriction to V.

In a similar way, an involution on V gives rise to a unique extension as an
involution on 7 (V). Thus for a *vector space V' we can form the tensor x-
algebra T (V). The tensor x-algebra 7 (V') becomes a *-bialgebra, if we extend
the linear x-maps

e V—=>C, e(v) = 0,
A VoTWV)TV), Alwv) = v01+1Quw,

as *-homomorphisms to 7(V). We will denote the coproduct T(A) and the
counit 7 (¢) again by A and . The tensor x-algebra is even a Hopf x-algebra
with the antipode defined by S(v) = —v on the generators and extended as an
anti-homomorphism.
We will now study Lévy processes on 7 (V). Let D be a pre-Hilbert space and

suppose we are given

(1) a linear *-map R :V — L(D),

(2) alinear map N : V — D, and

(3) a linear *-map ¢ : V' — C (i.e. a hermitian linear functional),

then
(3.4) Ji(v) = Ay (R(v)) + A:(N(v)) + At(N(v*)) + t(v)

for v € V extends to a Lévy process (ji)i>0, jt = T(J), on T(V) (w.r.t. the
vacuum state).

In fact, and as we shall prove in the following two exercises, all Lévy processes
on 7 (V) are of this form, cf. [Sch91b].

FEzercise 3.16. Show that (R, N,1) can be extended to a Schiirmann triple on
T (V) as follows
(1) Set p=T(R).
(2) Definen: T(V) — D by n(1) =0, n(v) = N(v) for v € V, and
) R(vp—1)N(vn)
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for homogeneous elements v; ® - -+ @ v, € VO n > 2.

(3) Finally, define L : T(V) — C by L(1) =0, L(v) = ¢(v) for v € V, and
_ [ (N(v]), N(v2)) if n =2,
L@ @v) = { §N(v{), R(vy) - R(va_1)N(va)) ifn >3,
for homogeneous elements v; @ - -+ @ v, € VO n > 2.

Prove furthermore that all Schiirmann triples of 7 (V') are of this form.

Ezercise 3.17. Let (p,n, L) be a Schiirmann triple on 7(V). Write down the
corresponding quantum stochastic differential equation for homogeneous elements
v € V of degree 1 and show that its solution is given by (3.4).

3.3.3. Lévy processes on finite semigroups.

Ezercise 3.18. Let (G, -, €) be a finite semigroup with unit element e. Then the
complex-valued functions F(G) on G form an involutive bialgebra. The algebra
structure and the involution are given by pointwise multiplication and complex
conjugation. The coproduct and counit are defined by

A(f)(g1.92) = [f(g1-2) for g1, 92 € G,
e(f) = fle),
for f € F(G).

Show that the classical Lévy processes in GG are in one-to-one correspondence
to the Lévy processes on the x-bialgebra F(G).

4. LEVY PROCESSES ON COMPACT QUANTUM GROUPS AND THEIR MARKOV
SEMIGROUPS

See [CFK12]

4.1. Compact Quantum Groups. The notion of compact quantum groups
has been introduced in [Wor87a]. Here we adopt the definition from [Wor9§]
(Definition 1.1 of that paper).

Definition 4.1. A C*-bialgebra (a compact quantum semigroup) is a pair (A, A),
where A is a unital C*-algebra, A : A — A ® A is a unital, *-homomorphic map
which is coassociative, i.e.

(A ®ida) o A = (ida ® A) o A.
If the quantum cancellation properties
Lin((1® A)A(A)) = Lin((A® 1)A(A)) = A® A,

are satisfied, then the pair (A, A) is called a compact quantum group (CQG).
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If the algebra A of a compact quantum group is commutative, then A is iso-
morphic to the algebra C'(G) of continuous functions on a compact group G. To
emphasise that for an arbitrary (i.e. not necessarily non-commutative) compact
quantum group (A, A) the algebra A replaces the algebra of continuous func-
tions on an (abstract) quantum analog of a group, the notation G = (A, A) and
A = C(G) is also frequently used.

The map A is called the coproduct of A and it induces the convolution product
of functionals

Axp:i=A@u)oA, \uehA.

The following fact is of the fundamental importance, cf. [Wor98, Theorem 2.3].

Proposition 4.2. Let A be a compact quantum group. There exists a unique
state h € A’ (called the Haar state of A) such that for all a € A

(h®ida) o A(a) = (ida ® h) o A(a) = h(a)l.

In general, the Haar state of a compact quantum group need not be faithful or
tracial.

4.1.1. Corepresentations. An element u = (ujx)1<jr<n € My,(A) is called an n-
dimensional corepresentation of G = (A, A) if for all j,k = 1,...,n we have
Auj) = Zzzl wjp @ upk. All corepresentations considered in this paper are sup-
posed to be finite-dimensional. A corepresentation u is said to be non-degenerate,
if w is invertible, unitary, if w is unitary, and irreducible, if the only matrices
T € M,(C) with Tu = uT are multiples of the identity matrix. Two corepre-
sentations u,v € M, (A) are called equivalent, if there exists an invertible matrix
U € M,(C) such that Uu = vU.

An important feature of compact quantum groups is the existence of the dense
x-subalgebra A (the algebra of the polynomials of A), which is in fact a Hopf
x-algebra — so for example A : 4 — A ® A. With the notation G = (A, A), we
often refer to A as to Pol(G).

Fix a complete family (u(*)),e7 of mutually inequivalent irreducible unitary
corepresentations of A, then {ué‘?; s € I,1 < k, ¢ < ny} (where ng denotes the
dimension of u®)) is a linear basis of A, cf. [Wor98, Proposition 5.1]. We shall
reserve the index s = 0 for the trivial corepresentation ©(*) = 1. The Hopf algebra
structure on A is defined by

€(Ujk) = Ojk, S(ujk) = (Ukj)* for j, k= 1, .o, Ng,

where € : A — C is the counit and S : A — A is the antipode. They satisfy

(4.1) (idee)oA = id=(e®id)o A,
(4.2) mago(id®S)o A = e(a)frmlo]—— =m0 (S®id)o A,
(43) (S()) = a

for all a € A. Let us also remind that the Haar state is always faithful on A.
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Set V, = span {uﬁ?; 1 < j,k <ng}for s eZ By [Word8, Proposition 5.2],
there exists an irreducible unitary corepresentation u*“), called the contragredient
representation of u(*), such that V;* = Vic. Clearly (5°)° = s.

We shall frequently use Sweedler notation for the coproduct of an element a €
A, i.e. omit the summation and the index in the formula A(a) = >, an); ® a),
and write simply A(a) = a@) ® a().

4.1.2. The dual discrete quantum group. To every compact quantum group G =
(A, A) there exists a dual discrete quantum group G, cf. [PW90]. For our purposes
it will be most convenient to introduce G in the setting of van Daele’s algebraic
quantum groups, cf. [VD98, VD03]. However, the reader should be aware that
we adopt a slightly different convention for the Fourier transform.

A pair (A, A), consisting of a x-algebra A (with or without identity) and a
coassociative comultiplication A : A — M(A® A), is called an algebraic quantum
group if the product is non-degenerated (i.e. ab = 0 for all a implies b = 0), if the
two operators 17 : AOA 3 a®b— Aa)(b®l) e A Aand T : AOA S a®b—
Aa)(1®b) € A® A are well-defined bijections and if there exists a nonzero left
integrals positive functional on A. Here, M (B) denotes the set of multipliers on
B. We refer the reader to [VD98] for details.

If (A, A) is a compact quantum group then (A, A|4) is an algebraic quantum
group (of compact type) and the Haar state is a faithful left and right integral.

For a € A we can define h, € A" by the formula

he(b) = h(ab) for b € A,

where h is the Haar state, and we denote by A the space of linear functionals on
A of the form h, for a € A.

The set A becomes an associative x-algebra with the convolution of functionals
as the multiplication: A% = (A ® p) o A, and the involution A\*(z) = A\(S(x)*)
A\ € /l) The Hopf structure is given as follows: the coproduct A is the dual
of the product on A, the antipode S is the dual to S and the counit € is the
evaluation in frm[o]——. In particular, we have S(\)(z) = A(Sz) for A € A,

z e Aand if AN) € A® A then
ANz ®y) = \(@) @ A\ (y) = May), z,y € A.

The pair G = (A, A) is an algebraic quantum group, called the dual of G.

The linear map which associates to a € A the functional h, € A is called the
Fourier transform and its value on an element a is also denoted by a. Let us note
that, due to the faithfulness of the Haar state h, A separates the points of A.
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4.1.3. Woronowicz characters and modular automorphism group. For a € A, X €
A’ we define
Axa = (id® N)A(a),
axA = (A®id)A(a).
Ifae Aand A € A, then Axa,ax )\ € A.
For a compact quantum group A with the dense x-Hopf algebra A, there exists a

unique family (f,).ec of linear multiplicative functionals on A, called Woronowicz
characters (cf. [Wor98, Theorem 1.4]), such that

(1) f.(frmlo]——) =1 for z € C,
(2) the mapping C 5 z +— f.(a) € C is an entire holomorphic function for all
a€ A,
) f0(2> = ¢ and fz1 *fzz = fz1+z2 for any zi, zs € (C,
) [:(S(a)) = f-:(a) and f:(a”) = f_.(a) for any z € C, a € A,
) S%(a) = f_1xax f, for a € A,
) the Haar state h satisfies:
h(ab) = h(b(fi xa* f1)), a,b€ A
In this case the formula
(4.4) oi(a) = fuxax fu, t>0,

defines a one parameter group of modular automorphisms of A and h is the
(0, —1)-KMS state, which means that it satisfies

(4.5) h(ab) = h(bo_i(a)), a,be A

cf. [BRO7, Definition 5.3.1]. Such a state is o-invariant, i.e. h(o(a)) = h(a) for
a € Aandt>0 (see [BRI7, Proposition 5.3.3]).

The matrix elements of the irreducible unitary corepresentations satisfy the
famous generalized Peter-Weyl orthogonality relations

3

(

(4
(5
(6

e Sat0iof—1 () . N Ol fi (Ul
(4.6) h((uz(‘j)) Ug) _ 9st05¢ D:( k )7 h (UEJ)(US@)) ) _ st kles( 2] )7

where f; : A — C is the Woronowicz character and
=1

is the quantum dimension of u(®), cf. [Wor87a, Theorem 5.7.4]. Note that unitarity
implies that the matrix

(A(@) €M (©

1<j,k<ns

is invertible, with inverse (fl(uﬁ)))jk € M, (C), cf. [Wor87a, Equation (5.24)].
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Remark 4.3. The Haar state on compact quantum groups is a trace if and only
if the antipode is involutive, i.e. we have S%(a) = a for all a € A. In this case we
say that (A, A) is of Kac type. This is also equivalent to the following conditions,
cf. [Wor98, Theorem 1.5],

(1) f,=cforall z € C,
(2) o, =1id for all t € R.

The antipode S : A — A is a closable operator and its closure S admits a
polar decomposition

(4.7) S=Rori,

where Ti is the analytic generator of a one parameter group (7;);cr of *-automor-
phisms of the C*-algebra A and R : A — A is a linear antimultiplicative norm
preserving involution that commutes with hermitian conjugation and with the
semigroup (7¢), i.e. w0 R = Ror for all t € R, see [Wor98, Theorem 1.6]. The
operator R is called the unitary antipode.

Moreover, 7 and R are related to Woronowicz characters through the following
formulas

(4-8) Tt(a) = furxax f_y,
(4.9) R(a) = S(f%*a*f_%)
for a € A.

4.2. Translation invariant Markov semigroups. Our goal is to construct
Markov semigroups on compact quantum groups that reflect the structure of the
quantum group. In this section we show that it is exactly the translation invariant
Markovian semigroups that can be obtained from Lévy processes on the algebra
of smooth functions A = Pol(G) of the quantum group G = (A, A).

For this purpose we first prove that the Markov semigroup (7});>¢ of a Lévy
process on A has a unique extension to a strongly continuous Markov semigroup
on both its reduced and its universal C*-algebra. We then show that the charac-
terisation of Lévy processes in topological groups as the Markov processes which
are invariant under time and space translations extends to compact quantum
groups.

If (jst)o<s<t is a Lévy process on an x-algebra A with the convolution semigroup
of states (¢¢)i>0 on A and the Markov semigroup (7}):>o on A, then, by a result
of Bédos, Murphy and Tuset [BMTO01, Theorem 3.3|, each ¢; a extends to a
continuous functional on A,, the universal C*-algebra generated by A. Then
the formula 7; = (id ® ¢;) o A makes sense on A, (where A : A, — A, ® A,
denotes the unique unital *-homomorphism that extends A : A - A ® A) and
one easily shows (in the same way as in Proposition below) that (7}); becomes a
strongly continuous Markov semigroup of contractions on A,. This means that
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each T} (t > 0) is a unital, completely positive contraction and (7}) is a strongly
continuous semigroup on A,.

For us, however, it will be more natural to consider the reduced C*-algebra
generated by A. This is the C*-algebra A, obtained by taking the norm closure
of the GNS representation of A with respect to the Haar state h. The Haar state h
is by construction faithful on A,. The coproduct on A extends to a unique unital
s-homomorphism A : A, — A, ® A, which makes the pair (A,, A) a compact
quantum group. The following result shows that, even though ¢; : A — C can
be unbounded with respect to the reduced C*-norm and therefore not extend to
A, (T}); always extends to a strongly continuous Markov semigroup on A,.

Michael Brannan states on any C*-algebraic version C(G) of G define a con-
tinuous convolution operator on the reduced version C,(G), cf. [Brall, Lemma
3.4]. We will need a similar result for convolution semigroups o states on Pol(G).

Theorem 4.4. Each Lévy process (jst)o<s<t on the Hopf x-algebra A gives rise
to a unique strongly continuous Markov semigroup (Ti)i>o on A,., the reduced
C*-algebra generated by A.

Proof. Let H be the Hilbert space of the GNS representation of A associated to
the Haar state h and let £ denotes the related (normalized) cyclic vector. Then for
any a € A we have h(a) = (£, AM(a)§), where A is the left regular representation.
We denote by ||| the norm in A, that is ||al|, = |[A(a)||, where ||.|| denotes the
operator norm.

In a similar way, we associate the Hilbert space H;, the GNS representation
pr on H,; and the normalized cyclic vector & to each state ¢, (¢; = @ o jo, cf.

Definition ?7). We have ¢(a) = (&, pi(a)é&;) for a € A.
We define the operators

iy H2v—>0vR&EeEHQH,
T HOH;2v@w — (§,w)y,veEH
E, : BH®H;)>X = moXoi, € B(H).
Since for each t, i; is an isometry and m; is contractive, F; is contractive too:
IE(X)|| = [lm 0 X o] < |1 X
Next we define
U: )\(A)f & ,Ot(A>§t > /\(a)§ & pt(b)ﬁt — /\(a(l))§ X pt(a(g)b)& € H ® Ht
and we check that it is an isometry with adjoint given by
U*(Aa)§ @ pr(D)&:) = Aa))§ @ pi(S(ag))b)é:.
Indeed, using the invariance of the Haar measure, we show that U is isometric
ITA(@)E @ p(0)&)I* = [Maay)€ @ pilaeb)&l®
= h(afyaq))ed(b alyamb) = (h @ @})(afyaw) @ ajyae) = (hx¢})(a*a)
= h(a*a)g;(frmlo]——) = h(a*a)g:(b*b) = [Ma)é @ pr(D)&]I*,
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where ©%(z) := ¢;(b*zb). Moreover, by the antipode property (4.2) we have

UU*(Ma)€ @ p(b)&r) = U(Maq))§ @ pi(S(ag)b)é)
= Aaw)é @ pila@S(aa)b )& Maye(a)) @ pi(b)& = AMa)€ @ pr(D)&:,

which implies that U is an isometry with dense image and therefore extends to a
unique unitary operator denoted again by U.
Now the fact that the Markov semigroup (73); is bounded on A,, i.e.

[Ti(a)ll» = IMTi(a)l o < IMa)llsa = llallr,
follows immediately from the relation
(4.10) MTy(a)) = E(U(Ma) ®idy, ) UY),
AT )] = [[E(U(Aa) ®idy, )U)|| < [[U(Ma) @ idy, )U™||
= [[Aa) ®idy,[| = [[A(a)]]-
To see that (4.10) holds, let us fix v € H and b € A such that v = A(b)§. Then
E(U(Ma) ®1dy, ) U)o = (moU o (Na) @idy,) o U™ 0dr)(Ab)E)
= (moUo(Ma) ®idy,) o U") (MD)E © &)
= moUo(Ma)®@idy,) (Mbu)é @ pe(S(bz))&)
m o U (Mabuy)é @ pi(S(bez)))é)
= ()\( b(1 )5®pt(a(2)b S b(g)))ft)
= T ( (a@b)§ @ pi(a (2))&)
= <§tapt(a(2 )ft) ( b)f
= Maei(ae))A ()5 AT (a))v.

This way we showed that each T} extends to a contraction on A,. The exten-
sions form again a semigroup and since both A and ¢, are completely positive,
T; is completely positive and contractive. Let us now check that (7}); forms a
strongly continuous semigroup on A,..

For a given a € A, we chose by density b € A such ||a—b||, < e. Recall that for
be A, Ty(b) = o xb= (Id ® ;) o A(b), where (¢;); is the convolution semigroup
of states on A (cf. Section ??). Then

1Ti(a) —all, < [|Ti(a) = Te@)|l + | T:(b) = bll, + [|b— all,
< 2lla—bl|. + H(% * b) —bll, < 2e+ Y [Ibayei (b)) — bye(b) |-

= 26+ |pilbe bey)[[bay -

Since lim;_,o4 @(b) = €(b) for any b € A and the sum is finite, we conclude that

lim ||T}(a) —all, =0 for each a € A,.
t—0+

(A
)
)
(
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U

The next results give the characterisation of Markov semigroup which are re-
lated to Lévy processes on compact quantum groups.

Lemma 4.5. Let (A,A) be a compact quantum group and T : A — A be a
completely bounded linear map.
If T is translation invariant, i.e. satisfies

AoT=(1d®T)o A
then T'(Vy) C Vy for all s € T and therefore T also leaves the x-Hopf algebra A

mvariant.

Proof. Let s,8 € I, s # s, and 1 < j,k < n,, 1 < p,q < ng. Since the Haar
state is idempotent, we have

()T () = 0o ()7 (42)
- Smen () 5 (40)) (1 ()

= Y men () e () (4 o7 (1))

r=1 (=1

= fl((u(8)>*) )\ % s

= Yo ()Y T(wi))
=1 5

ie. h ((ug))*T(uﬁ))) =0 forall s,s € Z, with s # ¢/, and all 1 < j,k < n,,

1 <p,q <ng. Therefore T(ugi)) e V.. O

Theorem 4.6. Let (A, A) be a compact quantum group and (T})i>o a quantum

Markov semigroup on (A, A).

Then (T})>o is the quantum Markov semigroup of a (uniquely determined) Lévy
process on A if and only if Ty is translation invariant for all t > 0.

Proof. 1f (T})>o comes from a Lévy process on A, then there exists a generating
functional ¢ on A such that the generator of the semigroup is Ly(a) = ¢ * a
(a € A) and T} = exp(—tLy) on A. Then L, is translation invariant on A:

(ld®@Lg)oA(a) = an)®(dxaw) = an)®@aplap) = Alaw))dlae) = AoLy(a).
Next we observe that the powers of a translation invariant operator are again
translation invariant: if (id ® L) o A = Ao L, then , by induction, we have

(id® L) o A= (id® L) o Ao L°"™ Y = Ao L,

So Ty = exp(—tLy) = >~ %LO" is also translation invariant on A for each
t > 0. By continuity T} is translation invariant on A.
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Reciprocally, if T} is translation invariant, then (by the previous Lemma) it
maps A to itself, and so ¢; := ¢ o T} is well-defined on A (¢ is defined on A, but
may not extend to A). From the Markov semigroup properties of (7;) we deduce
that (o), is a convolution semigroup of states on A. The generating functional
of this semigroup defines uniquely a Lévy process on A.

[l

A similar result was proved by Lindsay and Skalski (cf. [LS11, Proposition
3.2]) in case of C*-bialgebras with the counit, satisfying the residual vanishing
at infinity condition. This covers for example the case of coamenable compact
quantum groups, but their proof is considerably more technical than the simple
algebraic argument we presented here.

5. INDEPENDENCES AND CONVOLUTIONS IN NONCOMMUTATIVE
PROBABILITY

Until now we only considered tensor independence, which is the natural gen-
eralization of the notion of stochastic independence used in classical probability
and also corresponds to the notion of independent observables used in quantum
mechanics. But in quantum probability there exist also other notions of inde-
pendence. In this section we shall study the most prominent examples, freeness,
monotone independence, and monotone independence, and the convolutions for
probability measures on R, R, and T derived from them.

5.1. Nevanlinna theory and Cauchy transforms. Denote by Ct = {z €
C;Imz > 0} and C~ = {z € C;Im 2z < 0} the upper and lower half plane. For u
a probability measure on R and z € C*, we define its Cauchy transform G,, by

Gu(2) = [ ——duta)

Z—XT

and its reciprocal Cauchy transform F,, by
1
Gu(z ) .
Denote by F the following class of holomorphic self-maps,

F“(z) =

F = {F : C" — C™; F holomorphic and inf M = 1}

zeCt  Imz
The map p — F), defines a bijection between the class M;(R) of probability
measures on R and F, as follows from the following theorem.

Theorem 5.1. [Maa92] Let F : Ct — C* be holomorphic, then the following
are equivalent.

(1): inf,cc+ Irrfrfiz) =1;

(ii): there exists a p € M;(R) such that F' = F,.
Furthermore, p is uniquely determined by F.
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Similarly, for p a probability measure on the unit circle T = {z € C;|z| = 1}
or on the positive half-line R, = {x € R;z > 0}, we define

Yu(z) = / du

1—2zz

and

_ Yu(2)
KM(Z) = 1‘1‘7/’“(3)

for z € C\supp p.
The map p — K, defines bijections between the class M;(T) of probability
measures on T and the class

S ={K :D — D; K holomorphic and K(0) = 0},

where D = {z € C;|z| < 1}, and between the class M;(R,) of probability
measures on R, and the class

K holomorphic, lim; ~ K(t) = 0, K(Z) = K(z2), }

P = {K:C\R+—>C\R+5 m>arg K(z) > argz for all z € C*

cf. [BB05] and the references therein.

In the following, if X is an operator with distribution u = £(X,Q) w.r.t. Q,
then we will write Gx, Fx, Uy or Kx instead of Gr(x,0), Fr(x.0), Yrix,0), OF
K(x) for the transforms of the distribution of X.

5.2. Free convolutions. By A, we call denote the set of alternating k-tuples of
1’s and 2’s, i.e.
Ay = {(51,---761@) c{l,2}e1# e # ... # Ek}-

Definition 5.2. [Voi86] Let A;,. Ay C B(H) be two *-algebras of bounded oper-
ators on a Hilbert space and assume 1 € A;, i = 1,2. Let € be a unit vector in
H and denote by ® the vector state associated to £2. We say that A; and A, are
free, if we have
(X - Xg) =0
forall k> 1, € Ay, X7 € A.,,..., X € A, such that
(X)) = = B(Xy) = 0.

Two normal operators X and Y are called free, if the algebras alg(X) =
{h(X);h € Cp(C)} and alg(Y) = {h(Y);h € C,(C)} they generate are free.

Theorem 5.3. [Maa92, CG05, CG06| Let u and v be two probability measures
on the real line, with reciprocal Cauchy transforms F,, and F,. Then there ewist
unique functions Zy, Zo € F such that

F(Z1(2)) = F,(Z2(2)) = Z1(2) + Za(z) — =
for all z € C*,
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The function F' = F, o Z; = F, o Z, also belongs to F and is therefore the
the reciprocal Cauchy transform of some probability measure A. One defines the
additive free convolution of p and v as this unique probability measure and writes
pH v = A This is justified by the following theorem.

Theorem 5.4. [Maa92, BV93| Let X and Y be two self-adjoint operators on
some Hilbert space H that are free w.r.t. some unit vector 2 € H. If Q) is cyclic,

e if

alg{h(X),h(Y);h € C,(R)}Q2 = H.
then X +Y is essentially self-adjoint and the distribution w.r.t. Q of its closure
s equal to the additive free convolution of the distributions of X and 'Y w.r.t. to
Q, i.e.

LIX+Y,Q)=L(X,QBLY,Q).

There exist analogous results for the multiplicative convolutions of probability
measures on the unit circle and the positive half-line, cf. [Maa92, BV93, CG05,
CGO6]

Theorem 5.5.
(i) Let pn and v be two probability measures on the unit circle with transforms K,
and K, and whose first moments do not vanish, [pxdu(xz) # 0, [pxdr(z) # 0.
Then there exist unique functions Zy, Zs € S such that

K. (21(2)) = K, (Zs(2)) = Z1(2)%(2)

z
for all z € D\{0}. The multiplicative free convolution A\ = pnXv is defined as the
unique probability measure X with transform Ky = K, o0 Z; = K, 0 Z,.

(ii) Let U and V be two unitary operators on some Hilbert space H that are free
w.r.t. some unit vector Q € H. Then the products UV and VU are also uni-
tary and their distributions w.r.t. to € are equal to the free convolution of the
distributions of U and V w.r.t. , i.e. i.e.

LUV,Q) = LVU,Q) = LU, Q) RL(V,Q).

Theorem 5.6.
(i) Let p and v be two probability measures on the positive half-line such that
i # do, v # 0o and denote their transforms by K, and K,. Then there ewist
unique functions Z, Zo € P such that

Z1(2)Zs(2)

KM<Zl(Z)) = K,,(ZQ(Z)) = >

for all z € C\R,.. The multiplicative free convolution A\ = uXv is defined as the
unique probability measure X\ with transform Ky = K, 0 Z; = K, o Z».

(ii) Let X and Y be two positive operators on some Hilbert space H that are free
w.r.t. some unit vector Q € H. Assume furthermore that Q0 is cyclic, i.e. that

alg{h(X),n(Y);h € C,(R)}Q2 = H.
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Then the products VXY VX and VY XVY are essentially self-adjoint and pos-
itive, and their distributions w.r.t. to  are equal to the free convolution of the
distributions of X and Y w.r.t. Q, i.e. 1i.e.

LOWVXYVX, Q)= LWVYXVY,Q) = L(X,Q) R LY, Q).
5.3. Monotone Convolutions.

Definition 5.7. [Mur00] Let A;, Ay C B(H) be two *-algebras of bounded op-
erators on a Hilbert space H, and let 2 € H be a unit vector. We say that A;
and Ay are monotonically independent w.r.t. €2, if we have

(Q, X1 Xy XQ) = <Q I XKQ> IT @ x.)
Kigg=1 Ki€r=2

forall ke N, e e Ay, X1 € A,.... X € A,,.

Remark 5.8.

(a) Note that this notion depends on the order, i.e. if A; and A, are monotoni-
cally independent, then this does not imply that A, and A; are monotonically
independent. In fact, if A; and A are monotonically independent and A, and A;
are also monotonically independent, and ®(-) = (€2, - Q) does not vanish on one
of the algebras, then restrictions of ® to A; and A, have to be homomorphisms.
To prove this for the restriction to, e.g., A;, take an element Y € A, such that
O(Y) # 0, then

(X Y X
P(X1Xp) = W = O(X;1)P(X2)
for all X, X, € A;.

(b) The algebras are not required to be unital. If A; is unital, then the restriction
of (-) = (€, - Q) to Ay has to be a homomorphism, since monotone independence
implies

(Q,XYQ) =(Q,X1YQ) = (Q, XQ)(Q,YQ)
for X, Y € A,.
(¢) In the definition of monotone independence the condition

XYZ=(Q,YNXZ

for all X,Z € A;, Y € A, is often also imposed. If the state vector €2 is cyclic
for the algebra generated by A; and Ay, then this is automatically satisfied. Let
Xl,Xg,. . .,Zl,Zg, ... € Al and Y,X27X4,. . .,ZQ,Z4, ... € Ag, then

(X1 X WY Zy o 2 = (L XE - XiY 2y - Z0Q)
= (v [ @xi J[ @ 20X X022 Q

k even ¢ even
= (QYON(X1--- X, Zy -+ Z,90),
for all n,m > 1, i.e., X;Y Z; and (Q,Y Q) X[ Z; coincide on the subspace gener-
ated by A; and As from €.
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Definition 5.9. Let X and Y be two normal operators on a Hilbert space H,
not necessarily bounded. We say that X and Y are monotonically independent
w.r.t. , if the x-algebras alg,(X) = {h(X); h € Cy(C), h(0) = 0} and alg,(Y) =
{h(Y); h € C,(C), h(0) = 0} are monotonically independent w.r.t. €.

Let us now introduce the model we shall use for calculations with monotonically
independent operators.

Proposition 5.10. Let p, v be two probability measures on C and define normal
operators X and Y on L*(C x C,u®v) by

/wwde()

Dom X = {1/16L2((C><(Cu® du()<oo}

DomY = {¢€L2(CxC,M®V);/ Iyw(w7y)|2du®V($,y)<OO},

CxC

(X) () = /w 2. )du(y

(XY)(z,y) = y(x,y).

Then L(X,1) = p, L(Y,1) = v, and X and Y are monotonically independent
w.r.t. the constant function 1.

Proof. Denote by P, the orthogonal projection onto the space of functions in
L*(C x C, u ® v) which do not depend on the second variable, and by M, mul-
tiplication by the first variable, then X = M,P,. This operator is normal, we
have

WX ) (z,y) = (h(x) — h(0) / (e, y)du(y) + h(O)(z, y)

and (1, = o h( ) for all h € Cy(C), i.e. L(X,1) = p. The operator
Y is multlphcatlon by the second variable, it is clearly normal. We have

h(Y)¢($ y) = h(y)y(z,y)

and (1, = Jo h( ) for allhEC’b((C),i.e. LY, 1)=v.
Letfl,.. fn,gl,...,gneC'b( ), f1(0) =--- = £,(0) = 0. Then
Fa(X)ga 1 (V) 1 (V) f1(X 1_H/gk () fi- - fr
and

(L fa(X)gna(Y) -1 (V) 1(X)1) = H/Cgk(y)dV(y)/Cfl(x)"'fn(l“)du(w)

= TR - FOOD),

k=1
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i.e. the condition for monotone independence is satisfied in this case. Similarly one
checks the expectation of g, (Y) fn(X) - -+ g1(Y) f1(X), fu(X)gn(Y) -+ f1(X)1(Y),
and g, (Y) fu_1(X) -+ f1(X)g1(Y). O

The following theorem shows that any pair of monotonically independent nor-
mal operators can be reduced to this model.

Theorem 5.11. Let X and Y be two normal operators on a Hilbert space H
that are monotonically independent with respect to Q € H and let p = L(X, (),
=L(Y,Q).
Then there exists an isometry W : L*(C x C,u ® v) — H such that

(5.1) Wh(X)We(e.y) = (h(x) - h(0)) / (. y)dv(y) + h(O)b(x, y),

WY)Wy (z,y) = h(y)P(z,y)
forz,yeC, ¢ e A(CxC,u@v) = L*ox,u) ® L*(oy,v) and h € Cy(C).
We have WL*(C x C,p @ v) = alg{h(X),h(Y); h € C,(C)}Q.
If the vector Q € H is cyclic for the algebra alg(X,Y) = alg{h(X),h(Y);h €
Cy(C)} generated by X and Y, then W is unitary.

Proof. Define W on simple tensors of bounded continuous functions by
Wf®g=g(Y)f(X)Q

for f,g € Cp(C). It follows from the monotone independence of X and Y that
this defines an isomorphism, since

WhHg,Wh®g) = (Q [(X)0(Y) g(Y)f2(X)Q)
= (Q, f1(X)" (X)) (2, g1 (V) g2(Y)€2)

)
— [ FOROW [ 5o,

Since Cy(C) ® Cy(C) is dense in L*(C x C, u®@v), W extends to a unique isomor-
phism on L*(C x C, u ® v).
The relations
(W f1 @ g1, (X)W fo ® g2) = (@, f1(X)"g1(Y) h(X)g2(Y) (X))
= (&, fl(X)*(h(X) - h(O))fQ(X)Q)(Q,gl(Y)*Q)(Q,gQ(Y)Q)
h(0)(2, [1(X) g1 (V) g2(Y) f2(X)€2)
= (Q, g2(Y)) (W @ g1, W((h = h(0)1) fr @ 1) + h(0) (W f1 © g1, W 1 © ga)

— <Wf1 ® g, W (/gg(y)dy(y)(h — h(0)1)f1 ® 1 4+ h(0) f2 ®gz)>

and

WhHg, MY Wfh®g) = (Q fi(X)q(Y)h(Y)g2(Y)fo( X))
= WhH®g, Wf® (hga))
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shows that we have the desired formulas for simple tensors of functions f1, f2, 91, g2 €
Cy(C). The general case follows by linearity and continuity. Remark 5.8(c) im-
plies

WILHCxC,u®v) = span{g(Y)f(X); f,g € Cy(C)}
= Alg{h(X),h(Y):h € Co(CT)I02

If Q2 is cyclic, then W is surjective and therefore unitary. O

Remark 5.12. Tt follows that the joint law of two monotonically independent,
normal operators is uniquely determined by their marginal distributions, in the
sense that the restriction of ®(-) = (Q,-Q) to alg(X,Y) = alg{h(X),h(Y);h €
Cy(C)} is uniquely determined by £(X, ) and L(Y,2). But by Lemma ??, also
computations for unbounded functions of X and Y, e.g., concerning the operators
X +Y for self-adjoint X and Y, or VXY VY for positive X and Y, reduce to
the model introduced in Proposition 5.10.

5.3.1. Additive monotone convolution on Mi(R).

Definition 5.13. [Mur00] Let x and v be two probability measures on R with
reciprocal Cauchy transforms F), and F,. Then we define the additive monotone
convolution A = p>v of p and v as the unique probability measure on R with
reciprocal Cauchy transform F\ = F, o F,,.

It follows from Subsection 5.1 that the additive monotone convolution is well-
defined. Let us first recall some basic properties of the additive monotone con-
volution.

Proposition 5.14. [Mur00] The additive monotone convolution is associative
and x-weakly continuous in both arguments. It is affine in the first argument and

convolution from the right by a Dirac measure corresponds to translation, i.e.
u b, =T 'p for v € R, where T, : R — R is defined by T,(t) =t + x.

This convolution is not commutative, i.e. in general we have u>v # v pu.
Let x € R and 0 < p < 1. Then one can compute, e.g.,

6r > (p51 + (]- - p)(s—l) = q6Z1 + (1 - Q>62’2

where
1
5 = §(x+\/x2+4(2p—1)x+4>,
1
29 = §<x—\/x2+4(2p—1)x+4),
T+4p—2+ /22 +4(2p— 1)z +4
q = .

2y/22 +4(2p — 1)z + 4
This example shows that convolution from the left by a Dirac mass is in general

not equal to a translation and that the additive monotone convolution is not
affine in the second argument.
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Note that the continuity and the fact that the monotone convolution is affine
in the first argument imply the following formula

(5.2) p>v = /Rézbydu(:c)

for all u,v € M;(R).
The following proposition is the key to treating the additive monotone convo-
lution for general probability measures on R.

Proposition 5.15. Let p and v be two probability measures on R and denote by
M, and M, the self-adjoint operators on L*(RXR, p®v) defined by multiplication
with the coordinate functions. Denote by P, the orthogonal projection onto the
subspace of functions which do not depend on the second coordinate, L*(RXR, p®
v) 3¢ — [U(,y)dv(y) € L* (R x R, p®@v). Then M,Py, = P,M, and M, are
self-adjoint and monotonically independent w.r.t. the constant function and the
operator z — My Py — M, has a bounded inverse for all z € C\R, given by

1/)(%9) fo ny dV
=y o y(1—1G,(z >>'

Proof. M, P, and M, are monotonically independent by 5.10.

The first term on the right-hand-side of Equation (5.3) is obtained from ¢ by
multiplication with a bounded function, the second by composition of multipli-
cations with bounded functions and the projection P,. Equation (5.3) therefore
clearly defines a bounded operator. To check that it is indeed the inverse of
2z — MyP> — M, is straightforward,

(Z—MxP2_My) <¢(I7y) + fo ny dl/ ))

z—y  (z—y(1

(5.3) ((z = My Py — M,)™') (z,y) =

xfi(f—’s,/)du(’ . U(x, x/ fowZ(z/ y")

1—2G,(z2) R Z—Y R ( (l—xG()

(= 9) = (= 9)(1 = 2Gu(2)) — 2Go(2)(z — >)x 2 ) du(y)
(- 2G.(2)

= Y(z,y)+ )dV(y’)

=¢(x>y)
[

Theorem 5.16. Let X and Y be two self-adjoint operators on a Hilbert space
H that are monotonically independent w.r.t. to a unit vector 2 € H. Assume
furthermore that ) is cyclic, i.e. that

alg{h(X),n(Y);h € C,(R)}Q2 = H.
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Then X +Y s essentially self-adjoint and the distribution w.r.t. € of its closure
1s equal to the additive monotone convolution of the distributions of X and Y
w.r.t. to €2, i.e.

LIX+Y,Q)=L(X, Q) L(Y,Q).

Proof. Let p= L(X,Q), v =L(Y,Q).

By Theorem 5.11 and Lemma ?7 it is sufficient to consider the case where X
and Y are given by Proposition 5.10. Proposition 5.15 shows that z—X —Y admits
a bounded inverse and therefore that Ran (z — X —Y) is dense for z € C\R. By
[RS80, Theorem VIII.3| this is equivalent to X + Y being essentially self-adjoint.

Using Equation (5.3), we can compute the Cauchy transform of the distribution
of the closure of X +Y. Let z € C*, then we have

Gxy(2) =(Q(z - X =Y)'Q)— =(1,(z — M, P, — M,)"'1)

B 1 xGy(2) B 1 ,
B <1’ =y G-yl- vau(Z))> B /]RX]R (z—y)(1 - ﬁGu(Z))du ¥

_ /R %dﬂ(@ ~a, (GL(Z)) = G.(F(2)),

B Gxyy(2) B Gu(Fl/(Z)) g

or
Fxiy(2)

5.3.2. Multiplicative monotone convolution on M;(R,).

Definition 5.17. [Ber0O5a] Let 1 and v be two probability measures on the posi-
tive half-line R, with transforms K, and K,. Then the multiplicative monotone
convolution of ;1 and v is defined as the unique probability measure A = p> v
on R, with transform K, = K, 0 K,.

It follows from Subsection 5.1 that the multiplicative monotone convolution on
M;(R,) is well-defined.

Let us first recall some basic properties of the multiplicative monotone convo-
lution.

Proposition 5.18. The multiplicative monotone convolution My (R.) is associa-
tive and x-weakly continuous in both arguments. It is affine in the first argument
and convolution from the right by a Dirac measure corresponds to dilation, i.e.
b 0o = D'y for a € Ry, where D, : Ry — Ry is defined by D,(t) = at.

This convolution is not commutative, i.e. in general we have v # v b u. As
in the additive case is not affine in the second argument, either, and convolution
from the left by a Dirac mass is in general not equal to a dilation.

We want to extend [Fra06, Corollary 4.3] to unbounded positive operators, i.e.
we want to show that if X and Y are two positive operators such that X — 1
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and Y are monotonically independent, then the distribution of v XY v/ X is equal
to the multiplicative monotone convolution of the distributions of X and Y. By
Theorem 5.11, it is sufficient to do the calculations for the case where X and Y are

constructed from multiplication with the coordinate functions and the projection
Ps.

Proposition 5.19. Let u and v be two probability measures on Ry, v # &y, and
let M, be the self-adjoint operator on L*(Ry x Ry, u®v) defined by multiplication
with the coordinate function (x,y) — y. Define S, on L*(Ry x Ry, n®@v) by

(5.4)

Dom S, = {¢€L2(R+XR+,M®V);/

R4

zip(z,y)dv(y) € L* (R4, u)} :

(Se)(w,y) = (x—1) [ (2, y)dv(y) +¢(2,y)

Ry
Then Sy —1 and M, are monotonically independent w.r.t. to the constant function
and the operator z — /Sy M,\/S; has a bounded inverse for all = € C\R, given

by

(5.5) ((z - \/S_xMy\/S_x)_lgb) (z,y) = vy +9(@) h(z).

z—y
where
i
g(x) = 1=2)2G,(2) 47 Ju. U(z, y)dv(y)
Z(I B 1) w(xv y)

(1—2)2Gu(2) + 2 Jg, ﬁdV(y),

VI - b(z,y)

NIEREADErY S
Proof. Fix z € C*. Let x > 0, then
z rlm z
Imz —z " (Rez — )2 + (Im 2)? <0,
and therefore
Im2G,(z) =Im : dv(z) < 0.
R, 2 — T

Similarly, we get Im 2G,,(2) > 0 for z € C~. It follows that the functions in front
of the integrals in the definitions of g and h are bounded as functions of x, and
therefore g and h are square-integrable. Since ﬁ is bounded, too, we see that
Equation (5.5) defines a bounded operator.
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Let us now check that it is the inverse of z — /S, M,/S,.

Using the notation of the previous subsection, we can write S, also as S, =
M, 1P, +1 = M,P, + Ps-, where Pj is the projection onto the orthogonal
complement of the subspace of functions which do not depend on y. Its square
root can be written as /S, = M P + P = M 7 1P+ 1, it acts as

(¢E@)@y%:w@—w e y)dv(y) + ()

on a function ¥ € Dom /S, C L*(R; x R, u® v).
Since h does not depend on y, we have \/S,h = \/xh. For g we get

(VE )@ = va-n [ a4 22

z—y L2y z—y

- O¢E—UGA@+ziy)ﬂ@-

Set@zf%“;’—i—h. Applying /S, to ¢, we get
U(z,y) Vi—w
<\/S_xgp> (x,y) = P —|— (1 —2)2G,(2) 1 2) R+¢($ay)d’/(y>
oy by,
0 @ 73] e 2 ma W
Y@ y) +g(x)
z—y

From this we get

((= = VS, V5) ) (ay) = wla.y)

after some tedious, but straightforward computation. O]

Remark 5.20. It v = &, then M, = 0 on L*(R; x Ry, u ® v), and therefore
VSeMy/S; = 0. This is of course a positive operator, and its distribution is dy.

Theorem 5.21. Let X and Y be two positive self-adjoint operators on a Hilbert
space H such that X — 1 and Y are monotonically independent w.r.t. to a unit
vector 2 € H. Assume furthermore that §2 is cyclic, i.e.

alg{h(X),h(Y); h € Cy(R,)}1Q = H.

Then VXY X is essentially self-adjoint and the distribution w.r.t. ) of its clo-
sure is equal to the multiplicative monotone convolution of the distributions of X
and Y w.r.t. Q, i.e.

£ (VXYVX,Q) = £(X, Q) & £(Y,9).
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Proof. Let p= L(X,Q), v=L(Y,Q).

By Theorem 5.11 it is sufficient to consider the case X = S, and Y = M,. In
this case Proposition 5.19 shows that z — v XY VX has a bounded inverse for
all z € C\R. This implies that Ran(z — v XY+v/X) is dense for all z € C\R and
that VXY VX is essentially self-adjoint, cf. [RS80, Theorem VIII.3].

Using Equation (5.5), we can compute the Cauchy transform of the distribution
of the closure of VXY VX. Let z € C*, then we have

Goreyux(z) = <Q <z - \/YY\/X)IQ> - <1, (z - \/S_xMy\/S_x>l 1>

where
(z) = Vr—z+ (r—1)2G,(2) _ NZ .
o (1—2)2G,(2)+x (1—2)2G,(2)+x
(1 =V2)Gu(2)

hie) = (1—2)zG,(2) +x
Therefore
Grvs® = [ (P @) oo

G,(2)  Gyl») 2G,(2)

(5.6) R, (1 —2)2G,(2)+ = ple) = 2GL(z) — lG“ <ZGV<Z) - 1) '

Using the relation

=2 (o () 1)

to replace the Cauchy transforms by the ¢-transforms, this becomes
vz /) + 1)

Kmyvw(?) = Ku(Kul(2)) = Kupa(2).

or finally

5.3.3. Multiplicative monotone convolution on M;(T).

Definition 5.22. [Ber05a] Let o and v be two probability measure on the unit
circle T with transforms K, and K,. Then the multiplicative monotone convo-
lution of p and v is defined as the unique probability measure A = p & v on T
with transform K\ = K, 0 K,,.



INDEPENDENCE AND LEVY PROCESSES IN QUANTUM PROBABILITY 37

It follows from Subsection 5.1 that the multiplicative monotone convolution on
M (T) is well-defined.

Let us first recall some basic properties of the multiplicative monotone convo-
lution.

Proposition 5.23. The multiplicative monotone convolution on M1(T) is as-
sociative and x-weakly continuous in both arguments. It is affine in the first
argument and convolution from the right by a Dirac measure corresponds to ro-
tation, i.e. > g0 = Ry'p for ¥ € [0,2n], where Ry : T — T is defined by
Ry(t) = e™t.

This convolution is not commutative, i.e. in general we have > v £ v b u. As
in the additive case is not affine in the second argument, either, and convolution
from the left by a Dirac mass is in general not equal to a rotation.

Probability measures on the unit circle arise as distributions of unitary oper-
ators and they are completely characterized by their moments. Therefore the
following theorem is a straightforward consequence of [Ber0Oba] (see also [Fra06,
Theorem 4.1 and Corollary 4.2]).

Theorem 5.24. Let U and V' be two unitary operators on a Hilbert space H,
Q € H a unit vector and assume furthermore that U —1 and V' are monotonically
independent w.r.t. . Then the products UV and VU are also unitary and their
distribution w.r.t. € is equal to the multiplicative monotone convolution of the
distributions of U and V, 1i.e.

(5.7) LUV,Q) = LVU,Q) = LU, Q) & L(V, Q).

Remark 5.25. Note that the order of the convolution product on the right-hand-
side of Equation (5.7) depends only on the order in which the operators U — 1
and V — 1 are monotonically independent, but not on the order in which U and
V' are multiplied.

5.4. Boolean Convolutions.

Definition 5.26. Let A;, Ay C B(H) be two *-algebras of bounded operators
on a Hilbert space H, and let 2 € H be a unit vector. We say that A; and A,
are boolean independent w.r.t. {2, if we have
k
(X1 X X,:9) = [, X,.9)
k=1

forall ke N, e e Ay, X5 € A,.... X € A,,.

Remark 5.27. The algebras are not required to be unital. If one of them is unital,
say Aj, then the restriction of ®(-) = (Q, - Q) to the other algebra, say A, has
to be a homomorphism, since the boolean independence implies

(Q, XYQ) = (Q, X1YQ) = (O, XQ) (2, Y Q)
for X)Y € As.
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Definition 5.28. Let X and Y be two normal operators on a Hilbert space H,
not necessarily bounded. We say that X and Y are boolean independent, if the
x-algebras alg,(X) = {h(X) : h € C,(C),h(0) = 0} and algy(Y) = {h(Y) : h €
Cy(C), h(0) = 0} are boolean independent.

We will start by characterizing up to unitary transformations the general form
of two boolean independent normal operators. Given a measure space (M, M, i),
we shall denote by L?(M, i), the orthogonal complement of the constant function,
ie.

L2(M, )y = {w e 0L [ = o}.

Proposition 5.29. Let p, v be two probability measures on C and define normal
operators N, and N, on C @ L*(C, p)o & L*(C,v)o by

a
Dom N, = Y1 | € Ca L*(C, p)o @ L*(C, I/)O;/ |z (¢1(z) + 04)|2d,u(x) <00y,
(2> €
@ 2
DomN, = §( v1 | € CoLACo® (Cooi [ [olvaly) + o) dvly) < oot
(2> €
a Jew (@) + a) du( )
Ny | 1 = P +a) — fc ( z) + a)dp(z) |,
(2
a Jey(Wa(y) + a)dv(y)
Ny, | ¥ = 0
s w(y + @) — [y (va(y) + o)dr(y)
1
Then N, and N, are boolean independent w.r.t. the vector w = | 0 | and we
0

have L(N,,w) = p, L(N,,w) = v.
Proof. Under the identification C& L?*(C, u)o & L*(C, v)o = L*(C, u) & L*(C, v),,

where

the operator N, becomes multiplication by the variable z on L*(C, u1). It is clearly
normal and we have

o Je (@) (a + 1(93))du(33)
hNz) | | = | hla+) fc 7) (o + () dp(x)
(e h(0)bs
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and (w, h(N,)w) = [ hdp for all h € Cy(C), i.e. L(Ny,w) = p. Similarly

a Jo () (e + va(y))dv(y)
h(Ny) wl = ( )wl
(> h(a +v2) — [ h( (04 + %(y))dy(y)

for all h € Cy(C), and L(N,,w) =v

Let fi,. ., fu,91,--,9n € Co(C), with f1(0) = -+ = f,(0) = ¢1(0) = -+ =
9n(0) = 0. Then

[T f(C frdpu I f(C gedv

Fa(NL)gn 1 (N,) - - g1 (Ny) fr (N )w (nkl  fedp [T 1fcgedv(fn Jo fadu)

and therefore

(@, Fu(N)gna (Ny) - g1 (N (Vo) = H / fkduH / go v

= H w, fr(N. H(w,g[(N Jw)
k=1 =1

i.e. the condition for boolean independence is satisfied in this case. Similarly one

checks the expectation of g, (Ny) fr(Nz) - - - 91(Ny) f1(NV2), fa(N2)gn(Ny) -+ f1(Nz) g1

and gn(Ny)fn—l(Nx)fl(Nx)gl(Ny) -

We shall now show that any pair of boolean independent normal operators can
be reduced to this model.

Theorem 5.30. Let X and Y be two normal operators on a Hilbert space H that
are boolean independent w.r.t. to Q € H and let p = L(X,Q), v = L(Y,Q).
Then there exists an isometry W : C & L*(C, pu)o @ L*(C,v)g — H such that

(5.8)

a S h(z) (a + wl(w))du(l‘)
WhX)W | ¥ | = (a + 1) J’C ) (o + ¢ (2))dp(z) |,
Py h(0 )%

a Jo h() (o + 2 (y))dv(y)
WXh(Y)W | = ( )101
(0> (o +1pg) — [ h( (04 + ¢2(?J))d’/(y)

for all h € Cy(C), a € C, ¢y € L*(C, p)g, ¥ € L*(C, v)p.

We have W (C @ L*(C, p)o @ L*(C,v)o) = alg{h(X),h(Y) : h € C,(C)}Q.

If the vector 2 € H is cyclic for the algebra alg(X,Y) = alg{h(X),h(Y) : h €
Cy(C)} generated by X and Y, then W is unitary.

|

(Vy),
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Proof. For a probability measure p on C, let
Co(C)ppo = {f € Gy (C); / f(z)dp(x) = 0} ,
C

then Cy(C), 0 is dense in L?(C, u)o.
Define W : C @ Cy(C),0 ® Co(C), 0 — H by

W ( f ) = (a+ f(X)+g(Y))S
g

This is an isometry, since

g1 g2

<W ( fl1 ) W ( f22 )> = ((a1+ A(X) +01(Y))Q, (a2 + f2(X) + 92(Y)) Q)

aras + / (@) o) dp(z) + / 5 0)a:)du(y),

where the mixed terms all vanish because (€2, f;(X)Q) = (Q,¢:(Y)Q2) = 0 for
i = 1,2. Therefore W extends in a unique way to an isometry on C® L?(C, u1)o ®

L2((C7 V)O
Let now h € Cy(C), then we get

<W(?i),h<x>w(?z)>
g1 g2

= <(041 + fi(X) + gl(Y))Q> (h(X) — h(O)l) (042 + fa(X) + QQ(Y))Q>

+h<o><w(?i),w(?§)>
a1 g2

= (a1 + £1(X))Q, (A(X) = h(0)1) (0 + fo(X))Q)+h(0) < (

a7

fi
g1

)

(8%

fa
g2

))
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because the boolean independence and (€2, g;(Y)Q2) = 0 imply that all other terms
vanish. But since (Q, f;(Y)€2) = 0, this is equal to

((on + f1(X)) 2 h(X) (a2 + (X)) Q)

(051 (0]
+ h(0) < i || [ >—Oé_1a2—<f1,f2>

g1 92
ay [ h(z)(f2(z) + as)du(z)
= < fi || h(fo+ o) — [ h(x) (fz(x) + 042)d,u(95) > :
g1 h(0)g2

This proves the first formula. The second formula follows by symmetry.
Let f,g € Cp(C), f(0) =0, and note that

2

Hf(X)g(Y)Q - [ 0

= <Q>9(Y)*!f(X)I29(Y)Q—/ngv (Q,9(Y)"|f(X)

_/ngy (1 F(X)Pg(Y)Q) + </ngV>2<Q>!f(X)\ZQ>
= 0,

i.}?. f(X)g()Q = [ gdv f(X)Q. Similarly f(Y)g(X)Q = [.gdp f(Y)Q and
thus

alg{h(X),h(Y): h e Cy(C)}Q2 = span{Q, f(X)Q, f(Y)Q; f € C,(C)}
= W(C® L*(C,n)o ® L*(C,v)o).

If Q2 is cyclic, then W is surjective and therefore unitary. 0

Remark 5.31. As in the monotone case, cf. Remark 5.12, this theorem shows that
joint law of bounded functions on X and Y is uniquely determined by £(X, )
and L£(Y, Q). Furthermore, the characterisation and computation of the law of
unbounded functions of X and Y like, e.g., X +Y or VXYY, is also reduced
to the model introduced in Proposition 5.29.

5.4.1. Additive boolean convolution on Mi(R).

Definition 5.32. [SW97] Let u and v be two probability measures on R with
reciprocal Cauchy transforms F), and F,. Then we define the additive monotone
convolution A = pWv of u and v as the unique probability measure A on R with
reciprocal Cauchy transform given by

FA(z) = Fu(2) + Fo(2) — 2

for z € CT.
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That the additive boolean convolution is well-defined follows from Subsection
5.1. It is commutative and associative, x-weakly continuous, but not affine, cf.

[SW97).

Proposition 5.33. Let p and v be two probabilities on R and define operators
N, and Ny as in Proposition 5.29. Then N, and N, are self-adjoint and boolean

1
independent w.r.t. w = | 0 |. Furthermore, the operator z — N, — N, has a
0
bounded inverse for all z € C\R, given by
oY 5
(5.9) (z=No= N | = | B
(5 —Wtﬂ_yy_cy
where
oG, (2)G,(2) + G, (2 du(x (2 W(y)dy
say o (GG Gl [y ) Je 2

Gu(2) + Gu(z) = GH(Z)GV(Z) ’

and ¢z, cy € C have to be chosen such that

Z—XT

Note that Equation (5.11) yields the following formulas for the constants c,, ¢,
e >+/3(zG (2) - 1)

Cp = )

Gu(z)
f w2(y) dv(y (ZGZ, )
) )

G,(z

Proof. N, and N, are boolean independent by Proposition 5.29.
For z € C*, we have Im F,(z) > Imz > 0, Im F,,(z) > Im 2z > 0, and therefore

Gu(2) + Gu(z) = 2Gu(2) Gy (2)
Gu(2)Gy(2)

This shows that the denominator of the right-hand-side of Equation (5.10) can
not vanish for z € C*. Since G,(Z) = G,.(2), G,(Z) = G,(#), it can not vanish
for z with Im z < 0, either. The functions ﬁ and —*— are bounded on R for
z € C\R, therefore Equation (5.9) defines a bounded operator.

Let

Cy:

Im

=1Im (F,(z) + F,(z) —z) > 0.

1+ BT — U+ By — ¢y
pr=————" and =,

Z—x z—1y
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then
15} 2B+ dy +dy 2B +dy +d,
(Z_Nm_Ny) ®1 = (Z_ff)@l—ﬂx—dr == ¢1—C:c—dx
P2 (2_9)902_5@_% Yo — ¢y — dy

where

d, = / (ou(@) + B)dp(z),  dy = / y(aly) + B)duiy).

Since ¢y € L*(R, pn)o, ¥o € L*(R,v)o, integrating over the second and third

component gives ¢, = —d, and ¢, = —d,. Therefore
5 Zﬁ — Cyp — Cy
(z=No=Ny) | &1 | = (0
Y2 (P

We have to show that the first component is equal to a. We get

20 du(r) +5(:Cu(:) ~ 1) [ 2dn(x) + B(=Cu() ~ 1)

Y - G
. GN(Z) + GV(Z) - ZG,U,(Z>G1/(Z) N 1 wl (:C) ) — 1 %(y) v
=h Gu(2)Gy(z2) Gulz) ) z— wdu( ) Gy(z) )] z— yd ()

Substituting Equation (5.10) into this expression, we get the desired result z3 —
Cy — Cy = Q. O

Theorem 5.34. Let X and Y be two self-adjoint operators on a Hilbert space
H that are boolean independent w.r.t. a unit vector Q2 € H and assume that ) is
cyclic, 1.e. that

alg{A(X), A(Y ); hh € Cy(R)IQ = H.

Then X +Y s essentially self-adjoint and the distribution w.r.t. €2 of the closure
of X+Y 1is equal to the boolean convolution of the distributions of X andY w.r.t.
Q, i.e.

LIX+Y,Q) = L(X,Q) W L(Y,).

Proof. Let p= L(X,Q), v=L(Y,Q).

By Theorem 5.30 and Lemma 7?7 it is sufficient to consider the case where
X and Y are defined as in Proposition 5.29. Then Proposition 5.33 shows that
z— X —Y admits a bounded inverse for all z € C\R and therefore that Ran (z —
X —Y) is dense. By [RS80, Theorem VIIL.3| this is equivalent to X + Y being
essentially self-adjoint.



44 UWE FRANZ
Using Equation (5.9), we can compute the Cauchy transform of the distribution
of the closure of X +Y. Let z € C*, then
Gxsv(z) = (Q,(-X-Y)'Q) =(w, (2= N, — Ny)"'w)
1

o Gu(2)G(2) i
0 ) G+ Gulz) =G, (IGL)

o
z—y
Gu(2)Gy(2)
Gu(z) + Gu(z) = 2Gu(2)Gu(z)
Replacing all Cauchy transforms by their reciprocals, this becomes

Friv(2) = Fu(2) + F(2) = 2 = Fuou (2).

O

5.4.2. Multiplicative boolean convolution on My (R,). Bercovici defined a boolean
convolution for probability measures in the positive half-line, cf. [Ber06].

Definition 5.35. [Ber06] Let © and v be two probability measures on R, with
transforms K, and K, . If the holomorphic function defined by

(5.12) K(z) =

for z € C\R, belongs to the class P introduced in Subsection 5.1, then the
boolean convolution A = p ¥ v is defined as the unique probability measure A on
R, with transform K, = K.

But in general the function K defined in Equation (5.12) does not belong to P
and in that case the convolution of x4 and v is not defined. Bercovici has shown
that for any probability measure p on R, not concentrated in one point there

exists an n € N such that the n-fold convolution product p W of w1 with itself is
not defined, cf. [Ber06, Proposition 3.1].

This is of course related to the problem that in general the product of two
positive operators is not positive. One might hope that taking e.g. VXY VX
could lead to a better definition of the multiplicative boolean convolution, since
this operator will automatically be positive. This leads to a convolution that is
always defined, but that is not associative, cf. ]

5.4.3. Multiplicative boolean convolution on M;(T). For completeness we recall
the results of [Fra04] for the multiplicative boolean convolution on M, (T).

Definition 5.36. [Fra04] Let p and v be two probability measures on the unit
circle T with transforms K, and K,. Then the multiplicative monotone convolu-

tion A = u W v is defined as the unique probability on T with transform K, given
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by

for z € D.

It is easy to deduce from Subsection 5.1 that the multiplicative boolean con-
volution on M (T) is well-defined. It is associative, commutative, x-weakly con-
tinuous in both arguments, but not affine.

Theorem 5.37. [Fra04, Theorem 2.2] Let U and V' be two unitary operators
on a Hilbert space H, Q) € H a unit vector and assume furthermore that U — 1
and V — 1 are boolean independent w.r.t. Q2. Then the products UV and VU are
also unitary and their distribution w.r.t. ) is equal to the multiplicative boolean
convolution of the distributions of U and V', i.e.

LUV,Q) = L(VU,Q) = LU, Q) w L(V, Q).

6. THE F1vE UNIVERSAL INDEPENDENCES

In classical probability theory there exists only one canonical notion of indepen-
dence. But in quantum probability many different notions of independence have
been used, e.g., to obtain central limit theorems or to develop a quantum stochas-
tic calculus. If one requires that the joint law of two independent random variables
should be determined by their marginals, then an independence gives rise to a
product. Imposing certain natural condition, e.g., that functions of independent
random variables should again be independent or an associativity property, it
becomes possible to classify all possible notions of independence. This program
has been carried out in recent years by Schiirmann [Sch95al, Speicher [Spe97],
Ben Ghorbal and Schiirmann [BGS99|[BGS02], and Muraki [Mur03, Mur02]. In
this section we will present the results of these classifications. Furthermore we
will formulate a category theoretical approach to the notion of independence and
show that boolean, monotone, and anti-monotone independence can be reduced
to tensor independence in a similar way as the bosonization of Fermi indepen-
dence [HP86] or the symmetrization of [Sch93, Section 3].

The free product of unital associative algebras will play an important role in
our discussion.

Example 6.1. The coproduct in the category of unital algebras lg is the free
product of x-algebras with identification of the units. Let us recall its defining
universal property. Let {Aj}rer be a family of unital *-algebras and [, ., Ax
their free product, with canonical inclusions {3y : Ay — [[,c; Artrer- If B is
any unital x-algebra, equipped with unital *-algebra homomorphisms {i} : Ay —
B}ier, then there exists a unique unital *-algebra homomorphism A : [, ., Ax —
B such that

hoiy =iy, forall kel
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It follows from the universal property that for any pair of unital x-algebra ho-
momorphisms j; : A; — By, js : Ay — By there exists a unique unital x-algebra
homomorphism j; [[jo : A1 [[ A2 — By ]_[ Bs such that the diagram

Al —— Bl
1Ay 1B
Al H AQ ey [ g Bl H BQ
Ay — By

J2

commutes.

The free product [ [, ., A can be constructed as a sum of tensor products of the
Ay, where neighboring elements in the product belong to different algebras. For
simplicity, we illustrate this only for the case of the free product of two algebras.

Let
A=|Hee{l, 2 # s - #e}
neN
and decompose A; = C1 @ A?, i = 1,2, into a direct sum of vector spaces. As
a coproduct A; [] A is unique up to isomorphism, so the construction does not
depend on the choice of the decompositions.
Then A, [] A can be constructed as

AT A =P A
€A
where A = C, A°= A ®---® A for e = (e1,...,€,). The multiplication in
A J] As is inductively defined by
--®bm)={ M@ @ (A, b)) @ @by if €, = 01,

for a1 ®---®a, € A, by ®- - -@b,, € A°. Note that in the case €, = §; the product
ay, - by is not necessarily in .Agn, but is in general a sum of a multiple of the unit
of A, and an element of Agn. We have to identify a1 ® - -1 ® 1 @by ® - - - by,
Wltha1®®an,1b2®bm

Since [] is the coproduct of a category, it is commutative and associative in
the sense that there exist natural isomorphisms

(6.1) YA, A ¢ AIHA2iA2H-A1;

antts AT (A TTAs) S (AT 42) [T A

for all unital x-algebras Ay, Ay, A3. Let iy : A, — A [[ A2 and i, : A, —
Ay [ A1, £ = 1,2 be the canonical inclusions. The commutativity constraint
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YA as AL A — A [ Ap maps an element of A; [ [ Az of the form i1 (aq)ia(by) - -

Withal,...,aneAl,bl,...,bnGAg to

Y (i1 (@0)iabr) - 2(b) = 14 (@)i(bn) -+ n) € Ax T A

Exercise 6.2. We also consider non-unital algebras. Show that the free prod-
uct of x-algebras without identification of units is a coproduct in the category
nulg of non-unital (or rather not necessarily unital) algebras. Give an explicit
construction for the free product of two non-unital algebras.

Exercise 6.3. Show that the following defines a a functor from the category of
non-unital algebras nu2llg to the category of unital algebras 2A[g. For an algebra
A € Obnulg, Ais equal to A = C1@ A as a vector space and the multiplication
is defined by

A1+ a)(N1+d)=2IN1+ Na+ A\ + ad
for A, X' € C, a,a’ € A We will call A the unitization of A. Note that A =
01 +.A C A is not only a subalgebra, but even an ideal in A.
How is the functor defined on the morphisms?

Show that the following relation holds between the free product with identifi-
cation of units [ [y, and the free product without identification of units ||

./41 H .AQg./leHAQ

nuAlg Alg

nuAlg?

for all Ay, A; € Obnullg.

Note furthermore that the range of this functor consists of all algebras that
admit a decomposition of the form A = C1 & Ay, where A, is a subalgebra.
This is equivalent to having a one-dimensional representation. The functor is
not surjective, e.g., the algebra My of 2 x 2-matrices can not be obtained as a
unitization of some other algebra.

6.1. Classical stochastic independence and the product of probability
spaces. Two random variables X; : (2, F, P) — (Ey, &) and Xy : (Q, F,P) —
(B9, &), defined on the same probability space (€2, F, P) and with values in two
possibly distinct measurable spaces (E7,&1) and (Es, &), are called stochasti-
cally independent (or simply independent) w.r.t. P, if the o-algebras X; (&) and
X;1(&) are independent w.r.t. P, i.e. if

P((X7H(My) N X5 (M) = P((X7H(My)) P(X5 ' (Ms))

holds for all M; € &, My € &. If there is no danger of confusion, then the
reference to the measure P is often omitted.

This definition can easily be extended to arbitrary families of random vari-
ables. A family (X; : (Q, F, P) — (Ej,&;))jes, indexed by some set J, is called

“io(by)
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independent, if

P (ﬂ Xjkl(Mjk)> =[] P(x; (01))

holds for all n € N and all choices of indices kq, ..., k, € J with j, # j, for j #£ £,
and all choices of measurable sets M;, € &;,.

There are many equivalent formulations for independence, consider, e.g., the
following proposition.

Proposition 6.4. Let X and X5 be two real-valued random wvariables. The
following are equivalent.

(i) X1 and X5y are independent.
(ii) For all bounded measurable functions fi, fo on R we have

E(f1(X1)/f2(X2)) = E(f1(X1))E(f2(X2)).

(iii) The probability space (R?, B(R?), Px, x,)) is the product of the probability
spaces (R, B(R), Px,) and (R, B(R), Px,), i.e.

P(X17X2) = PX1 (039 PXQ.

We see that stochastic independence can be reinterpreted as a rule to compute
the joint distribution of two random variables from their marginal distribution.
More precisely, their joint distribution can be computed as a product of their
marginal distributions. This product is associative and can also be iterated to
compute the joint distribution of more than two independent random variables.

The classifications of independence for non-commutative probability spaces
[Spe97, BGS99, BGO1, Mur03, Mur02] that we are interested in are based on
redefining independence as a product satisfying certain natural axioms.

6.1.1. Ezample: Tensor Independence in the Category of Algebraic Probability
Spaces. By the category of algebraic probability spaces AlgProb we denote the
category of associative unital algebras over C equipped with a unital linear func-
tional. A morphism j : (A, p1) — (A2, ¢2) is a quantum random variable, i.e. an
algebra homomorphism j : A; — A that preserves the unit and the functional,
e j(1y) =14, and gy 07 = .

The tensor product we will consider on this category is just the usual tensor
product (A; ® Az, ¢1 ® ¢a), i.e. the algebra structure of A4; ® A, is defined by

oo, = 14, @14,
(a1 ®az)(by @ by) = a1by ® asby,
and the new functional is defined by
(1 @ 2)(a1 ® az) = 1(a1)p2(az),
for all ai,b; € Ay, as,by € As.
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This becomes a tensor category with inclusions with the inclusions defined by

iAl (al) = @ ® 1A27
ia,(a2) = 14, ® as,
for a; € ./41, as € As.

One gets the category of x-algebraic probability spaces, if one assumes that
the underlying algebras have an involution and the functional are states, i.e. also
positive. Then an involution is defined on A; ® Ay by (a1 ® az)* = a} ® a} and
p1 ® 9 1s again a state.

The notion of independence associated to this tensor product with inclusions by
Definition ?? is the usual notion of Bose or tensor independence used in quantum
probability, e.g., by Hudson and Parthasarathy.

Proposition 6.5. Two quantum random variables ji : (Bi,¢1) — (A, ) and
Jo o (Ba, o) — (A, ), defined on algebraic probability spaces (Bi, 1), (B, 1)
and with values in the same algebraic probability space (A, @) are independent if
and only if the following two conditions are satisfied.

(1): The images of j; and jo commute, i.e.

[jl(al);b(%ﬂ =0,
for all ay € Ay, as € As.
(ii): @ satisfies the factorization property
@(jl(a1)j2(a2)) = SO(jl(al))SO(j2(a2))7
for all ay € Ay, as € As.

We will not prove this Proposition since it can be obtained as a special case
of Proposition 6.6, if we equip the algebras with the trivial Z,-grading A = A,
AW = {0}.

6.1.2. Example: Fermi Independence. Let us now consider the category of Zo-
graded algebraic probability spaces Zo-2lgBrob. The objects are pairs (A, p)
consisting of a Zy-graded unital algebra A = A©® @ AM and an even unital
functional ¢, i.e. ¢|40) = 0. The morphisms are random variables that don’t
change the degree, i.e., for j : (Ay, p1) = (Asg, p2), we have

JAP) C AP and (AT € A
The tensor product (A ®z, As, 01 ® ¢2) = (A1, 1) Rz, (A2, ¢2) is defined as
follows. The algebra A; ®z, As is the graded tensor product of A; and A, i.e.
(A1 ®2,45) 0 = A2 AV S AV @AWY (4107, A42) = APV @AV e AV AN,
with the algebra structure given by
1A1®Z2A2 = 14 ®1a,
(a1 ®az) - (b1 ®by) = (—1)dega2degbla1bl ® agbs,
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for all homogeneous elements ay, by € Ay, as, by € Ay. The functional ¢ ® @9
is simply the tensor product, i.e. (¢1 ® 2)(a; ® az) = p1(a;) @ pa(az) for all
a; € Ay, as € Ay, Tt is easy to see that ¢ ® (o is again even, if ¢; and @s are
even. The inclusions i1 : (A5, ¢1) = (A1 Rz, A2, 1 ® @2) and iy @ (Ay, o) —
(.A1 ®22 .AQ, Y1 X (,02) are defined by

i1(a1) = a1 ®1y, andiz(az) =14, ® as,

for a; € ./41, as € As.

If the underlying algebras are assumed to have an involution and the functionals
to be states, then the involution on the Z,-graded tensor product is defined by
(a1®ay)* = (—1)deeamrdesazgx g% this gives the category of Zy-graded *-algebraic
probability spaces.

The notion of independence associated to this tensor category with inclusions
is called Fermi independence or anti-symmetric independence.

Proposition 6.6. Two random variables j1 : (B1,1¥1) = (A, @) and js : (B, 1) —
(A, p), defined on two Zs-graded algebraic probability spaces (B, 1), (B2, 12) and

with values in the same Zo-algebraic probability space (A, ) are independent if

and only if the following two conditions are satisfied.

(1): The images of j1 and jo satisfy the commutation relations
ja(az)ji(ar) = (=1)*BD 425, (a;)55(as)

for all homogeneous elements a; € By, as € Bs.
(ii): ¢ satisfies the factorization property

<,0(j1(<11)j2(@2)) = 90(j1(a1))90(j2(a2))7
for all ay € By, as € Bs.

Proof. The proof is similar to that of Proposition 77, we will only outline it. It
is clear that the morphism h : (By,v1) ®z, (Bs,12) — (A, ) that makes the
diagram in Definition ?? commuting, has to act on elements of B; ® 1, and
1z, ® B;y as

h(bl X 132) = jl(bl) and h(]-Bl (%9 bg) = ]Q(bg)

This extends to a homomorphism from (B, 1) ®z, (B2, 1) to (A, ¢), if and only
if the commutation relations are satisfied. And the resulting homomorphism is
a quantum random variable, i.e. satisfies ¢ o h = 1)1 ® 1, if and only if the
factorization property is satisfied. U 0

6.1.3. Exzample: Free Independence. We will now introduce another tensor prod-
uct with inclusions for the category of algebraic probability spaces AlgProb. On
the algebras we take simply the free product of algebras with identifications of
units introduced in Example 6.1. This is the coproduct in the category of alge-
bras, therefore we also have natural inclusions. It only remains to define a unital
linear functional on the free product of the algebras.
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Voiculescu’s[VDN92] free product ¢ * ps of two unital linear functionals ¢y :
A; — C and 5 : Ay — C can be defined recursively by

(p1 % p2)(araz -+ - am) = Z (=1)™ (01 % ) <H Gk) H%k(ak)

IS{1,..,m} kel kgl

for a typical element ajas - - a,, € Ay [[ Ag, with ay € A, , €1 # €2 # -+ # €,
i.e. neighboring a’s don’t belong to the same algebra. #I denotes the number
of elements of I and [],.;a; means that the a’s are to be multiplied in the
same order in which they appear on the left-hand-side. We use the convention
(01 % ¢2) (TThep ar) = 1.

It turns out that this product has many interesting properties, e.g., if 1 and
9 are states, then their free product is a again a state. For more details, see
[BNT05] and the references given there.

6.1.4. Examples: Boolean, Monotone, and Anti-monotone Independence. Ben
Ghorbal and Schiirmann[BG01, BGS99] and Muraki|Mur03| have also consid-
ered the category of non-unital algebraic probability nuAlg®Brob consisting of
pairs (A, ¢) of a not necessarily unital algebra A and a linear functional ¢. The
morphisms in this category are algebra homomorphisms that leave the functional
invariant. On this category we can define three more tensor products with inclu-
sions corresponding to the boolean product ¢, the monotone product > and the
anti-monotone product < of states. They can be defined by

1< @2(a1a2 T Gm) = H Pex (ak)v
k=1

P10 pa(amaz---am) = ¢ ( H ak> H pa(ar),

kiep=1 kiep=2
N
p14pa(aray - am) = H e1(ak) ¢ ( H ak) ;
k:ep=1 kiep=2

for ¢1 : Ay — C and ¢, : Ay — C and a typical element ajas - - - a,, € A; [[ As,
ar € A, €1 # €3 # -+ # €y, l.e. neighboring a’s don’t belong to the same
algebra. Note that for the algebras and the inclusions we use here the free product
without units, the coproduct in the category of not necessarily unital algebras.
The monotone and anti-monotone product are not commutative, but related

by
P15 2 = (P2991) © Yy Ao
for all linear functionals ¢y : A; — C, @9 : Ay — C, where y4, 4, : A1 [[ A2 —

Ay [] A; is the commutativity constraint (for the commutativity constraint for
the free product of unital algebras see Equation (6.1)). The boolean product is
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commutative, i.e. it satisfies

010 P2 = (P20 V1) O YAy Ay
for all linear functionals ¢ : A1 — C, g : Ay — C.

Ezercise 6.7. The boolean, the monotone and the anti-monotone product can
also be defined for unital algebras, if they are in the range of the unitization
functor introduced in Exercise 6.3.

Let o1 : A1 — C and ¢y : A3 — C be two unital functionals on algebras
A1, As, which can be decomposed as A; = C1 & A}, Ay, = C1 ®& AJ. Then
we define the boolean, monotone, or anti-monotone product of ¢; and @5 as the
unital extension of the boolean, monotone, or anti-monotone product of their
restrictions o140 and 2] 49.

Show that this leads to the following formulas.

n

P10 pa(arag---a,) = H pe,(ai),
i=1

pr>ga(aray---an) = ¢ (H ai) H pa(ai),

i:6;=1 1€, =

praga(may---ay) =[] eilai)es ( 11 ai> )

i€, =1 ii6; =2

for ajay---a, € A ][ Az, a; € .ASZ,, €1 # €3 # -+ # €,. We use the convention
that the empty product is equal to the unit element.

These products can be defined in the same way for x-algebraic probability
spaces, where the algebras are unital *-algebras having such a decomposition
A = C1® Aj and the functionals are states. To check that ¢ ¢ws, 01> 0s, V1 <Ps
are again states, if ¢ and @9 are states, one can verify that the following con-
structions give their GNS representations. Let (71, Hy, &) and (7o, Ha, &) denote
the GNS representations of (Ajy, p1) and (As, ¢2). The GNS representations of
(A1 [T Az, 010 p2), (A1 ] Az, p1>92), and (Aq [ Az, 1 9p2) can all be defined
on the Hilbert space H = H; ® H, with the state vector £ = & ® &. The
representations are defined by 7(1) = id and

7T|A? = mQ R, 7T|Ag = P ®m, for 10 @y,
Tl = MR, 7wy = idg,@m, for @1>p,,
7r|A(1) = m ®idy,, 7T|Ag = P ®m, for p;<eps,

where Py, P, denote the orthogonal projections P, : Hy — C&;, Py : Hy — C&s.
For the boolean case, £ = & ®& € Hy ® Hy is not cyclic for 7, only the subspace
C¢ @ HY @ HY can be generated from &.
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6.2. Classification of the universal independences. The associativity gives
us the condition

(6.2) (1 ©2) - p3) 0 s a4 = 1 (02 03),

for all (Ay, 1), (A2, ¢2), (As, 3) in AlgProb. Denote the unique unital func-
tional on C1 by ¢, then the unit properties are equivalent to

(p-0)opa=¢ and (6-¢)oIs=¢,
for all (A, ¢) in AlgProb. The inclusions are random variables, if and only if

(6.3) (p1-@2)0ia, =¢@1 and  (@1-@2) 004, = @2

for all (A1, 1), (Asg, p2) in AlgProb. Finally, from the functoriality of O we get
the condition

(6.4) (o1 2) o (41 Hj2> = (¢101) * (p20j2)

for all pairs of morphisms j; : (By,91) — (A1, 1), J2 @ (B2, 12) — (Asg, p2) in
AlgBrob.

Our Conditions (6.2), (6.3), and (6.4) are exactly the axioms (P2), (P3), and
(P4) in Ben Ghorbal and Schiirmann[BGS99], or the axioms (U2), the first part
of (U4), and (U3) in Muraki|Mur03].

Theorem 6.8. (MurakiMur03|, Ben Ghorbal and Schiirmann[BGO1, BGS99])
There exist exactly two universal tensor products with inclusions on the category
of algebraic probability spaces AlgProb, namely the universal version @ of the
tensor product defined in Section 6.1.1 and the one associated to the free product
x of states.

For the classification in the non-unital case, Muraki imposes the additional
condition

(6.5) (01 - p2)(@1a2) = @e, (a1)pe, (a2)
for all (e1,6) € {(1,2),(2,1)}, a1 € A, a2 € A,,.

Theorem 6.9. (MurakiMur03]) There exist exactly five universal tensor prod-
ucts with inclusions satisfying (6.5) on the category of non-unital algebraic prob-
ability spaces nuAlgProb, namely the universal version ®@ of the tensor product
defined in Section 6.1.1 and the ones associated to the free product x, the boolean
product ©, the monotone product > and the anti-monotone product <.

The monotone and the anti-monotone are not symmetric, i.e. (A; [ [ Az, ¢1>¢2)
and (As [ A2, pa>¢1) are not isomorphic in general. Actually, the anti-monotone
product is simply the mirror image of the monotone product,

(A HA27901 > o) = (A H»Ab P2 < 1)

for all (A1, 1), (Asg, p2) in the category of non-unital algebraic probability spaces.
The other three products are symmetric.
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In the symmetric setting of Ben Ghorbal and Schiirmann, Condition (6.5) is not
essential. If one drops it and adds symmetry, one finds in addition the degenerate
product

v (a it m=1,
(gpl .0¢2)(a1a2...am>:{ 0 1( 1) 1f m>1

and families
o102 =q((q 1) - (7 ¢2)),
parametrized by a complex number g € C\{0}, for each of the three symmetric
products, ® € {®, *,0}.
If one adds the condition that products of states are again states, then one can
also show that the constant has to be equal to one.

Exercise 6.10. Consider the category of non-unital x-algebraic probability spaces,
whose objects are pairs (A, ¢) consisting of a not necessarily unital x-algebra A
and a state ¢ : A — C. Here a state is a linear functional ¢ : A — C whose
unital extension ¢ : A= C1® A — C, \1 +a — ¢(A\1 +a) = X+ ¢(a), to the
unitization of A is a state.

Assume we have products - : S(A;)xS(Az) — S(A; ][] A2) of linear functionals
on non-unital algebras A;, A, that satisfy

(p1 - p2)(arag) = crpi(ar)pa(az),
(¢1 - pa)(azar) = capr(ar)pa(az),

for all linear functionals ¢y : A; — C, vy : Ay — C, and elements a; € Aj,
as € Ay with “universal” constants ¢, ¢y € C, i.e. constants that do not depend
on the algebras, the functionals, or the algebra elements. That for every universal
independence such constants have to exist is part of the proof of the classifications
in [BGO1, BGS99, Mur03].

Show that if the products of states are again states, then we have ¢; = ¢ = 1.
Hint: Take for A; and A, the algebra of polynomials on R and for ¢; and ¢
evaluation in a point.

The proof of the classification of universal independences can be split into three
steps.

Using the “universality” or functoriality of the product, one can show that
there exist some “universal constants” - not depending on the algebras - and a
formula for evaluating

(¢1 - p2)(arag - - am)
for ajay---am € A [ A2, with ar, € A, €1 # € # -+ # €, as a linear
combination of products (M), p2(Ms), where My, M, are “sub-monomials” of
aias - - - a,. Then in a second step it is shown by associativity that only products
with ordered monomials M, M, contribute. This is the content of [BGS02,
Theorem 5] in the commutative case and of [Mur03, Theorem 2.1] in the general
case.
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The third step, which was actually completed first in both cases, see [Spe97]
and [Mur02], is to find the conditions that the universal constants have to satisfy,
if the resulting product is associative. It turns out that the universal coefficients
for m > 5 are already uniquely determined by the coefficients for 1 < m < 5.
Detailed analysis of the non-linear equations obtained for the coefficients of order
up to five then leads to the classifications stated above.

7. LEVY PROCESSES ON DUAL GROUPS

We now want to study quantum stochastic processes whose increments are free
or independent in the sense of boolean, monotone, or anti-monotone indepen-
dence. The approach based on bialgebras that we followed in the first Section
works for the tensor product and fails in the other cases because the correspond-
ing products are not defined on the tensor product, but on the free product of the
algebra. The algebraic structure which has to replace bialgebras was first intro-
duced by Voiculescu [Voi87, Voi90], who named them dual groups. In this section
we will introduce these algebras and develop the theory of their Lévy processes.
It turns out that Lévy processes on dual groups with boolean, monotonically, or
anti-monotonically independent increments can be reduced to Lévy processes on
involutive bialgebra. We do not know if this is also possible for Lévy processes
on dual groups with free increments.

In the literature additive free Lévy processes have been studied most inten-
sively, see, e.g., [GSS92, Bia98, Ans02, Ans03, BNT(02b, BNT02a].

7.1. Preliminaries on dual groups. Denote by €om2lg the category of com-
mutative unital algebras and let B € Ob €om®lg be a commutative bialgebra.
Then the mapping

Ob Com2Alg > A — Morgomarg (B, A)

can be understood as a functor from Com2lg to the category of unital semigroups.
The multiplication in Mory(1,.4) is given by the convolution, i.e.

frg=mao(f®g)oAs

and the unit element is eg1 4. A unit-preserving algebra homomorphism h : 4; —
Aj gets mapped to the unit-preserving semigroup homomorphism Morgomag (B, A1) 3
f — ho f < Morqomm[g(B, AQ), since

ho(fxg)=(hof)x(hog)

for all A17 AQ € Ob Q:ole[g, h e MOI‘QUmQ[[g (Al, Az), f, g € MOT@omm[g(B, Al)

If B is even a commutative Hopf algebra with antipode S, then Morgomarg (B, A)
is a group with respect to the convolution product. The inverse of a homomor-
phism f : B — A with respect to the convolution product is given by f o S.
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The calculation

(f*g)(ab) = muo (f®g)oAs(ab)
flambay)gla@be) = flam) fba)glae)g(be)
= flaw))g(a@)f(ba))g(be) = (f *x g)(a)(f * g)(b)
shows that the convolution product f x ¢ of two homomorphisms f,g: B — A
is again a homomorphism. It also gives an indication why non-commutative
bialgebras or Hopf algebras do not give rise to a similar functor on the category
of non-commutative algebras, since we had to commute f(bn)) with g(a()).

Zhang [Zha91], Berman and Hausknecht [BH96] showed that if one replaces
the tensor product in the definition of bialgebras and Hopf algebras by the free
product, then one arrives at a class of algebras that do give rise to a functor
from the category of non-commutative algebras to the category of semigroups or
groups.

A dual group [Voi87, Voi90] (called H-algebra or cogroup in the category of
unital associative *-algebras in [Zha91] and [BH96], resp.) is a unital x-algebra B
equipped with three unital x-algebra homomorphisms A : B — B[[B, S : B — B
and € : B — C (also called comultiplication, antipode, and counit) such that

(7.1) (AHid)oA - <idHA>oA,
(7.2) (gHid)oA: id :<idH5)oA,
(7.3) mBo(SH1d>oA: id :mgo(idHS>oA,

where mp : B[[ B — B, mg(a1®as®- - -®a,) = ay-ay- -+ -ayp, is the multiplication
of B. Besides the formal similarity, there are many relations between dual groups
on the one side and Hopf algebras and bialgebras on the other side, cf. [Zha91].
For example, let B be a dual group with comultiplication A, and let R: B[[ B —
B ® B be the unique unital x-algebra homomorphism with

Rppoii(b) =b®1, Rppoiz(b) =1®0,

for all b € B. Here iy,iy : B — B][B denote the canonical inclusions of B into
the first and the second factor of the free product B[] B. Then B is a bialgebra
with the comultiplication A = R oA, see [Zha91, Theorem 4.2], but in general
it is not a Hopf algebra.

We will not really work with dual groups, but the following weaker notion.
A dual semigroup is a unital x-algebra B equipped with two unital x-algebra
homomorphisms A : B — B[[B and ¢ : B — C such that Equations (7.1) and
(7.2) are satisfied. The antipode is not used in the proof of [Zha91l, Theorem
4.2], and therefore we also get an involutive bialgebra (B, A, ¢) for every dual
semigroup (B, A, €).

Note that we can always write a dual semigroup B as a direct sum B = C1®BY,
where B? = ker ¢ is even a *-ideal. Therefore it is in the range of the unitization
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functor and the boolean, monotone, and anti-monotone product can be defined
for unital linear functionals on B, cf. Exercise 6.7.

The comultiplication of a dual semigroup can also be used to define a convo-
lution product. The convolution j; * jo of two unital *-algebra homomorphisms
j1,J2 : B — A is defined as

J1k*Jj2=mgo0 (jl Hj2> oA.
As the composition of the three unital *-algebra homomorphisms A : B — B[] B,
Jillje:BIIB— AJ] A, and my : A]].A — A, this is obviously again a unital
x-algebra homomorphism. Note that this convolution can not be defined for

arbitrary linear maps on B with values in some algebra, as for bialgebras, but
only for unital x-algebra homomorphisms.

7.2. Definition of Lévy processes on dual groups.

Definition 7.1. Let j; : By — (A, ®),...,j, : B, — (A, ®) be quantum ran-
dom variables over the same quantum probability space (A, ®) and denote their
marginal distributions by ¢; = ® 0 5;, i = 1,...,n. The quantum random vari-
ables (j1, ..., jn) are called tensor independent (respectively boolean independent,
monotonically independent, anti-monotonically independent or free), if the state
Pomao(ji]]---11Jn) on the free product [ [, B; is equal to the tensor product
(boolean, monotone, anti-monotone, or free product, respectively) of ¢y, ..., ¢,.

Note that tensor, boolean, and free independence do not depend on the order,
but monotone and anti-monotone independence do. An n-tuple (ji,...,Jn) of
quantum random variables is monotonically independent, if and only if (jy, . .., j1)
is anti-monotonically independent.

We are now ready to define tensor, boolean, monotone, anti-monotone, and
free Lévy processes on dual semigroups.

Definition 7.2. [Sch95] Let (B, A, ¢) be a dual semigroup. A quantum stochastic
process {jst fo<s<t<r on B over some quantum probability space (A, ®) is called
a tensor (resp. boolean, monotone, anti-monotone, or free) Lévy process on the
dual semigroup B, if the following four conditions are satisfied.

(1) (Increment property) We have
Jrs % Jst = Jrt for aHOSTSSStSTy
ju = ¢ely forall0 <t <T.

(2) (Independence of increments) The family {js }o<s<i<7 is tensor indepen-
dent (resp. boolean, monotonically, anti-monotonically independent, or
free) w.r.t. @, i.e. the n-tuple (js,1y, - - -, Js,t,,) is tensor independent (resp.
boolean, monotonically, anti-monotonically independent, or free) for all
neNandall 0 <s; <t <5 << ¢, <T.

(3) (Stationarity of increments) The distribution ¢4 = ® o jy of ji depends
only on the difference t — s.
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(4) (Weak continuity) The quantum random variables js converge to jgs in
distribution for ¢ ™\ s.

Remark 7.3. The independence property depends on the products and therefore
for boolean, monotone and anti-monotone Lévy processes on the choice of a
decomposition B = C1 @ B. In order to show that the convolutions defined by
(p1o@2)o A, (p1>p2)oA, and (p1<py)oA are associative and that the counit € acts
as unit element w.r.t. these convolutions, one has to use the universal property
[BGS99, Condition (P4)], which in our setting is only satisfied for morphisms that
respect the decomposition. Therefore we are forced to choose the decomposition
given by B? = kere.

The marginal distributions ¢;_s := ¢4 = P o, form again a convolution semi-
group {¢:}ier, , with respect to the tensor (boolean, monotone, anti-monotone,
or free respectively) convolution defined by (¢1@p2)0A ((p10p2)0A, (p1>p2)oA,
(p1<9gpa) 0 A, or (1% p9) oA, respectively). It has been shown that the generator
v:B—C, X

w(b) = lim - (w0) — )
is well-defined for all b € B and uniquely characterizes the semigroup {y;}ier,,
cf. [Sch95, BGS99, Fra01].

Denote by S be the flipmap S : B[[B — B[[B, S = mgyyso (i2 [ [ 1), where
i1,19 : B — B[] B are the inclusions of B into the first and the second factor of
the free product B][B. The flip map S acts on i1(ay)iz(by)---ia(b,) € B][B
with aq,...,a,,b1,...,b, € B as

S (i (ay)ia(by) - - -i2(bn)> — in(ar)ir(b1) - - - i1 (by).

If jp : B — A; and j» : B — A, are two unital *-algebra homomorphisms,
then we have (jo [[71) © S = va,.4, © (1 [[J2). Like for bialgebras, the opposite
comultiplication A = S o A of a dual semigroup (B, A, ¢) defines a new dual
semigroup (B, AP ¢).

Lemma 7.4. Let {js : B — (A, ®)}o<s<i<r be a quantum stochastic process on
a dual semigroup (B, A, e) and define its time-reversed process {jq to<s<i<T by
j;)f = ijt,Tfs

for0<s<t<T.

(1) The process {jst fo<s<t<T s a tensor (boolean, free, respectively) Lévy pro-
cess on the dual semigroup (B, A, €) if and only if the time-reversed process
{js Yo<s<i<T 18 a tensor (boolean, free, respectively) Lévy process on the
dual semigroup (B, A ¢).

(ii) The process {jst}o<s<i<T 1S a monotone Lévy process on the dual semi-
group (B, A, ) if and only if the time-reversed process {jof Yo<s<i<T 1S an
anti-monotone Lévy process on the dual semigroup (B, A ¢).
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Proof. The equivalence of the stationarity and continuity property for the quan-
tum stochastic processes {js bo<s<i<r and {jof bo<s<i<r 1S clear.
The increment property for {js fo<s<t<r With respect to A is equivalent to the

increment property of {js }o<s<i<r With respect to A°P, since
my o (j;)f H]ff) 0 AP — myo (jT—t,T—s HjT—u,T—t> oSoA
= MAOTAAC (iju,Tft Hijt,Tfs> oA

=m0 (jror [[irers) o

forall0<s<t<u<T.

If {jst}o<s<t<r has monotonically independent increments, i.e. if the n-tuples
(Jsitay - - - » Jsut, ) are monotonically independent for alln € Nand all 0 < sy <t <
s3 <+ <ty then the n-tuples (fs,t,s - Jsitr) = (G, 7osns s Ity 75y ) BTC
anti-monotonically independent and therefore {j3; }o<s<i<7 has anti-monotonically
independent increments, and vice versa.

Since tensor and boolean independence and freeness do not depend on the or-
der, {js fo<s<t<r has tensor (boolean, free, respectively) independent increments,
if and only {js; }o<s<i< has tensor (boolean, free, respectively) independent in-
crements. U U

Schiirmann and Voss [SV12] have given a new proof of Schoenberg’s, using
ideas from [SSV10], that includes also the free convolution. This shows that Lévy
processes on dual semigroups are in one-to-one correspondence with generating
functionals, i.e. hermitian, conditionally positive linear functionals that vanish
on the identity.

Theorem 7.5. (Schoenberg correspondence) Let {¢;}i>0 be a convolution
semigroup of unital functionals with respect to the tensor, boolean, monotone, or
anti-monotone convolution on a dual semigroup (B, A,e) and let ¢ : B — C be

defined by
o1
$(b) = lim > (2u(6) — =(b))
for b € B. Then the following statements are equivalent.
(1) ¢ is positive for all t > 0.
(ii) ¢ is hermitian and conditionally positive.
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