A SIMPLE PROOF OF CLASSIFICATION THEOREM FOR
POSITIVE NATURAL PRODUCTS

NAOFUMI MURAKI

ABSTRACT. A simplification of the proof of classification theorem for natu-
ral notions of stochastic independence is given. This simplification is made
possible after adding the positivity condition to the algebraic axioms for a
(non-symmetric) universal product (= a natural product). Indeed this simpli-
fication is nothing but a simplification, under the positivity, of the proof of the
claim that, for any natural product, the ‘wrong-ordered’ coefficients all vanish
in the expansion form. The known proof of this claim involves a cumbersome
process of solving a system of quadratic equations in 102 unknowns, but in our
new proof under the positivity we can avoid such a process.

1. INTRODUCTION

In non-commutative probability theory, there exist several different notions of
stochastic independence, for example, tensor independence (= classical indepen-
dence), free independence, Boolean independence and monotone independence
(see the references in [1, 4] for the detailed explanations).

This phenomena is very specific to the non-commutative situation because in
the commutative case there exisits the only one notion of independence, i.e. tensor
independence. We expect that based on the various notions of independence
one can develope various probability theories in some way parallel to classical
probability theory.

A classification program for universal notions of stochastic independence was
carried out in a series of papers [5, 6, 1, 3, 4]. In [5] Schiirmann proposed that
universal notions of stochastic independence should be formulated as universal
products among non-commutative probability spaces. In [6, 1] Speicher (in the
expansion form), and Ghorbal and Schiirmann (in form of the canonical axioms)
proved that the only possible ‘symmetric’(or ‘commutative’) universal products
are 3 products: tensor, free and boolean product. Extending this result to the
non-symmetric case, we proved in [3] (in the expansion form) and in [4] (in the
form of canonical axioms) that the only possible ‘non-symmetric’ universal prod-
ucts (= natural products) are 5 products: tensor, free, boolean, monotone, and
anti-monotone product.

However the proof of the classification theorem for natural products (Theorem
2.2 in [4]) contains a cumbersome step with complicated calculations, unfortu-
nately. The claim of the step is that the coefficient ¢(7, A; o), which is associated
to a given natural product, vanishes whenever the partition o is ‘wrong-ordered’.
Here the explanations of coefficient t(m, A\;0) and ‘wrong-orderedness’ will be
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given in Section 3 of the present paper. In [4], to complete this step, a system
of quadratic equations in 102 unknowns was solved by hands. This is heavy
calculations that consists of 22 pages in [4] in its compact form.

The aim of this paper is to improve this cumbersome proof for the claim (V): the
vanishment of wrong coefficients {¢(m, A\; o)}, into the more clear proof, without
using such a big system of equations. However this simplification for the proof
of the claim (V) is made possible after adding the condition of positivity (P) to
the algebraic axioms for a natural product. Up to now we dont know if such a
simplification for the proof of the claim (V) is possible or not, without using the
positivity (P).

This paper consists of the following sections. In Section 2 we prepare some
notations concerning partitions of a finite linearly ordered set. In Section 3, after
introducing some conditions on a product among algebraic probability spaces
(universality, associativity, positivity, etc), we explain the relation beteween the
classification theorem for natural products and the vanishment result (V). In
Section 4 we give a simple proof of the vanishment result (V) under the positivity
assumption (P), which avoids the use of a big system of equations.

Through out the paper, C is the field of complex numbers, N* is the set of all
natural numbers (# 0), and #A or |A| denotes the cardinality of a finite set A.

2. NOTATIONS ON PARTITIONS

Here we describe some notations on partitions used in this paper (see [4]).

Let S be a finite linearly ordered set. A collection 7 = {Uy,Us,--- ,U,} of
subsets of S is called a partition of S'if S = U_,U;, U; #0, and U;NU; =0 for
alli,j € {1,2,--- ,p}. Apair (7, \) ={U; < Uy <--- < U,} of a partition 7 and
a linear ordering A among blocks in 7 is called a linearly ordered partition of S (see
[3]). A collection m = {Uy, Uy, - - - , U, } of finite sequences U of elements from S is
called a BGS-partition of S if #{i1,ia,--- ,ix} = k for each U = (iyig--- i) € 7
and if 7 := {Uy,Us,---U,} is a (usual) partition of S (see [1]). Here we put
U := {iy, iy, - ,ig} for U = (iyiy- - -ix) € 7. For each block U in a BGS-partition
7, we put lg(U) := #(U) the length of U.

Denote by P(S), LP(S) and P(S), the set of all partitions, linearly ordered
partitions and BGS-partitions of S, respectively. For each BGS-partition o =
{U1,Us,---,U,} in 73(5), there exists naturally the associated usual partition in
P(S) given by 7 := {U;, Uy, - -+ ,U,}. Conversely we identify P(S) as the subset
of P(S) through the natural correspondence 7 — 7’ given by 7 3 U, ={ih <
Ig < - - <Zk}HU’I(21ZQZk) e

For usual partitions 7,0 € P(S), we write 0 < m when o is a refinement of
7, i.e. when (VU € o, 3V € ws.t. U C V). When the ordered set S is given

—

by {1,2,--- ,n} with the natural order, we write P(n), LP(n), P(n) in stead of

—

P(S), LP(S), P(S), respectively.
3. CLASSIFICATION THEOREM AND VANISHMENT RESULT

In this section we describe the relation between the classfication theorem and

the vanishment result (V). For the detailes see [4].
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An algebraic probability space (p, A) is a pair of an associative C-algebra A and
a C-linear functional ¢ over A. Denote by K the class of all algebraic probability
spaces (i, A). We do not assume the existence of unit elements for these algebras
A. Denote by A’ the set of all C-linear finctionals ¢ over A. Also denote by A; U
A; the free product of algebras A; and A,. Then for any algebra homomorphisms
gi o By = A; (I = 1,2), there exists a unique algebra homomorphism j; II j, :
By U By — Ay U Ay such that 4,0 5; = (jy IT jo) o ¢y for all [ = 1,2. Here
i A= A U Ay (I =1,2) and ¢, : B, — By U By (I = 1,2) are the natural
embedings. We write the ‘expectation’ of a € A w.r.t ¢ by ¢la] in stead of p(a).

Anymap O0: K x K — K : ((apl,Al), (302,.»42)) — (100, A1 U Ay) is called
a product over K. For simplicity we used here the same symbol [J to denote two
different levels of operations.

A natural product [J is a product over K satisfying the following four conditions.

(N1) wniversality: For any algebra homomorphisms j; : B, — A; and any
o€ A (I1=1,2), we have

(e100p2) 0 (j2 L j2) = (01 0 j1)D(ep2 0 ).
(N2) associativity: For all (¢, A;) € K (I =1,2,3), we have

(010¢2)0s = 10(p20e3)

under the identification (A; U As) U Az = Ay LI (As U A3).
(N3) extension: For all (¢;,A;) € K (I =1,2), we have

(p10p2) 0odp = ¢ (I1=1,2),

where i; are the natural embedings of A; to the free product A; L As.
(N4) factorization: For all (¢, A4;) € K (I = 1,2), we have

(10¢p2)[i1(a)ia(b)] = (p10¢2)[i2(b)ir(a)] = w1lalpa[b]
for all a € A; and b € A,.

The notion of natural product is nothing but a modification, to the non-
symmetric case, of the notion of universal product of Schiirmann in [5]. In [4] we
proved the following classification theorem for natural products.

Theorem 3.1. There exist exactly 5 natural products: tensor, free, Boolean,
monotone and anti-monotone product.

Here we omit the definitions of these 5 products (tensor, free, Boolean, mono-
tone and anti-monotone), because in our discussions in the present paper, we
have no need to know them. For the detailed explanation on these products and
independences, see the references in [1, 4].

The strategy to prove Theorem 3.1 is to reduce this Theorem 3.1 to the next
Theorem 3.2 through Theorem 3.3 and Theorem 3.4. It is the same strategy as
that in the case of ‘symmetric’ products in [1] but in our non-symmetric case we
must take care of some ordere structures on partitions.

Let us prepare some notations for the description of these Theorems. Let
(m,A) ={Vi < Vo < --- < V,} € LP(n) be a linearly ordered partition, and
(1, A))T_; be a family of algebraic probability spaces. Then we simply write
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aias - - - a, € Airx) to denote the situation that a; € Ay, as € Ay, -+ -, an € Ay,
and that [, = ¢ if and only if k£ € V. We always identify a € A; with its natural
image i;(a) € II}_; A;. Let aja---a, € Az and o € 73(71) with @ < 7 be fixed,
then we put for each U = (iyig---ix) € 0

pulars as, - s an] = o lav] = ooy lai ai; - - ai .

Here [(U) is the label [ € {1,2,---,p} such that [;, = for all i, € U.

A quasi-universal product [ is a product over K satisfying the following three
conditions.

(Q1) associativity: same as (N2)

(Q2) quasi-universal calculation rule for mized moments: There exists a family

of constants
n), p<m,
{W)‘p‘ eﬁP(),neN*}

such that, for any p-tuple (¢, A;)j_, of algebraic probability spaces, and ¢ =
07_, 41, we have

plaras - -~ ap] = t(ﬁ,/\;P)HSOU[ah@?a”' , ),
p<m vep

whenever ajas - - a, € Az with (1,0) ={Vi < Vo <--- <V, }.
(Q3) normalization:
#(1) = t(12) = £(21) = 1.

Here we put t(s) := t(m, \) := t(m, A\; w), where s = (5182 - - - 8,,) is the associated
sequence to (m, A) defind by the condition that s; = [ if and only if i € V.

Theorem 3.2. There exist exactly 5 quasi-universal products: tensor, free,
Boolean, monotone and anti-monotone product.

Theorem 3.2 was proved in [3] based on the method of Speicher in [6]. The
following expansion theorem (Theorem 3.3) was shown in [4] as a result by a
direct application of theory of universal families of Ben Ghorbal and Schiirmann

[1].

Theorem 3.3. Let a natural product [ be given. Then there exists uniquely a
family of constants

) o€ 73(71), o <m,
{“mx0>(mneﬁpm%neN*}
such that, for any p-tuple (gpl,Al)le of algebraic probability spaces, and ¢ =
O7_ 41, we have

plaras - - an] = Z t(m,\;0) H pular, az, -+, an],
o€ P(n) Ueo
co<m

whenever aias - - - ap, € Az ) with (m,\) ={Vi < Vo <--- <V, }.
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Let o € P(n) be a BGS-partition. A block U = (iyiy- - -4z) in o is said to be
wrong-ordered if there exist a,b € {1,2,--- ,k} such that a < b but i, > 4. A
BGS-partition o is said to be wrong-ordered if there exists in ¢ a wrong-ordered
block U. Let {t(m, X\;0)} be the coefficients associated to a natural product [
in Theorem 3.3. A coefficient ¢(7, \, o) is said to be wrong-ordered if o is wrong-
ordered. In [4] we proved the following vanishment result. We denote it by (V).

Theorem 3.4. For any natural product, its wrong-ordered coefficients all van-

ish.

Theorem 3.4 implies that any natural product is a quasi-universal product, and
hence we reach to the classification Theorem 3.1 through Theorem 3.2.

However the proof of the vanishment result (V) (Theorem 3.4) given in [4] is a
cumbersome one consisting of elementary but heavy calculations, unfortunately.
Therefore for the clear understanding of the classification theorem, it is desirable
to improve this heavy proof into the more light one. We give in Section 4 such
a simplified proof for the vanishment result under some additional condition of
positivity (P) for natural products.

Now let us define the positivity for a product [J. Let A be a x-algebra and ¢ be

a linear functional over A. The unitization (¢, .A) of (¢, .A) is the pair of a unital
x-algebra A and a unital linear functional p over .Z, defind by A:=C1 i0A
with 17 an artificial unit, and p[1z] = 1, pla] = ¢la], a € A. If A is a unital
x-algebra and ¢ is a unital linear functional over A (p[14] = 1), then ¢ is a state
on A if and only if ¢ is a state on A A «-probability space (A, ) is a pair of a
x-algebra A and a linear functional ¢ over A such that ¢ is a state on A

A product [J over K is said to be positive if it satisfies the following condition.

(P) positivity: For any x-algebras 4; and any functionals ¢, € A (I = 1,2),
p10ps is a state over A; LI Ay whenever ¢ is a state over gl for each [ =1, 2.

The five products (tensor, free, Boolean, monotone and anti-monotone) are
positive.

Using the positivity (P), we can prove without heavy calculations the following
Theorem 3.5 which we denote by (V).

Theorem 3.5. For any positive natural product, its wrong-ordered coefficients
all vanish.

The proof (without heavy calculation) of (V1) (Theorem 3.5) will be presented
in Section 4. (V') implies that any positive natural product is a quasi-universal
product, and hence we immediately reach to the following classification Theorem
3.6 through Theorem 3.2.

Theorem 3.6. There exist exactly 5 positive natural products: tensor, free,
Boolean, monotone and anti-monotone product.



Now by the same argument in [2] that the four conditions (N1),(N2),(N3) &
(P) implies the condition (N4), we get the following Theorem 3.7.

A positive universal product is a product over K satisfying the four condi-
tions (N1), (N2), (N3) and (P). A product over K is said to be degenerate if
(p10ps)[aras - - - a,] = 0 whenever ajas - - - an, € A(x) with || > 2.

Theorem 3.7. There exist exactly 5 non-degenerate positive universal products:
tensor, free, Boolean, monotone and anti-monotone product.

This is the same theorem as Theorem 2.5 in [2], but this time the proof is
improved so that it is dependent on Theorem 3.6 and hence on (VT) (Theorem
3.5), and not dependent on (V) (Theorem 3.4) with heavy calculations.

4. A SIMPLE PROOF OF VANISHMENT RESULT

In this section we prove the vanishment result (V*)(= Theorem 3.5) not using
heavy algebraic calculations, but using the positivity.

For our purpose it is sufficient to show the following Proposition 4.1 from which
we conclude that ¢(m, \; o) = 0 for all oy € P(n) \ P(n).

Proposition 4.1. Let OO be a natural product. Then for each n € N*, each
(m,A) € LP(n) and each oy € P(n) \ P(n) with a5 < m, there exist x-probability

spaces (Aj, 1), and a sequence of elements ai,as,--- ,a, with ajay---a, €

A(W’A such that for Y= D@lwl we have

{ (1) TI viwlaw] = 0,00 for all o € 73(71) withd < m,
Weo

(2) plaras---a,] =0.

At first let us give a construction of (A, gpl)l "l and ap,ag, - ,a,. Let (m,\)
and o¢ be fixed. Suppose that (m,\) = {V} —< Vo < -+ < Vig} and 09 =
{U1,Us, -+ ,Upy}. For each block V € 7, we put oo(V) := {U € a0|U C V}.

Then since 5 < 7, we have V = |J U.
UGOQ(V)
For each V' € m, let us construct a x-probability space (Ay, ¢v) by

Ay = @ By, @VZW( @ 90U>,

UGOQ(V)

where we put, for each U € 0¢(V'), By = Myw)(C) the matirix algebra, ¢y () =

<e§U)\ : egU)> the state over By, (eg ))d( ) the natural CONS of Hy := C4¥), and
d(U) :=1g(U) the length of U.

On these *-probability spaces (A;, ;) == (Av,0v), I =1,2,--- |7, we con-
struct the operators aj,as, -+ ,a, (a1 € Aj,a2 € Ap,,--+ ,a, € A;,) as follows.

For each block U = (iyiy---i) € 0o with U C V and k > 2, we define the
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operators a;,, @, - ,a; in Ay as the natural extensions
Qiq = biq = biq & (69 U’ € ao(V) 0)
U +U
of the operators b;,,b;,, - ,b;, in By given by

(bi17 bi27 bi37 Tty bik,p blk) = (El,ky Ek,k‘*l? Ek*l,k*Z; e 7E3,27 E2,1)7

where E;; are the matrix units in By, i.e. (eggU)|Ei7jel(U)) = d;105;. When U €
oo(V) is a singleton block U = (i), we put a; := b; with b; = [y the identity

matrix of By. These operators a;,, a;,, - - ,a;, over all U = (iyiy---iy) € oo well-
define the operators ay,ag, - ,a, since {1,2,--- n} is the disjoint union of all
U (U € 0'0).

Well let us prove the properties (1) and (2) in Proposition 4.1 separately.

Proof of Property (1). We examine, for general o € P(n) with & < 7, the

value of [] @iw)law], where we put (W) = ¢ if W C V, € . Concerning a
Weo
BGS-partition o with @ < 7, we consider the following three cases a), b) and c).

Case a): AW € ¢, AV, U" € 09 s.t. WNU £ 0, WNU # 0, U # U'. In this
case there exists a common V (&€ ) such that WU U U U’ C V. The blocks W,
U, U" can be expressed as W = (1102 ts), U = (iyig---i¢), U' = (J1jo - Ju),
respectively. From the assumption there exist some sq,s9 € {1,2,--- s}, tg €
{1,2,--- ,t} and ug € {1,2,--- ,u} such that

Ay, = iy (bito S BU),
(b € BU/).
Since UNU' =0 we have Aa,, Ba, ,C =0 and Aa, Ba, C =0 for all

A,B,C € Ay, and hence a,,a,,---a,, =0. So we have [[ ¢wnlaw] =0.
W'eo

= b,
aLSQ = ajuo = bjuo

Case b): 7 < 7y & 0 # 0¢. In this case there exist W € o and U € oy such that
W c U & W # U. By the way, W and U can be expressed as W = (jijo - - j,)
and U = (119 - - -1;). Note that {ji,72, -+ ,js} C {i1,92--- ,i;} and t > 2.

Let us examine the value of b;bj,---b;,{ where { = egU). For the vector
b;,§ to be non-zero it is necessary that j; = ¢, because b;, is the only element
in {b;,biy, - ,b;,} that corresponds to Es; (€ By). Next (when ¢ > 3), for
the vector b;,_,0;,§ to be non-zero it is necessary that j; = ¢, and js_1 = 441,
because b;, , is the only element in {b;, b, -+ ,b;,} that corresponds to Ej .
Repeating this argument we see that for the vector b; b, ---b;,{ to be non-zero
it is necessary that (jij2 - - - js—1Js) = (ft—st1t—st2 - - = le—11¢).

Furthermore, for the expectation

@u by, bj, -+ bj.] = (€lbj,bj, -+ - 0;.6)

to be non-zero it is necessary that (jijo---Jjs) = (i1i2---4;), because b;, is the
only element in {b;,,b;,,- - ,b;, } that corresponds to Ej ;. But by the assumption
7



we have W = (ji -+ Js) # (i1 ---4;) = U, and hence @y[bw] = @u(bj, ---b;,] = 0.

Since @yw)law] = pviaw]| = m@dbw] =0, we have [ @iwnlaw] =0
W'eo

Case ¢): 0 = 0¢. In this case it is clear that [ ¢yw)law] = 1.
Weo

From the three cases a),b) and ¢), we know that the property (1) holds. O

Proof of Property (2). For each block U = (i1is - - -ix) € 0o, denote by WP(U)
the set of all wrong-ordered pairs p C U in a block U, that is,

p=Al,m}, m =1, =1y, a <b, }

WPU) = {p cvu [ < m, for some a,b € {1,2,--- ,lg(U)}

Put W(U):= U p and W(oy) := | W(U) . Then U is wrong-ordered
peWP(U) Ucog

if and only if W(U) # 0. Since oy is wrong-ordered, we have W (og) # (). Let us

put v := maxW(oy). Let Uy be the block in oy that contains v, and Vj be the

block in 7 that contains v. Then obviously v € Uy C Vj and lg(Up) > 2.

Since v is the largest ‘wrong’ element in {1,2,--- ,n}, we have {v + 1,0 +
2,--- ,n}NW(og) = 0, and hence any wrong pair p (€ WP(U,)) that contains
v must be of the form p = {u,v}, u < v, for some u € W (o). From this we see
that the block Uy must be of the form

Uy = (ll’talblk)
= (i]_"'U"'U“'ik),

where i, = v, i, =u, a<b and u < v for some a,b € {1,2,--- ,k} and for
some u € Uj.

By the way let us estimate the norm of the vector (= an equivalence class)

[ayay4q - -+ ay] in the GNS-representation space associated to ¢ = Dyjlgol. First
we have from Theorem 3.3

| [avav-i-l T an] H2

= @[ (avaus1 - an)* (Quaysr - - an)]

* * *

— @[an PN aU+1avavav+1 . . an:|
*
n

= ofay - b (@a)au - ay)
= Y ilpmm) [[eunler).
re 75’(5,) Ter
T<p

Here S is the linearly ordered finite set given by
S={-n—-n-1),---,—(v+1),v,04+1,--- ,n—1,n},
(p, i) is the linearly ordered partion of S associated to the sequence

(lmln—h T 7l'u-|—17 lv7 lv+17 e 7ln—17ln>7
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and c’s are the operators defined by

Con = Uy Co(ne1) = Ap_, """ 5 C(u41) = Gy,
Cy = Qy, Cyyp1 = Qyy1, " Cp—1 = Qp-1, Cp = Qp.
Also here we put I(T) =q if (TNV, #0or —TNV, #0) with —T := {—m|m €
T}.
For each block 7 € P(S) with 7 < p, there exists a unique block Ty € 7 such

that Ty > v. Also let Ry be the unique block in p  such that Ry 5 v, then we have
To C Ry. Sinceu ¢ {v,v+1,--- ;n}, we have u ¢ Ty, and hence {a?, a, }N{c,n|m €

Ty} = 0. From the definition of the operators iy oy iy iy, 5 GG, (€ Ayg)
based on the block Uy = (i1 -+ iq -4 --ix) wWith i, = v, i, = u, we see that

/

a, = J(gi)lN with N = (k—b)+1

aU:E](\Zi)LM with M = (k—a)+ 1 for a> 2,

y = E%‘)) for a = 1.

So we have ¢, = aja, = E](\4U‘}\)4 for a > 2, and ¢, = aja, = E,gjf) for a = 1. Put
e = {cmlm € To}, agz == {am|m € Uy} and ap- = {at,|m € Uy}. Then we
have

{eo} C e C ((aUDUa )\ {aw, a;, a,, v})U{cU}

This means {EJ(MU(}\Z} C cg; and

* U U U U U
e © (o Uaig) \ (B B L B ) O BT,
for a > 2, and means {E,gf)} C cf; and

. ~Uo)  mU0)  (Uo) G
ex © ({omUai) \ (B B8R I B} ) U 50

for a = 1.

Put T, := (ToU(=Tp)) N{v,v+1, -+ ,n}, then Ty C T, U(—T). For simplicity
we denote EZ-(EO) by E; j. Concerning T}, we consider the following three cases a),
b) and c).

Case a): Im € T, s.t. m & Uy. In this case there exists m’ € S and U’ € oy
such that ¢,y = a,, = Z;V or Cpy = af, = Ef; with b,, € U" and U’ # Uy. So
we have two operators by, (or by,) € By and b, € By, with U' N Uy = () so that
{by, b} C Cq; Or {by, b7} C cz;- This 1mphes iy ler,] = 0.



Case b): T, C Uy & i, = v (a > 2). In this case let d,, (m € Ty) be the

—

operators in By, such that ¢,;,, = d,,,. Then we have in the algebra By,

—_— —_—
{Evumty C dg C {Buk Brp-1, - Evgon, - s Evgan, -+ B, Fag )
—_— —_—
U {E].,Z) E2,37 T 7EN,N+17 e 7EM,M+17 T 7Ek71,k7 Ek,l}

U{Emum}

with 1 < N < M < k — 1. Here the symbol “ denotes the omission. Since there
are two gaps {N, N + 1} and {M, M + 1} in the circle graph (minus two edges)

{{1,2},{2,3},{3,4}, - {k = Lk}, {k,1}}\ {{N, N + 1}, {M, M + 1}}

with N < M, the vertex M cannot be connected to the vertex 1. So there
is no path such that starting from the vertex 1, passing through the vertex
M and finally arriving at the vertex 1 again. This implies that ¢;p,)[cn,] =

(€]dyy -+ d,,€) = 0 with Ty = (11 -+ 2¢) and € = ef”).
Case c): T, C Uy & i, = (a = 1). In this case let d,,, (m € Tp) be the same
as above. Then we have in By,
{Eri} C dy C {Brp-1,", Enyin, - E32, Ean}

U {E1,27 E2,37 Tty EN,N-‘:—la e 7Ek:—1,k}
UA{Ekx}

Since there is one gap { N, N + 1} in the linear graph (minus one edge)

{{172}7 {273}7 {374}7 e 7{k - 17k}} \ {{N7N + 1}}

with NV < k —1, the vertex k cannot be connected to the vertex 1. So there is no
path such that starting from the vertex 1, passing through the vertex k£ and finally
arriving at the vertex 1 again. This implies that ¢,y [cn] = (€|d,, - -~ d,.&) = 0.

For each cases a), b) and ¢), we have

lHavawer--anl P = > to,m7) [ eunler] = 0.

TE 73(5) Ter
T<p

Hence we get by the Cauchy-Schwartz inequality

plar - - ayray - - an]| <[ ar - aya] ] [ay - - - an] [|= 0. 0
Now we complete the simplified proof for (V*) (= Theorem 3.5).
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