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Definition of strong Banach property (T)

A class of Banach spaces E is of type > 1 if there exist p > 1 and
T ∈ R+ such that for any E ∈ E , n ∈ N∗ and x1, ..., xn ∈ E , we have

(
E

εi=±1
‖

n∑
i=1

εixi‖2
E

) 1
2 ≤ T

( n∑
i=1

‖xi‖p
E

) 1
p
.
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G = locally compact group

` : G→ R+ a length function on G

E = a class of Banach spaces

EG,` = the set of isomorphic classes of representations (E , π) of
G such that E ∈ E and for any g ∈ G we have

‖π(g)‖ ≤ e`(g).

CE` (G) = the completion of Cc(G) with the norm

‖f‖CE` (G) = sup(E,π)∈EG,`
‖
∫

f (g)π(g)dg‖L(E).
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Definition of strong Banach property (T)

Definition
G is said to have strong Banach property (T), if for any length function
`, any class of Banach spaces E of type > 1, stable under complex
conjugation and duality, there exists s0 > 0 such that the following
holds. For any C > 0, and for any s with s0 > s > 0, there exists a
real self-adjoint idempotent element p ∈ CEC+s`(G) such that for any
(E , π) ∈ EG,C+s` we have

π(p)E = EG.
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Higher rank algebraic groups have strong Banach property
(T)

Theorem
Let F be a non archimedian local field of any characteristic. Let G be
an almost F-simple algebraic group of F-split rank ≥ 2. Then G(F)
has strong Banach property (T).

Examples of non archimedian local field: Qp p-adic numbers,
Fp((T )) = {

∑∞
i≥i0 aiT i : i0 ∈ Z, ai ∈ Fp} the Laurent series of

finite field Fp .

Almost simple means any normal subgroup is a finite group, and
F -split rank is the dimension of the maximal F -split torus.

Examples of such G: SLn when n ≥ 3, Sp2n when n ≥ 2.
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Application to expanders

Let G be as in the theorem. Let Γ ⊂ G be a lattice, Γi ⊂ Γ a family of
subgoups with |Γ/Γi | → ∞, and S ⊂ Γ a finite set of generators,
which associates Γ/Γi with a metric di .

Theorem

For any Banach space E of type > 1, the family of graphes (Γ/Γi , di)
does not admit a uniform embedding in E .

A family of graphes (Xi , di) admits a uniform embedding in a Banach
space E if there exist 1-Lipschitz maps fi : Xi → E , and a map
ρ : N→ R+ with limn→∞ ρ(n) = +∞, such that

‖fi(x)− fi(y)‖ ≥ ρ(di(x , y)),∀(x , y) ∈ X 2
i .
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Application to fixed-point property

Proposition

Let E be a Banach space of type > 1. Then any affine isometric action
of G on E has a fixed point.
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Reduction of the theorem to SL3 and Sp4

Higher rank algebraic group contains SL3 or Sp4 as a subgroup
(up to finite index).
By a similar argument as the proof of Mautner’s lemma, the
theorem is reduced to SL3 and Sp4.

SL3 : V. Lafforgue 2009.
Sp4 : this paper.

In this talk, I will present the proof for Sp4(F2((T ))), which also
works for any non archimedian local field of characteristic 2 (i.e.
finite extension of F2((T ))). A similar argument also works for
charateristic different from 2.
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The theorem of Sp4

G = Sp4(F2((T ))) = {M ∈ M4(F2((T )))|tMJM = J} where

J =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

 (−1 = 1 ∈ F2).

K = Sp4(O) ( O = F2[[T ]] = {
∑∞

i≥0 aiT i : ai ∈ Fp} formal
power series )

D(i, j) =


T−i

T−j

T j

T i

 .

Λ = {(i, j) ∈ N2|i ≥ j ≥ 0}, which is in bijection with K\G/K by
the map (i, j)→ KD(i, j)K .
` : G→ R+ the length function defined by `(kD(i, j)k ′) = i + j
for (i, j) ∈ Λ, k , k ′ ∈ K .
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The theorem of Sp4

Theorem

There exists β0 > 0 (depending only on the class of Banach spaces
E) such that the following holds. For any β ∈ [0, β0), there exists
t,C′ > 0 such that for any C ∈ R+, there exists a real and self-adjoint
idempotent element p ∈ CEC+β`(G), and a sequence pn ∈ Cc(G) such
that

(i) for any representation (E , π) ∈ EG,C+β`, we have
π(p)E = EG, and moreover,

(ii)
‖p− pn‖CEC+β`(G) ≤ C′e2C−tn,

with
∫

G |pn(g)|dg ≤ 1, and Supp(pn) ⊂ {g ∈ G, `(g) ≤ n}.
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The use of type condition

Lemma

For any class of Banach spaces E of type > 1, there exists
h ∈ N∗, α > 0 such that the following holds. For any
n ∈ N∗, k ∈ {0, . . . , bn/2c}, any E ∈ E , and any family of vectors
(ξx,y )x∈T kO/T nO,y∈T 2kO/T nO in E , we have

E
a∈T kO/T nO,b∈T 2kO/T nO

∥∥∥ E
x∈T kO/T nO

(
ξx,ax+b+T n−1 − ξx,ax+b

)∥∥∥2

≤ 22h−2e−2( n−2k
h −1)α E

x∈T kO/T nO,y∈T 2kO/T nO
‖ξx,y‖2.

This is the only place where the condition of type is used.
The proof follows directly from a consequence of a proposition
(V. Lafforgue 2009) on a variant of fast Fourier transform.
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Proof of the theorem by two propositions on matrix
coefficients

If (E , π) is a representation of G, (V , τ) is a finite dimensional
representation of K , ξ ∈ EK and η ∈ (V ⊗ E∗)K (i.e. K -invariant
vectors), we set

c(g) = 〈η, π(g)ξ〉 ∈ V ,

and
c(i, j) = 〈η, π(D(i, j))ξ〉

(Λ ' K\G/K ).
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Proof of the theorem by two propositions on matrix
coefficients

Proposition

(Spherical) Let β ∈ [0, α4h ). There exists C′ > 0, such that the
following holds. Let C ∈ R∗+, (E , π) ∈ EG,C+β`, and ξ ∈ EK ,
η ∈ (E∗)K with norm 1. There exists c0, c1 ∈ C such that

|c(i, j)− cl | ≤ C′e2C−( α2h−2β)i ,

for any i ≥ j ≥ 0 satisfying i + j ∈ 2N + l, l = 0, 1.
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Proof of the theorem by two propositions on matrix
coefficients

Proposition

(Non spherical) Let β ∈ [0, α4h ), and (V , τ) a non trivial irreducible
unitary representation of K . There exists C′ > 0, such that the
following holds. Let C ∈ R∗+, (E , π) ∈ EG,C+β`, and ξ ∈ EK ,
η ∈ (V ⊗ E∗)K (i.e. K -invariant vectors) with norm 1. Then we have

‖c(i, j)‖V ≤ C′e2C−( α2h−2β)i .
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Proof of the theorem:

Let pg = eK egχK ∈ Cc(G), where eg is the left translation by g
and eK =

∫
K ek dk (note that K ≤ G is a compact open

subgroup).

Spherical proposition (take β0 = α
4h )⇒T0 = limi+j∈2N pD(i,j) and

T1 = limi+j∈2N+1 pD(i,j) exist in CEC+β`(G).

We have
eK egT0 = α(g)T0 + β(g)T1,

and
eK egT1 = β(g)T0 + α(g)T1,

where α : G→ [0, 1] is a function and β(g) = 1− α(g). (This is
done by calculations of
vol{k ∈ K : D(i1, j1)kD(i2, j2) ∈ KD(i, j)K}.)

Benben Liao, Institut de mathématiques de Jussieu - Paris 7 Strong Banach property (T) for simple algebraic groups with higher rank (arXiv:1301.1861)



Definition of strong Banach property (T)
The main theorem and applications

Reduction of the theorem to SL3 and Sp4
Proof of strong Banach property (T) for Sp4

The use of type condition
Proof of the theorem by two propositions
Proof of the two propositions by two estimates
Proof of the first estimate using the lemma on FFT

Proof of the theorem:

Let pg = eK egχK ∈ Cc(G), where eg is the left translation by g
and eK =

∫
K ek dk (note that K ≤ G is a compact open

subgroup).

Spherical proposition (take β0 = α
4h )⇒T0 = limi+j∈2N pD(i,j) and

T1 = limi+j∈2N+1 pD(i,j) exist in CEC+β`(G).

We have
eK egT0 = α(g)T0 + β(g)T1,

and
eK egT1 = β(g)T0 + α(g)T1,

where α : G→ [0, 1] is a function and β(g) = 1− α(g). (This is
done by calculations of
vol{k ∈ K : D(i1, j1)kD(i2, j2) ∈ KD(i, j)K}.)

Benben Liao, Institut de mathématiques de Jussieu - Paris 7 Strong Banach property (T) for simple algebraic groups with higher rank (arXiv:1301.1861)



Definition of strong Banach property (T)
The main theorem and applications

Reduction of the theorem to SL3 and Sp4
Proof of strong Banach property (T) for Sp4

The use of type condition
Proof of the theorem by two propositions
Proof of the two propositions by two estimates
Proof of the first estimate using the lemma on FFT

Proof of the theorem:

Let pg = eK egχK ∈ Cc(G), where eg is the left translation by g
and eK =

∫
K ek dk (note that K ≤ G is a compact open

subgroup).

Spherical proposition (take β0 = α
4h )⇒T0 = limi+j∈2N pD(i,j) and

T1 = limi+j∈2N+1 pD(i,j) exist in CEC+β`(G).

We have
eK egT0 = α(g)T0 + β(g)T1,

and
eK egT1 = β(g)T0 + α(g)T1,

where α : G→ [0, 1] is a function and β(g) = 1− α(g). (This is
done by calculations of
vol{k ∈ K : D(i1, j1)kD(i2, j2) ∈ KD(i, j)K}.)

Benben Liao, Institut de mathématiques de Jussieu - Paris 7 Strong Banach property (T) for simple algebraic groups with higher rank (arXiv:1301.1861)



Definition of strong Banach property (T)
The main theorem and applications

Reduction of the theorem to SL3 and Sp4
Proof of strong Banach property (T) for Sp4

The use of type condition
Proof of the theorem by two propositions
Proof of the two propositions by two estimates
Proof of the first estimate using the lemma on FFT

Proof of the theorem:

We set p = 1
2 (T0 + T1), therefore

eK egp = p. (1)

(⇒ p
2 = p)

Non spherical proposition⇒for any non trivial irreducible rep. V
of K we have

eV
K egp = 0. (2)

(1)+(2)⇒egp = p. To finish the proof take pn = pD(n,0) and
t = α

h − 2β.
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Proof of the propositions by two estimates

Let V be an irreducible representation of K (trivial or non trivial).

Lemma

‖c(i, j)− c(i, j + 2)‖V ≤ C′e2C−(αh −2β)i+α
h j ,

for any i ≥ j.

Lemma

‖c(i, j)− c(i + 1, j − 1)‖V ≤ C′e2C+βi−( 2α
h −β)j ,

for i ≥ j − 1.

Proof of the spherical proposition (V= trivial rep. of K ):
on the line i = 2j,
near i = 2j (e.g. 0 ≤ i − 2j ≤ 10),
any point.
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Proof of the propositions by two estimates

Proof of the non spherical proposition (V= non trivial rep.):

c0, c1 exist in V , it remains to prove c0 = c1 = 0.

c0 = 0 ∈ V : c0 close to c(i, 0), c(i, i) which are respectively
invariant by 2 subgroups that generates K ⇒c0 is invariant by K .

c1 = 0: c1 close to c(i, 0), c(i, i − 1) and c(i, i + 1).
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Proof of the first estimate using the lemma of FFT:

First step: construct maps α, β : (O/T n1O)2 → G, and
k1 : (O/T n1O)3 × F2 → K , where n1 = b i+j

2 c − j − 1, such that

when a, b, x , y ∈ O/T n1O satisfying y = ax + b + T n1−1ε,
where ε ∈ F2, we have

if ε = 0, β(a, b)−1α(x , y) ∈ k1(a, b, x , 0)D(i, j)K , and
if ε = 1, β(a, b)−1α(x , y) ∈ k1(a, b, x , 1)D(i, j + 2)K , and
moreover

when a, x ∈ T kO/T n1O, b ∈ T 2kO/T n1O (assume that (V , τ)
factorizes through Sp4(O/T kO)), we have
τ(k1(a, b, x , ε)) = τ(k1(0, 0, 0, 0)).
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Proof of the first estimate using the lemma of FFT:

First step: construct maps α, β : (O/T n1O)2 → G, and
k1 : (O/T n1O)3 × F2 → K , where n1 = b i+j

2 c − j − 1, such that

when a, b, x , y ∈ O/T n1O satisfying y = ax + b + T n1−1ε,
where ε ∈ F2, we have

if ε = 0, β(a, b)−1α(x , y) ∈ k1(a, b, x , 0)D(i, j)K , and
if ε = 1, β(a, b)−1α(x , y) ∈ k1(a, b, x , 1)D(i, j + 2)K , and
moreover

when a, x ∈ T kO/T n1O, b ∈ T 2kO/T n1O (assume that (V , τ)
factorizes through Sp4(O/T kO)), we have
τ(k1(a, b, x , ε)) = τ(k1(0, 0, 0, 0)).
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Proof of the first estimate using the lemma of FFT:

Second step:

c(k1gk2) = τ(k1)c(g) for any g ∈ G and k1, k2 ∈ K ,

‖c(i, j)− c(i, j + 2)‖V

=
∥∥∥ E

a,x∈T kO/T n1O,b∈T 2kO/T n1O
〈
(

1V ⊗ π∗
(
β(a, b)

))
η,

π
(
α(x , ax + b)

)
ξ − π

(
α(x , ax + b + T n1−1)

)
ξ〉
∥∥∥

V
.
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=
∥∥∥ E

a,x∈T kO/T n1O,b∈T 2kO/T n1O
〈
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1V ⊗ π∗
(
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η,

π
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V
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Thank you!
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